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A simple proof of a Paley—Wiener type theorem
for the Chébli—-Trimeche transform

By NILS BYRIAL ANDERSEN (Sydney)

Abstract. We give a simple proof of a Paley-Wiener type theorem for the
Chébli-Trimeche transform, characterising the Schwartz functions with compactly
supported image.

1. Introduction

Let F denote the Chébli-Trimeche transform, let A denote the asso-
ciated second order differential operator, p € R a non-negative number
to be defined later and SP(R)V", 0 < p < 2, the LP-Schwartz spaces.
BETANCOR, BETANCOR and MENDEZ showed in [2] that the limit

Tim [[(A = g2 ]|,
exists for all f € SP(R)*V",0 < p < 2, and all 1 < r < oo, and that it
equals the radius of the support of Ff. This generalises [1, Theorem 1]
for the classical Fourier transform.

In this paper, we use continuity of (the inverse of) F on the Schwartz
spaces and the convolution structure associated with F to give a short and
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simple proof of the above Paley—Wiener type theorem (also including the
p = 2 case).

2. The Chébli—Triméche transform

The material in this section is from [3], [4] and [5]. Consider the
following second order differential operator on R :

1 d d\ & A) d
A= U A <A(x)dx> T T Afz) do

where the (Chébli-Trimeche) function A is continuous on [0,00), twice
continuously differentiable on (0, 00) and satisfies the conditions:

(i) A(0) =0 and A(x) >0 for x > 0,

(ii) A is increasing and unbounded,

~

(iii) i((j) = 22tl 4 B(z) on a neighbourhood of 0, where a > —1 and B
is an odd function on R,

(iv) ﬁ‘/((:)) is a decreasing smooth function on (0, c0) and hence
— 1 iy A -
pi=3 xlingo Ala) > 0 exists.

Assume furthermore that there exists a § > 0 such that, for all z € [z,, 00):

A(x) 2p + e % D(x) if p>0

A(z) )20+l
T

+e%D(x) ifp=0

where D is a smooth function whose derivatives of any order are bounded.
Let ¢y, A € C, denote the solutions of the differential equation:

Apx= N +p)exn. @a0)=1,  ¢\(0)=0. (1)

We notice that |py(z)] < po(x) < 1, and also that e #* < pg(z) < C(1 +
|z|)e™P*, for all \,x € R, where C' is a positive constant, see [3, Lemma 3.4].
We define, for f € C2°(R)*V", the Chébli-Trimeche transform F as:

FfA) = A f(@)pa(z)A(z)da.
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The (classical) Paley-Wiener theorem for the Chébli-Trimeche trans-
form, see [4], states that F is a bijection from CZ°(R)*V*" onto H(C)*¥",
the space of even entire rapidly decreasing functions of exponential type.
More precisely; for R > 0, it maps CF(R)*" = {f € CF(R)*" |
supp f C [—R, R]}, bijectively onto Hr(C)®"*", the space of even entire
functions satisfying:

sup(1 + [A)*e g (A) < oo,
AeC

for all k € NU {0}. The inverse transform F 1! is given by

Flga) = [ sn@e0Zan @eR). (@)
+
for g € H(C)®*", where |c()\)|~2 is continuous on [0, 00).
The Chébli-Trimeche transform reduces to the Hankel transform when
A(z) = 2%t o > —1. and to the Jacobi transform when A(z) =

2
cosh? ™ (z)sinh? ! (z), @ > B> —1 and a # —1.

3. Schwartz spaces
The material is this section is taken from [3]. Let LP(R, A(z)dxz)®v*",

1 < p < 00, denote the space of even measurable functions f such that

1/p
Ilhi= ([ r@Pawi) <o 1<p<oo o
I £llo 2= o5 sup | ()] < oo.
zeR

Let 0 < p < 2. The LP-Schwartz space SP(R)®V" is defined as the
space of all functions f € C*°(R)**" such that:

2 )0 d!
Hi o (f) = super (1t )t | ()| < oo,
’ zeR €z

for all k,1 € NU{0}. We equip SP(R)*¥*" with the topology defined by the
seminorms ,ui ;- We note that our definition is equivalent to the definition
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of generalised Schwartz spaces in [3] by the estimates on ¢)(x). We also
note that
Az) < C(1 4 z) e, x>0, (3)

where C' and 3 are positive constants, see [3, (3.5)].

Let 0 < e < o0. Let R. := {X € C: |S\| < ep}, and let R? denote
the interiour of R, when €p > 0. We define the extended Schwartz space
S(R.)°v*™ as the space of all even analytic functions ¢g in R?, such that all
the derivatives of g extend continuously to R., and such that
l

d
7£4(0) = sup 1+ [A)F | (0] < o

AER,

for all £, € NU{0}. We equip S(R.)®"*" with the topology defined by
the seminorms 7 ;.

Theorem 3.1. Let 0 < p < 2 and € = % — 1. The Chébli-Triméche
transform F is a topological isomorphism from SP(R)®V" onto S(R.)®V*".
The inverse transform F~! is again given by (2).

PROOF. See [3, Theorem 4.27]. O

Remark 3.2. Let p = 0. Then SP(R)*V*" and S(R.)®V" are identical
to the classical Schwartz space S(R)®V" of even functions. Let now p > 0.
Then SP(R)®V" C LY(R, A(x)dx)®V" for all 0 < p < g < oo, but SP(R)*V*" ¢
LY(R, A(x)dx)®V" for 0 < g <p < 2.

Remark 3.53. Let p > 0 and let 0 # f € SP(R)*V*", with 0 < p < 2.
Then F f is analytic in RZ, with e = % —1, and hence cannot have compact
support.

Continuity of F~! implies in particular that, for any m € N and
g € CX(R)ever:

) 0
sup (14 )| Fg@)| < Csup YD (14 N[ La0]. @)

rzeRy AeRy 1<k <M

for a positive constant C' and a positive integer M.
We finally see that, for all f € SP(R), 0 <p <2, and all n € NU {0},

F(A - 2 f(N) = /R (A — )" f(2)pr(2) A(x)dx
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= | F@)(A = p*)"pa(x) A()dx

=/ () AP oy (x) A(z)dr = N F f(N), (A ER),

using symmetry of A and (1). This yields the following identities:
(A= p)'f = FUF(A— ) f = FH (0 Fp), (5)

for all n € NU {0}.

4. A Paley—Wiener type theorem

This section contains our short and simple proof of [2, Proposition 2.2].
Let f € SP(R), then the radius of the support of Ff is given by: Ry :=
sup{|A| : A € supp F f}.

Theorem 4.1. Let 0 < p <2, 1 <r<o0,ifp=0and0<p<r <2
if p > 0. Then
. 1/2
lim [[(& = )" " = By,

for any f € SP(R)*V".

PROOF. Let f € SP(R)®*" and assume that F f has compact support.
Write (A — p?)"f(z) = (1 + x)72(1 + 2)*(A — p?)"f(x), for + € R;. The
estimate (3) on A(x), the identities (5) and continuity of F~! (4) yield:

l(a=p*)"1]l,
1/r
<C </R |(1+2)2(1+2)*(A = p)" f(z)| e (1 + :B)de)

< O sup e (14 2)72|(A — p2) f ()]
$€R+

< C sup e%pw(l + )" FHNEf) ()
z€R
d!

<A2“ff<A>>\ ,

< C sup Z (14 )" I

ARy <
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for positive constants C' and integers m, M, independent of n. Leibniz’s
rule yields

4! L (2n)! di
SOEF) = () SIS )

. . ! i
Using the estimates Zé:o (Jl) (2(52)! < MM!(2n)M and R?n i<
(1+1/Rp)MR2, we get:

(A =p*)"f||. < Cn)M MMI(1+ Ry + 1/Rs)M RF",
for a positive constant C, independent of n. We thus see that

M/2n

1/2n . .
, =By lim n = Ry.

lim sup H(A - pZ)"fH

There is a generalised convolution structure * associated with the
Chébli-Trimeche transform, see [5] and [6] for details. We need the follow-
ing properties, for fi, fo € SP(R)Ve":

(a) f1* fo € SZ(R)eVn.
(b) F(f1 = f2) = F(f1)F(f2)-

(C) ||f1 * f2/”oo S ||JL11||7«H!}02||7«/7 if fl € LT(R7 A(x)dx)even’
fo € L' (R, A(z)dz)e™en, with 1/r +1/1 = 1.

Consider a general function 0 # f € SP(R)®V". Let R > 0 such that
R < Ry < co. Then

= |FLF(A - A= Pl = |FEOMFA)] L

= sup
zeR

[ ey
:/ )\2”|}'f()\)|2|c()\)|_2d)\2/00)\2”|}'f()\)|2c()\)|_2d)\
Ry R

> g2 /R T IFFONPle(n) 2,
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since | ()] < pa(0) =1, and thus,

liminf [|(A - p%)" f,”*" = By,

considering R = Ry — ¢, for any € > 0, if Ry < oo, and R — oo otherwise.

1]
2]

(6]

O
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