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An improved proof of Numata and Shibata’s theorems
on Finsler spaces of scalar curvature

By MAKOTO MATSUMOTO (Kyoto)

Abstract. Let F™, n > 3, be a Finsler space of non-zero scalar curvature K.
S. Numata proved in 1975 a theorem: If F™ is a Landsberg space, then it is a
Riemannian space of constant curvature K. C. Shibata extended this theorem in
1978 under the condition that F™ has vanishing stretch curvature. But the notion
of the stretch curvature given by L. Berwald in 1925 has little relation to metrical
connections, and has been hidden from sight. We first clarifies the notion of this
curvature, and then give a brief proof of Shibata’s Theorem.

Introduction

The theorem called here SHIBATA’s Theorem is “Theorem 4”7 of his
paper [S]:

Theorem S. Let F", n > 3, be a Finsler space of non-zero scalar
curvature K. If F™ has the vanishing stretch curvature tensor, then F™ is
a Riemannian space of constant curvature K.

He added a remark: This is a generalization of “Theorem 2” of NuU-
MATA’s paper [N]:

Theorem N1. Let F™, n > 3, be a Finsler space of scalar curva-
ture K. If F" is a Berwald space, then F" is a Riemannian space of
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constant curvature K or a locally Minkowski space, according as K # (
or K =0.

The main theorem of [N] is, however “Theorem 1”:

Theorem N2. Let F™*, n > 3, be a Finsler space of non-zero scalar
curvature K. If F™ is a Landsberg space, then F™ is a Riamnnian space
of constant curvature K.

To prove this theorem, S. Numata showed first a lemma:

Lemma. If a Finsler space F™, n > 3, of non-zero scalar curvature is
a Landsberg space, then F" is a C-reducible space.

Then, according to “Theorem 1”7 of [M1], the condition “Landsberg”
of Theorem N2 is reduced to “Berwald”, and hence Theorem N2 yields
Theorem N1.

Numata’s Theorem N2 will be well-known, because it was published
in §30 of the monograph [M2] and the condition “Landsberg” is attrac-
tive. While the notion “stretch curvature” in Shibata’s Theorem has little
relation to metrical connections and has been hidden from sight ever since
BERWALD gave the definition [B].

Recently we have an interesting paper [BF]. The authors gave a gener-
alization of Numata’s Theorem by generalizing the condition “Landsberg”
to “generalized Landsberg” as follows:

Definition BF. A Finsler space F™ is called genaralized Landsberg, if
the h-curvature tensors H and K of the Berwald connection BI' and the
Chern—Rund connection CRI" coincide with each other.

The relation between H and K is written as
H"j, = K" + Ay {P" i1 + PMer PTij},

where /. is the h-covariant differentiation with respect to CRI" or the Car-
tan connection CT" and P";; = Ci"; o ([M2], (18.16)). Hence “gencralized
Landsberg” is defined by A(jk){Phij/k + Phy, Py} =0, (cf. [M2], (25.2)),
which is equivalent to

(@) Prij/k — Priryj =0, (b)  PugrP"ij — Ppjr Py, = 0.
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Indeed, it must be confessed that the stretch curvature tensor ¥j;;x
is equal to 2(Ppij/x — Phir/j), as shown later on, and hence (a) asserts
that a generalized Landsberg space has the vanishing stretch curvature X.
Therefore their theorem is more restrictive than Shibata’s, though more
general than Numata’s.

Furthermore their proof of Theorem 2 was done by means of the
positive-definiteness: ¢"*C,/oCs/9 = 0 — C, )9 = 0, though Numata and
Shibata had not recoursed to such a restriction.

The main purpose of the present paper is to explane the notion of the
stretch curvature and to show an improved proof of Shibata’s Theorem
from the standpoint of recent developments of Finsler Geometry. (The
author’s recent paper [M3] is not published yet.)

1. The stretch curvature tensor

We consider a Finsler space F" = (M, L(z,y)), equipped with a
Finsler connection FTI' = (N';, F;%k, U;%;). Let us denote the fundamental
tensor by g;j(x,y) and the h- and v-covariant differentiations with respect
to FT' by (; , :) respectively.

Take an infinitesimal circuit of M which consists of four points P(z),
Q(z + diz), R(x + diz + da(x + dix)), S(xr + de2x) and P, and a vector

field v(v*) which is defined along the circuit and transformed parallel with
respect to a parallel supporting element y. Thus we have

dv' +v"F.lda? =0, dy’ + NYyda' = 0.
For a function f(z,y), we have
df = (0:f)da’ + (0;)dy’ = (6:f)da,

where §; := 0; — ((%-)le-.
We treat of the fundamental tensor gp;(x,y):

dgni = (639mi)da” = (gnii j + griFn"j + g B j)da?
Then, for the covariant components v; = gijvj of v we have

dv; = (dgi;)v? + gijdv’ = (gijin + i B p )07 da”.
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We are concerned with the length V of v* : V2 = v';.
d\V? = (dyv')v; + v'(dyv;) = (—vTFrijdlxj)vi
+ 0" (gijik + gr Fi )V dia® = gij; potvl dya,
dod V% = da(9ij; kvivjdlazk)
= 5h(gij§ kUin)dﬂhdwk + 9i5; kvivjdgdla:k
= [61(gij3 k)"0 + gijs k{(—0"F )07
+ vi(—vTFrjh)}] doa"dyz* + 9ijs wv v dody 2
= {61(9ij; k) — 9rjs £ Fi" 1 — Girs £ Fy 1 }0" 0! doa dy o
+ 9ij; k’Uindell‘k
= (9ijs ki + 9ij3 r Fi"n)0" 0 doadya® + gijs po'v dadya”.
Therefore, putting
(dody — d1dg)V? = —1/28px0"07 (dy2"daa® — dyx™dy2®),
then we have
Yijhk = 9ijikih — ijihik — 9ijir I ks (1.1)

where T is the (h)h-torsion tensor of FI' ([M2], §10). The tensor field

Y= (Eijhk(x,y)) is called the stretch curvature tensor of FI'. As shown

by (1.1), if we are concerned with a h-metrical connection FI', then we have

gij;k = 0, and hence its stretch curvature tensor ¥ vanishes identically.
We observe the standard four connections ([M2], §17, §18):

BL = (65,67, 0) CL = (G, Fy'0. Gy,

The Cartan connection CI' is h- and v-metrical and, throughout the
following, we denote by (/,|) the h- and v-covariant differentiations with
respect to CI.

The Berwald connection BI is not h-metrical (gij;x = —2C;j/0) and
not v-metrical (g;;:, = 3k§h’j = 2C}ji). In the following the symbols (;,:)
are mainly used for BI.

The Chern—Rund connection CRI" has the same ka with CI', while
the Hashiguchi connection HI' has the same sz‘k with BI.
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Definition. The stretch curvature tensor % of a Finsler space F" =
(M, L(z,y)) is the stretch curvature tensor of the Berwald connection BT

We have one of the Ricci identities of BI': For a (1,1)-tensor field K
we have

h.. . h.. . _ T i h r h . T
K%k — K"k = KNiH jp — K Hy' je — KW R gy

where H;";; is the h-curvature tensor and Rij, = (y"H,%;;) the (v)h-
torsion tensor. It is noted that the (h)h-torsion G, — Gj'; of BT vanishes
identically. Thus, for the fundamental tensor gp;

Ghis ik — Ghis ks = —9riHn" ik — gne Hi" jie — 2Chir R ji;.
Consequently (1.1) shows

Proposition 1.1. The stretch curvature tensor Y of a Finsler space
F" is given by
Yhijk = Hpiji + Hinjr + 2Chir R i,

in the Berwald connection BT.

On the other hand, if we are concerned with HI', [M2], (14.16) gives
its h-curvature tensor *Rhijk = Hhijk + C’hiTRTjk. Thus

Ehijk = *Rhijk + *Rihjkv in HI'. (12)

In the following it is important to write the stretch curvature tensor
¥ in terms of the Cartan connection CI'. We have [M2], (17.22), (18.2)
and (18.16):

Pijk = Cijkjo,  Rnijk = Knijk + Chir R ji,
Khijk = Hpijr — A(jk){Phij/k + Ppjp Pt}

The symbol A(jk) is used to interchange indices j, k and subtract. It
follows from the well-known Rp;ji = —R;p i that we get

Yhijk = 2(Phij/k — Ph'ik/j)7 in CI. (1.3)
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The well-known relation sz‘k = Fjik + Pjik leads to
Shijk = 2(Phijs k — Phik; j), in BT. (1.4)
In order to derive an interesting expression of ¥ we need the identity
Y Gi" ik = —2Pijk, Y = griy)"-
The proof is as follows: One of the Ricci identities of BI' shows
Yis jik — Yitks j = —YrGi’ gk
= (9ay")s ik — (Giry")iks j = —Gii j = 2Py
The Bianchi identities (18.21) and (18.22) of [M2] lead to
Yr(Hp k52 + Gr" ik — Grlins §)
=4 R gjinti — 2(Phiji k — Priks ) = 0.

Thus (1.4) yields
Yhijk = —YrOn0i R ji. (1.5)

Remark. The four connections we considered have the common non-
linear connection (G*;) and hence the common (v)h-torsion tensor

R = Ay {0kG'5 — (0:G'5)G"}.
Thus the formula (1.5) is common to those connections.

Proposition 1.2. The stretch curvature tensor ¥ of a Finsler space
F™ is written in the forms (1.2) in HI', (1.3) in CT", (1.4) in BI" and (1.5).

We pay attention to a two-dimensional Finsler space F? with the
Berwald frame (1,m) ([M2], §28; [AIM], §3.5). Then we have

Prij = Lampmimj,  Prije = (1,100 + 1, 1, 2mg)mpmimy,

where I is the main scalar. Thus (1.3) leads to the stretch curvature tensor
3 of the form

Zhijk = —2], 1 1mhmiG]~k, ij = Ejmk — Ekmj. (1.6)
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We have the Bianchi identity of the form
eR;o+RI+1,1,1 =0,

where R is the h-scalar curvature: Ry, = ¢RGp;Gji. Hence we have
another form
Ehijk = 2(5R; 2 + RI)mhmiij. (1.6’)

The latter shows that ¥ = 0 is equivalent to R;9 + RIe = 0, that is,
O0log(eR)/00 + 1 =0, (1.7)

where 6 is the Landsberg angle ([M2], (28.6)).
Next we consider g = det(g;;). From Ld;g=2egIm; we get LO;(R%g) =
2Rge (R;2 + RI)m; and hence

Lal(R\/ ‘g‘) = 75\/ |g|Iv 1,1M.
Therefore we have

Theorem 1.1. (1) The main scalar I of a Finsler surface F? having
zero stretch curvature is given from the h-scalar curvature R by (1.7).

(2) RV |g| of F? depends on a position alone, if and only if F? has
the zero stretch curvature.

Therefore the total curvature [ [ Rv |g|dz'dz? can be defined only in
a Finsler surface with ¥ = 0.

2. Finsler spaces of scalar curvature

Let F™ = (M, L), n > 3, be a Finsler space of dimension n, equipped
with the Berwald connection BI', and denote by (;, :) the h- and v-covariant
differentiations in BI', where :; = 9/8y’. The (v)h-torsion tensor R';; and
the h-curvature tensor Hj'j, of BI satisfy the equations

Hy'je = Ry, Rk = (1/3)(Rloxsj — Rlojn).
It is noted that R;or = ¢ir R o is a symmetric tensor. Then we get

(a)  Hpijr = Riji:n — 205" 1 Ryji,

. (2.1)
(b) Rijk == (1/3)A(]k){RzOk] - QCirerok}.
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It is well-known that F" is called of scalar curvature K, if and only if
Rior, = LK hiy, (22)

holds, where h;, = g;r — ;€ is the angular metric tensor.
It follows from (b) of (2.1) that

R = hinK; — hij Ky, Kj:= L(Kf] + LK]/3) (2.3)

K;(z,y) is (1)p-homogeneous in y and Ky = L?K. Next it follows from
(a) of (2.1) that

Hhijk = A(]k’){hlejh + (hihéj + h]h&)Kk/L} (24)

These three equations are equivalent to each other.

Since any Finsler surface satisfies (2.2), we are concerned in the fol-
lowing with n(> 3)-dimensional Finsler spaces of scalar curvature. A Rie-
mannian space of scalar curvature K is necessarily of constant curvature K.

We treat of the stretch curvature tensor 3 of a Finsler space F™ of
scalar curvature K. (2.4) gives

Hpijie + Hinje = Agjry{hin(Kjin — Kb,/ L)
+ h (K15 — K0/ L) + 2hanl; Ky / L}
Then, putting
M;; = Kjii — Kl /L — Khy;
= LK /3 + L(K:lj + K:j£;/3), (2.5)
we get,
Hyijie + Hinjie = Ay {hie Mg + huMij + hpi M ).
On the other hand, (18.16) and (17.22) of [M2] give
Hyijie + Hingr, = Kniji + Kingi + 2465 Priji )
and hence (18.11) of [M2] and (1.3) lead to
= —2Ch" i Ryjk + Zhijk-
Consequently (2.3) yields the form of ¥ as
Shijk = Agiey {hie Mg + hieMij + hii My — 2Chi; K} (2.6)
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Proposition 2.1. The stretch curvature tensor of a Finsler space F™
of scalar curvature K is given by (2.6) where M;; is defined by (2.5).

Now (1.3) and (2.5) give
2hijo = 2Pnij /0,
Mo = (2L*/3)K:;, Mo, = 0.
Then (2.6) yields
Prijso + (L?/3)8nijy {hij K:n} + LK Cpij = 0,

where and in the following the symbol $(hij) is used to permute indices h,
i, 7 and sum.
Multiplying by ¢"/, the above gives

(n+1)L*K:; + 3(L*KC; + Pyjg) = 0. (2.7)
Consequently the above is rewritten in the form

Proposition 2.2. (1) In a Finsler space of scalar curvature K the
equation (2.8) are satisfied. (2) If a Finsler space of non-zero scalar cur-
vature K satisfies Pp;;/0 = 0, then the space is C-reducible.

The notion of C-reducibility was defined in the paper [M1]: A Finsler
space F™ = (M, L), n > 3, is called C-reducible, if the C-tensor is of the
form

(Tl + 1)0}”‘]‘ = hhiCj + hijCh + hthi- (29)

It was proved by [MH] that the fundamental function L(z,y) of a C-
reducible space is given only by a quadratic form

R(z)L? + 2{Ri(x)yi}L + Rij(:n)yiyj =0,

where three R’s are functions of position alone. According as R(z) vanishes
or not, the metric L is called Kropina or Randers.
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For a C-reducible Finsler space the equation (2.9) leads to

(a) (n+1)Puij = hpiPj + hij Py + hjn P,
(2.10)
(b)  (n+1)Pprij0 = hwiPjjo + hijPrjo + hjnP;jo-

Hence we get (2.8).
Let us recall the T-tensor

Thiji = LChijlk + thCijic + LiCirn + £Crni + lChij,

where (]) is the v-covariant differentiation with respect to the Cartan con-
nection CI' ([M2], (28.20)).

It is remarked that the T-tensor is completely symmetric because
Chijlk is completely symmetric. For a C-reducible space we shall observe
this fact. First, we have from (2.9)

(n + 1)Chijlk = S(ni) {niCjli — hni(Cily + Cjti) /LY.

If we consider the contracted T-tensor

T, = §""Thiji. = LCj|1, + Cjlk + Cil;,
the identity Chj|r — Chik|; = 0 is written in the form

hijThi + hjnTie — higThj — hniTij = 0,
which gives

T;j = Thij/(n—1), T :=g¢"T;; =LC"|,. (2.11)

Therefore we have

Chijlk = {T/L(n* = 1)}8 (nijy { hnihiz }
— (UnCiji + LiChjr + €;Chik + Li.Chij) /L,

and hence
Thijk = {T/(n* - D)8 (nig) U hnilji}- (2.12)

It is obvious that (2.12) implies (2.11) ([M2], Proposition 30.2).

Proposition 2.3. The T-tensor of a C-reducible Finsler space is writ-
ten in the form (2.12).
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3. Shibata’s theorem

We consider a Finsler space F™, n > 3, of non-zero scalar curvature K
and vanishing stretch curvature . For F™* we have Py;;/0 = 0 from (1.3)
and hence it is C-reducible from Proposition 2.2. Further (2.7) gives

(n+ 1)K+ +3KC; =0, (3.1)
and hence (2.6) leads to
(a)  Aggy{hirNnj + hueNij + hii Nij} = 0,

(3.2)
(b)  Nij := M;; +2C;K;/(n+1).
Substituting from(2.5) and (3.1), N;; can be written in the form
3Ny = L*K:: + L(K:l; + K:jb;) — (2L* /3K) K, K 25,
which is symmetric and N;p = 0. Multiplying by ¢/, (3.2) (a) yields
Nig = Nhi/(n = 1), N := 6" Np;. (3.3)
On the other hand, (3.1) gives

Ky = =3(C;K: + KC;zj)/(n+ 1). (3.4)

(2.11) is written in the form
LCy:j = {LC?/(n+ 1) + T/(n — 1)} hy;

+{2L/(n+ 1)}C;C; — 4;C; — ¢;C,,

where C? = ¢ C;C;. Consequently (3.4) can be rewritten as
(n+ V)Kisy = —(3K/L){LC/(n+ 1)+ T/(n — 1)} hy
+ (3K/(n+1))C;Cj + (BK/L)(¢;Cj + £;C5).
Thus, according to (3.1), etc., (3.3) is written in the form
Ahi; = KC;Cj,

with some scalar A. If A does not vanish, then the rank(h;;) = n —1is
less than two, contradict to n > 3. Thus we must have A = 0, and hence
C; = 0, which shows Cjjx = 0 from the C-reducibility. Therefore the space
F™ must be Riemannian and we proved Theorem S.
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