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Fiberings on almost r-contact manifolds

By LOVEJOY S. DAS (New Philadelphia)

Abstract. The differentiable manifolds with almost contact structures were stud-
ied by many authors, for example: D.E. BLAIR [5], S. SASAKI [6], S.I. GOLDBERG and
K. YANO [7], S. IsHIHARA [8], and others.

The purpose of this paper is to study strictly regular invariant r-contact manifolds
related to an almost r—contact structure. This structure induces a principal bundle
whose base manifold bears an almost complex structure. This paper is devoted to
study the relations between the integrability conditions of almost r-contract structure
and the induced complex structure. The motivation of this paper is to extend some
results obtained by K. OGUIE [4].

1. Introduction

Let V,, be a C*° real differentiable manifold of dimension n(= 2m+r).
Let J(V,,) denote the ring of real valued differentiable functions on V;, and
let X(V,,) be the module of the derivations of J(V,,). Let V,, be equipped
with tensor field ® which is a linear map @ : X(V,,) — X(V,,).

Let there be r(C*°) 1-forms Ay, As, ..., A, and r(C) contravariant
vector fields T, T?, ..., T" satisfying the following conditions [1]:
(1.1)a X =-X+ ) A(X)TP forall X € X(V,).

Let us put

(1.1)b X = d(X),

(1.2) o(TP) =0 for p=12,...,r
(1.3) Ay (X)=0 forall X e X(V,),
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(1.4) A (TP) = 1.

Let a Riemannian metric g associated with Riemannian manifold V,, sat-
isfy [1].

(1.5)
g(X,Y)=g(X,)Y) - iAp(X)Ap(Y), forall X, Y € X(V,).
(1.6) A (X) = g(;’q,X), for ¢=1,2, ... r.

Such a manifold satisfying all the conditions from (1.1)a to (1.6) is called
an almost r-contact metric manifold. The structure endowed in V,, is called
(®,A,,T?, g)-structure. Let V be the Riemmanian connection given by [9]

(1.7) VxY - VyX = [X,Y]
and the Lie derivative Lx defined by
(Lx®)Y = [X,dY] — [X,Y].

2. In this section we give some definitions and obtain some results:

Definition 2.1. An almost r-contact structure (®, A,,T?, g) is said to

be invariant strictly regular if contravaviant vector fields T, T2, ..., T
are strictly regular vector fields, ® and r(C*°) 1-forms Ay, As, ..., A, are

invariant under the action of G, generated by T, 72,...,1".

Definition 2.2. (V,,, M,G,A) is a principal G-bundle over M if M is
an orbit space of r(C'*) 1-forms and A is the natural projection of V,, onto

M. If we define a (1,1) tensor field J and a (0,2) type tensor field g on M
by

I X = dAD, (Xf )
where X is the horizontal lift of X € X (M) at * € M with respect to

A, As, . LA,
Let us put

(X, 7)€ g(x" v M)
then (J, 5) is an almost Hermitian structure on M.

Theorem 2.1. If we define a (1,1) tensor field J on M by

(2.1) JA@,-)(?*Q = dAD, (Xf>
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* *
where X' denotes the horizontal lift of X € X (M) at the point x € M
with respect to Ay, As, ..., A, then J is almost complex structure on M.

ProoF. For an X € X(M) we have

TR @) (X) =Ja@) <JA(x)(X)> = JA(z) <dA<I>x (Xf))

* *H *
=dAD, (dA@x <X§;’ )) = dADD (X}j >

On making use of (1.1)a we obtain

XM Y4, (xH) TP
p=1

Hence J is an almost complex structure on M.

=dA

— _dA <XH) ~ _X.

3. Integrability and normality

We define tensor fields ]jif and i) on V,, as follows:

31) N (XY) - [J;(,J}*f} _J {J)*(,}*f} _J F(,Jl*f] + g2 {XY] ,
VX,Y € X(M)

G2 J (sz,;;) N (5‘(,{‘/) 123 da, (;(H,;fﬂ) Tv
p=1

and N(X,Y) the Nijenhuis tensor of ® is given by [2].

(3.3) N(X,Y)=[X,Y]+[X,Y] - [X,Y] - [X,Y]

we now prove the following:

Lemma 3.1. We have the following

and N (xy) — dAD (%H,?H)
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where X denotes the lift of X with respect to A’s.
PrOOF. We have from (3.1)

*

N (X, Y) = [JX,JY] - JJX,Y] - J[X,JY] + J2[X,Y]
Making use of (2.1), we obtain

* * * * *H
= {dA(I)XH, dA(I)YH} — dAD [dAcbXH, dACDYH}
N N * H % * H *H

— dA® {dAXH,qu)YH} + dAD (dAcp {X,Y} >

— dA {@*(H, cM*fH} _ dAD {cb)*(H,}*fﬂ _ dAD F(H, qn*fH}
% *H

+ dA D> [X, Y}

—dA { [@)’ZH@?H} — P {@)?H,?H} — 3 {)*(H,cpik/h’} + @2 {XY”

— AN F(H, ?H}

The second relation follows immediately from first and from the fact that
TY,T2,...,T" are vertical.

Theorem 3.1. N (X, Y) = 0 if and only if N (XH, YH> is vertical
for all XY € X(M).

PrROOF. In view of Lemma 3.1, this follows in an obvious manner.

Definition 3.1. An almost r-contact structure is said to be integrable

if N =0 and is said to be normal if (f) =0.

Definition 3.2. The connection forms Aq, As, ..., A, are involutive if
[X,Y] is horizontal for all horizontal vector fields X and Y.

Theorem 3.3. The almost r-contact structure is integrable if J is
integrable and the connection forms Ay, As, ..., A, are involutive.

Proor. By Theorem 3.1 N (X7 Y) = 0 implies that

N (XH JYH ) is vertical for all  X,Y € X(M).
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On the other hand from (3.1) we have
> A, (N [XH,YHD => A4, <{<1>XH,<1>XHD =0,
p=1 p=1
since ®X, and ®X*¥ are horizontal. This shows that N (XH,YH> is

horizontal. Hence we have N (X H yH ) = 0.

Now on the other hand it is clear that [TP,X H } = 0. Since X7
is invariant under the action of the parameter group G generated by
TY,T?,...,TP. Hence it is easily seen that N (TP,XH> = 0. We have

thus proved that N(X,Y) = 0 is valid for the lifts of vector fields on M
and the vertical vector fields. Since N is a tensor field, N(X,Y) = 0 holds
for any vector fields X and Y. The converse is clear.

Theorem 3.4. The almost r-contact structure on V,, is normal if and
only if J is integrable and

3 <J§<,J§’?> = <XY> forall X,Y € X(M),
p=1 p=1

where
> as, vk a7 - (Az> (5.7).
p=1 p=1

PrROOF. By Theorem 3.2, N(X,Y) = 0 implies that ® (XH, YH) is

vertical for all ;(7 Y e X (M). Also from (3.2) we have
S 4, (i ()*(H}*fﬂ)) -4, ([@)?H,@?HD +2%d4, <)*(H,1*fﬂ)
— 234, (@)*(H, @?H) +2%d4, (S(H, ffH>
p=1

p=1

— 9 (Aé) (@iH,cbffH) 49 (A Z) ()*(H,ffH>

p=1
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— 2y (J)*(,J}*/) 42 (XY) —0.

p=1 p=1

This shows that ® is horizontal. Hence we have & = 0. Now it is clear

that ) dA, (Tp,XH> = 0, since
p=1

QidAp (Tp,)*(H>
- Zi:Tp-Ap (XH) —)*(HZT:A,, (T?) —zr:Ap ({Tp,)*(HD

p=1 p=1

Hence we have

o (TP,)*(H> _N (Tp,)*(H) +2% d4, (Tp,;(H> T — 0
p=1

Thus ®(X,Y) = 0 is valid for the lifts of vector fields on M. The converse
is clear.
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