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On additive maps of prime rings, 11

By MATEJ BRESAR (Maribor) and BOJAN HVALA (Maribor)

Abstract. Let R be a prime ring. The problem of describing the form of additive
maps f1,..., fn : R — Rsatisfying f1 (z)z" ! +zfo(x)z? 24+ 2" 1 f,(x) = 0 for
all x € R is discussed.

1. Introduction

Throughout, R will be a prime ring. The goal of this paper is to
determine the form of the maps f1,..., f, of R satisfying the condition

(1) fi@) " tafo(a)a 2" () =0

for all z € R. Let us first mention some results that have motivated this
problem.

One should certainly start with an old, well-known theorem of Pos-
NER [14] stating that the existence of a nonzero derivation d of R such that
d(x)x — zd(x) = [d(x), z] is central for every x € R implies that R is com-
mutative. This result has been generalized in several ways. In particular,
VUKMAN showed that under certain restrictions concerning char(R) the
same conclusion holds under a milder assumption [[d(x),z],x] =0, = € R,
[16] and more generally, [[[d(z),z],z],z] =0, x € R [17]. Subsequently,
LANSKI [13] generalized these results by showing that the same is true if
[d(x),z], = 0, x € R, where n is any positive integer. Here, [y, z], is
defined by [ya x]l = [y,:r] and [y7$]ﬂ = Hva]n—lax]'

Mathematics Subject Classification: 16N60, 16W25, 16R50.

Key words and phrases: additive map, prime ring, generalized derivation.

The work was supported in part by a grant from the Ministry of Science and Technology
of the Republic of Slovenia.



40 Matej Bresar and Bojan Hvala

In [4], the first named author described the structure of any additive
map f of R satisfying [f(z),z] = 0, x € R. It turns out that f must be
of the form f(z) = Az + ((z) where X is an element of C, the extended
centroid of R, and ¢ : R — (' is an additive map. In a series of papers
it has been shown that, under certain restrictions concerning char(R), the

same conclusion holds when [f(z),2%] = 0, z € R [9], [f(z),2], = 0,
x € R [8] (the special case, when n = 2, was previously proved in [5]),
[...[[f(x),z™],2™2],... ,2™] =0, z € R [2], and finally, the most general

condition, A1 f(z)z" ™' + Xozf(z)z" 2 + ...+ \a" 1 f(z) = 0, z € R,
where \; € C are not all zero [1].

We close the list of papers connected with the relation (1) by [6],
where, among other results concerning additive maps, a characterization
of additive maps f1, f2 of R satisfying fi(x)x+zfo(z) =0, x € R, is given.

Of course, the condition (1) is more general than all the conditions
just mentioned. Assuming that char(R) = 0 or char(R) > n, we will ob-
tain a complete description of additive maps f; of R satisfying (1) under
the additional assumption that R has a nontrivial center (Theorem 2.2).
Using the existence of a nonzero central element, we will reduce (1) to
the situation where an additive map F' satisfies [F(z),z],—1 =0, z € R.
It is natural to conjecture that the assumption concerning the center is
redundant. However, it is certainly not obvious how to avoid it. Without
this assumption we shall be able to obtain the structure of the maps f; in
the special case where they all are so-called generalized derivations (The-
orem 3.3). A generalized derivation is an additive map f : R — R such
that there exists a derivation 0 satisfying f(xy) = f(z)y + 20(y), z,y € R
[12]. For instance, the maps of the form =z — az + zb with a,b € R
fixed elements, are generalized derivations; they are called inner general-
ized derivations. It seems that it is somehow more natural to consider (1)
in the case when the f;’s are generalized derivations rather than when they
are ordinary derivations (compare Theorem 3.3 and Corollary 3.4).

Let us sketch briefly the idea of the proof of Theorem 3.3. It has turned
out [12] that the so-called functional identities [7] can be used efficiently
in the consideration of generalized derivations. Using this we will be able
to prove Theorem 3.3 for the case when R is a non PI ring. A prime PI
ring, however, always has a nontrivial center, so that Theorem 2.2 can be
applied to obtain the desired conclusion.

Let us fix the notation. As already mentioned, R will be a prime
ring. By Z, C' and RC' we denote the center, the extended centroid and
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the central closure of R, respectively. By Q,(RC) we denote the right
Martindale ring of quotients of the central closure of R (the reason why
we have to deal with this ring is that it appears in the study of functional
identities [7]). For a full account of prime rings and their quotient rings
we refer the reader to [3].

2. Additive maps

For convenience we state the following simple lemma; the lemma is
obvious for j = n — 1 and can be proved easily by proceeding by induction
on j.

Lemma 2.1. For every integer n > 2 and for every j =1,2,... ,;n—1
we have .
- n—1 (n—2
—1)* = (1) :
N O R iy
k=j

The goal of this section is to prove

Theorem 2.2. Let n be a positive integer and R be a prime ring such
that char(R) = 0 or char(R) > n. Let fi,...,f, : R — R be additive
maps satistying (1) for all = € R. If the center Z of R is nonzero,
then there exist elements bi,bs,... ,b,_1 € RC + C and additive maps
(1,...,Cn s R— C, such that

fi(z) = xby + (1 ()
fk(ZL')Z—bk_liL'—i-xbk—i-Ck(ib), k=2,...,n—1
fu(x) = =bp_12 + (n(2)

for all x € R. Moreover, (1 + ---+ (, = 0.

PROOF. The proof will be by induction on n. There is nothing to
prove when n = 1, so let n > 1. It is also convenient to assume that
n > 2; for when n = 2 even a stronger result has already been proved [6,
Corollary 4.9], and on the other hand, the necessary modifications to the
proof below for n = 2 are obvious.

Let ¢ € Z be a nonzero element. Define a; = f;(c) for i = 1,... ,n.
By (1) we have (aj + ...+ a,)c" ™t = 0 and therefore

(2) ar+---+a, =0.
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Using the assumption on char(R) we see that a linearization of (1) yields

n k-1
(3) szj 1y[13k j— 1fk 2" k+z$k 1fk
k=2 j=1
n—1ln—k
—i—ZZxk Ue(z)zd " tyzn kI =0
k=1 j5=1

for all x,y € R. Taking y = ¢ we obtain

Z c(k — )b 2 f(z)z" % + Z a*lapan*
k=2 k=1
n—1
+ Z(n — ke f(2)z" R = 0.
k=1

Set F; = cf; and note that the last relation can be written in the form
n—1
Z eV (kF () + apx + (n — k) Fy(x)z™ 1 42" g, = 0.
k=1

Setting
Gi(z) =arx + (n — k) Fi(z) + kFig1(z), k=1,... ,n—2
Gno1(x) =apn_12+ Fh_1(x) + (n — 1) F,(x) + zan,,

we thus have Y 7'~ L 2P 1@ (z)z" k1 = 0. Using the induction hypothesis
we see that there exist elements dq,... ,d,_2 € RC'+ (C and additive maps
Wiyeee s fp—1: R — C,such that gy +---+ p,—1 = 0 and

(4) Gi(z) =aix + (n — 1)Fi(2) + Fy(z) = zdy + pa(x)

(5) Gi(x) = agx + (n — k) Fi(z) + kFr11(x)
= —dp_1z +xdp + pr(x) k=2,...,n—2

(6) Gn-1(z) =ap—1z+ F—1(x) + (n — 1)F,,(2) + za,
= —dp—2% + pin—1(7)
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for all x € R. Taking x = ¢ in these relations, denoting ap = ¢t (c) € C,
k=1,...,n—1, and using Fj(c) = cax, we obtain

nay + as = dy + aq
(n—k‘—i—l)ak—}—k‘ak+1:—dk_l—i—dk—l—ak, k=2,...,n—2

2051+ Ny = —dp_9 + 0tp_1.-
Using induction on k& we see that
(7) dp =n(ar + -+ +ar) + kags1 — (a1 + -+ o), k=1,...,n—2.
Denote
(8) F(z) = Fi(z) — zay
and rewrite (4) as
9) Fy(z) = —(n— 1)F(x) + [z,a1] + zaz + (p1(z) — a12).
Next we shall prove by induction that

n—1 b
(10) Fk+1(:l7) = (—1)’“( k >F(l‘) + Z[SL‘, CL]‘] + TAf41

j=1

n-1) itk (z) — ajz
() e ey ) - )

j=1 AN

holds for K =1,... ,n—2 and all x € R. In the case k = 1 this is just the
relation (9). Assume now that (10) holds true for some k < n — 2.
By (5) we have

(k+1)Fria(z) = —ags1x — (n —k — 1) Frq1(z) — dpx + xdg41 + prg1 ().

Using the induction hypothesis and the fact that (n — k — 1)(”;1) =

(k+1) (Z_T_i) we obtain

(4 DFisae) = =z = DM+ 1) (1) Flo)

k
—(n—k-1) Z[:c,aj] —(n—k—1zaks4

j=1
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n—1\ 1
() T () - aga)
k+1 = ]( p )
— dkiL' + xdkH + Hk+1 (ac)

From (7) it follows

k
—dpx + xdpr1 =n Z[w, a;] + nzragy1 — kagprz + (k+ zagrs — o1,
j=1
Whence we get
_ k+1 n—1
(k+ 1) Fepa(x) = (=1)" (b +1) F(x)
E+1
k41
+(k+1)) [2,a5] + (k+ zag
j=1
0o 1\ Ft 1
- j+k+1 ) oy
# O () S0 () — )
Jj=1 J
The relation (10) is now proved. In the case k = n — 2 we have
n—2
Fpa(z) = (-1)"(n = 1)F(2) + > _[z,a;] + zan_1
j=1
n—2 ‘ 1
+(n—1) Y (1) s ((2) — ).
j=1 i( j )

This, together with (6) and (7) gives us

(1~ 1D)Fu(2) = —~(an—1 + du-2)7 — Fo1(2) — 2 + in1(2)
=—(n(a1 4+ +an—2)+(n—1)a,—1

— (a1 4+ +ap_2))r —za,

(@)~ (10~ DF@) — Y [r,05] —

n

2 ‘ 1
—(n—1 —1)t" ————(pj(x) — ajz).
(n=1)) (=1) j(ngl)(ﬂ() )

<.
Il
—_
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Since vy +---+a,_1=0and a; + -+ + a,_1 + a, = 0, we obtain

n—1

(11) Fy(x) = apa + ()" F(z) + ;(—1)f+“+1@(ﬂj (z) — ajz).
Next we intend to prove that
(12) [F(2), 2]n-1 =0
for all 2 € R. We have
[F(2),aln-1 = [... [F(2),2],... ,a] = F(z)2""!

+ :ijk ((—1)’“ <" ; 1>F(9c)> e (S D Ly I O

By (10) it follows that

n—2
[F(z),2]p_1 = F(z)z" ' + Z ¥ Flq (2)2a" F 7 4 (=1)" " P (2)
k=1
n—2 k n—2
+ Z Z .ka[CLj, IL’]IEn_k_l _ Z kaaka"_k_l
k=1 j=1 k=1
n—2 k n—1 1
e Y (") s = e
k=1 j=1 ]( j )

Since Fj; = cfj it follows from (1) that the sum of the first three terms on
the right side of this identity is equal to

(F(z) = Fi(2)z" ™! = 2" (Falz) = (-1)" 7 F(z)).

According to (8) and (11), this is further equal to

n—1
, 1
—zayx" "t — 2" ta,x + Z(—l)rm_l.ni_l(ajm — pj(z))z" L
j=1 i( j )
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Therefore, we have

n—2 k n—2
(13) [F(z),2]p-1 = Z ka[aj,x]w”_k_l — kaﬂakﬂx”_k_l
k=1 j=1 k=0
n—1 k n—1 1
—x"” anx—i—ZZ( ) —1) T ————(ajz — pj(x))a"
k=1j=1 ]( j )

The last term in (13) is equal to

First changing the order of summation and then applying Lemma 2.1 we
see that

"zli(”_l) j+kj(”1‘1)“j:nl<‘ ﬂ,l%z <n_1)

k=1 j=1 7 j=1
n—1 (@—2) n n—1
= ‘7_1 = il (67
j; ](n‘;l) J n 1 j; J
But then
il n—1 . 1
(1) >3 (") ey =0
k=1 =1 ]( j )

for 37757 ~! a; = 0. Similarly,
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Therefore, (13) reduces to
n—2 k n—2
[F(z),x]p—1 = Z Zwk [a;, z]x" Rt — Z eF gy T gl
k=1 j=1 k=0

However, noting that

n—2 k

2.2,

: -2
and using > 7"} aj =

la;,

n—2
nk—1:§ l‘kE:CLjSE
k=1 j=1

k=1

—Qp—1 — Ay We now see that

(12) holds.

Applying the result of [8] it follows that there exist A € C and an
additive map & : R — C such that

F(z) = Ao+ £(2),

x € R. Thus, according to (8) we have

Fi(x) = za; + \x + £(z).

From (10) we obtain that

(” - 1) Z ]+k

k+1

j=1 7 )

—xZa] Za]x+)\k+1x+€k+1( ),

Jj=

1

j=1

—i—xZaJ —Zajx
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k=1,...,n—2, where

AR A VY _k_jla'
= (") (A 2 )
x—n_l—kx k—j¥-m
() = (", 1) (5( )+ Do >).
Similarly, (11) implies that

Fn(x) = anT + )\nx + gn(l‘),

where

An = (_1)n+1 ()‘ - i(_l)jj(nlfl) aj)

- (Z (")) (—1)’“) () DN s

k=0

The first term, of course, equals 0, and by (14) the second term is 0 as well.
Therefore, Y ;_; Ax = 0. Similarly, using (15) we see that >_;'_; & (z) = 0.
Recall that fr, = ¢ 1 F),. Now set ¢, = ¢~ &, and

bp=c ay+-+a+A+-+ ) ERCHC
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fork=1,...,n—1, and note that {(; +---+ ¢, = 0, and
fi(z) = aby + Gi(2)

fk(ZL')Z—bk;_liL'—i-xbk—i-Ck(ib), k=2,...,n—1
fn(l’) = _bn—lx + <TL('I)7

x € R. The theorem is thereby proved. O

3. Generalized derivations
The proof of the main theorem of this section rests heavily on the
following result.

Proposition 3.1 [7, Proposition 8]. Let R be a prime ring and suppose
that

n k
Z [i(z)za; + Zcizhi(m) =0 forallx,z€R,
j=1 i=1

where a;,c; € R and fj,h; : R — R are any maps. If the sets {a1,... ,a,}
and {c1,... ,cx} are C-independent, then there exist q;; € Qr(RC), i =
1,...,k, j=1,...n, such that

k

fj(z) = - Zciz%j» hi(x) = Zqijxaj,
j=1

i=1
forallz,z€e R,i=1,... )k, j=1,... ,n.

It is clear from the proof that Proposition 3.1 remains true when
assuming that some a; or ¢; lies in the centroid of R instead of in R (that
is to say, we can take a; or ¢; to be equal to 1 even when R does not
contain a unit element).

Lemma 3.2. Let R be a prime ring such that char(R) = 0 or
char(R) > n. Suppose that ag, a1, ... ,a, € Q,(RC) satisfy

(16) apx” + zarz" t+ -+ 2" tay_1z +2"a, =0

for all t € R. Then ay, ... ,ay, liein C and ag + a1+ --- + a, = 0.

PRrROOF. First of all, note that a complete linearization of (16) shows
that (16) holds for every x € RC as well.
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We consider
é(x) = apx™ + zarx" 4 -+ 2" la, 12 + 2"a,

as an element of Q,(RC)c(X) the copruduct of the C-algebra Q,.(RC)
and the free algebra C(X) over C' (here, X is an (infinite) set — cf. [3,
p. 212]). The desired conclusion can be expressed simply as ¢ = 0. As-
sume, therefore, that ¢ # 0. Then ¢ is a generalized polynomial identity
(GPI) on RC. But then, by [3, Theorem 6.4.4], ¢ is also a GPI on @, (RC).
In particular, (16) holds for = 1 showing that ag + a3 +--- + a,, = 0.

We proceed by induction on n. When n = 1, since ag = —a1, we have
apr = xag, * € Q.(RC), meaning that ap,a; € C. Now assume that the
lemma is true for all positive integers smaller than n. Replacing z by x+1
in (16) we arrive at

n—1

D 2" ((k+ Daggr + (n— k)ag) 2™ F1 =0
k=0

for all z € Q,(RC). By the induction hypothesis it follows that
(k+1)ag+1+(n—k)ax € C for k =0,1,... ,n—1. Therefore, the lemma
will be proved by showing that a¢ € C.

Let e € Q-(RC) be any idempotent. As (16) holds for any = €
Q- (RC), it follows that ape € eQ,(RC), which yields (1 — e)ape = 0.
Replacing the roles of e and 1 — e we get eap(l — e) = 0, and the two
relations show that ap commutes with any idempotent e € Q,(RC).

In the rest of the proof we, more or less, just repeat the arguments
given in the proof of [13, Theorem 1]. By MARTINDALE’s theorem [3, The-
orem 6.1.6] we know that RC is a primitive ring with H = soc(RC') # 0 and
eRC'e is finite dimensional for any minimal idempotent e. If H contains a
nontrivial idempotent, then it follows from [11, Corollary, p. 18 and Corol-
lary, p. 9] that H is generated by its idempotents. Whence [ag, H] = 0
showing that ag € C. In the case when H contains no nontrivial idempo-
tent, H is a finite dimensional division algebra over C'. Then the a;’s lie
in H for H = RC = Q,(RC). Of course, we may assume that H is non-
commutative. Now it follows from [13, Lemma 2| that there exist a field
F and an integer n > 1 such that H can be embedded into M, (F) and ¢
is a GPI on M, (F). But then, as has already been shown, ay commutes
with every idempotent in M, (F) implying that ag € C. The proof of the
lemma is now complete. g
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Theorem 3.3. Let n be a positive integer and R be a noncommutative
prime ring such that char(R) = 0 or char(R) > n. Let f1,... ,fn : R— R
be generalized derivations satisfying (1) for all x € R. Then there exist
elements by,ba, ... ,b,—1 € Q.(RC) such that

jﬁ(m)::xbl
fk(x):—bk_lx—i—acbk, k=2,...,n—1
fn(l‘) = —bp_1T

for all x € R.

PROOF. As in the proof of Theorem 2.2 we see that (1) implies (3).
Substituting y for z and zx for y in (3) we get

n k—1 n
A7) D> ey T )y R+ Yy ey
k=2 j=1 k=1
n—1n—k ‘ ‘
+ Y T )y Ty =0
k=1 j—1

for all x,y € R. Changing the order of summation we see that

n k—1
MO v ey Sy
k=2 j5=1
n—1 . n A
=> vz a > T Ryt
i=1 k=j+1
n—1n—k _ n—1 /n—j
S ey = S (zyk—lfk@)yn—k—ﬂz) _—
k=1 j=1 j=1 \k=1

Let d5 be derivations satisfying fi(zz) = fr(2)x + 20k(x), 2,2 € R, k =
1,...,n. Then we have

n n

Sy Gy F =) g f(@)ay T+ Dy sk (a)y

k=1 k=1 k=1

n n
Y fojra(2)zy’ T+ Z Yy a8 (x)y"
— j=1

<
—_
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Thus, (17) can be written as

n—1 n—j
>, (y"_jfnj+1(2) +> yk‘lfk(y)y""“_jzr) wy’ ™+ fi(2)zy"
i=1 k=1

+ vz [ G@y T e Y T )yt |y () = 0,
j=1 k=j+1

Set
. n—j |
(18) Fi(2) =" fumyia (2) + D o ey
k=1
Hz(w) - 5Z(x)yn g +x Z yk_l—lf (y)yn—k
k=i+1

so that we have

n

(19) S Fi(Eay’ T+ Yy e () = 0.

=1

We now consider two different cases.
Case 1. The set {1,y,y2,... ,y" '} is C-dependent for every y € R.

In other words, R is algebraic of degree n — 1 over C. In particular,
R is a PI ring [10, Lemma 6.2.3]. But then Z is nontrivial [15], and so
the f;’s take the form described in Theorem 2.2. Moreover, since R is
noncommutative, using the fact that f; is a generalized derivation it is
very easy to see that (; = 0,7 =1,...,n [12, Lemma 3|. The proof is thus
complete in this case.

Case 2. There exists an element y € R such that {1,y,y2,... ,y" 1}
is a C-independent set.
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According to Proposition 3.1, it follows from (19) that there exist
gij € Qr(RC),i,j=1,...,n, such that

Fy(z) ==Yy 2ay,  Hiw) =) ayay’ ™
j=1

=1

for all 2,z € R, i,j = 1,...,n. Let b; = EZ;{ Y fe(y)yn R, G =
1,...,n—1 and b, = 0. By (18) we have

Y fuji1(2) +bjz — Fi(2) =0
for j=1,... ,n and all z € R. Replacing z by zx, we obtain
Y fo i1 (2)T + Y 28,1 () + bjzx — Fj(zz) = 0.
Since bjz = —y" I f,,_;+1(2) + Fj(2) it follows that

Y281 (x) — Fj(zx) + Fj(2)x = 0.

Consequently,
n
Y 20011 (x) + Z y' 2z, qi5] = 0.
i=1
Since the elements 1,y,...,y" ! are C-independent, a simple extension

(see, e.g., [7, Lemma 1]) of a well-known result of Martindale implies that
[x,qi;] =0fori#n—j+1and 0p—j+1(z)+ [x,gn—j+1,;] = 0. This holds
for j =1,...,n and all z € R. This means that the derivations ¢; are of
the form 6;(z) = [g;, x|, where ¢; = ¢jn—j+1, J = 1,... ,n. Next, noting
that (f; —90;)(zy) = (f; —6;)(2)y, z,y € R, we see that (f; —0;)(x) = p;z
for some p; € Q,(R) [3, Proposition 2.2.1 (iv)]. Whence

fi(x) = ajx + wd;

for j = 1,...,n, where a; = p; + ¢; € Q-(RC), dj = —q; € Q-(RC).
Therefore, the initial relation (1) can be written in the form

a1z + x(dy + ax)x™ -+ 2" N dpoy + an)z + 2™d, = 0.

Set \g =a1, A1 =dy+as,... ,A\p_1 =dn_1+ a, and N\, = d,,, and note
that all the A;’s lie in C' and that their sum is zero by Lemma 3.2. This
shows that the fi’s are of the desired form with by = A\g+-- -+ A\g_1 + dp,
k=1,... ,n—1. The proof is complete. O
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Corollary 3.4. Let n be a positive integer and R be a noncommutative
prime ring such that char(R) = 0 or char(R) > n. Let f1,...,fn : R — R
be derivations satisfying (1) for all x € R. Then f1 = fo =...= f, =0.

PROOF. By Theorem 3.3 we have fi(x) = xby for some b; € Q,.(RC).
Therefore, f1(zy) = xyby = zf1(y). However, since f; is a derivation it
follows that fi(z)y =0, 2,y € R; but then f; = 0 and b; = 0. Similarly
we see that fo=...=f, =0. U
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