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Berry—Esséen-type inequalities
for ultraspherical expansions

By MICHAEL VOIT (Tiibingen)

Abstract. This paper contains several variants of Berry—Esséen-type inequal-
ities for wultraspherical expansions of probability measures on [0,7]. Similar to the
classical results on R, proofs will be based in some cases on ultraspherical analogues
of Fejér-kernels. The inequalities in this paper in particular lead to relations between
the spherical-cap-distance of probability measures on unit spheres S¢ C R4t1 and the
norms of associated L2-convolution operators. Moreover, the inequalities will be used
to derive the order of convergence for some central limit theorems on [0,7] and on
S%: the limit distributions there are analogues of Gaussian measures and the uniform
distribution.

1. Introduction

The classical Berry—Esséen-inequality relates the ||.||.o—distance of
distribution functions on R with their Fourier transforms. There ex-
ist well-known extensions of this inequality to R? for d > 2, the torus
T :={z€C:|z| =1} and T% see [2], [7], [8], [13]. On the other hand,
little seems to be done for similar estimations for other classical orthogonal
expansions of distribution functions. For instance, one can ask for such
estimates on [0, oo[ in terms of Hankel transforms and their applications to
radial probability measures on R%. Or, one can study expansions of mea-
sures on [—1, 1] with respect to ultraspherical or Jacobi polynomials. This
has applications to probability theory on spheres and projective spaces.

Mathematics Subject Classification: Primary 60E15, Secondary 60B15, 33C55, 26D05,
42C10, 43A62.

Key words and phrases: Berry—Esséen-inequality, ultraspherical polynomials, random
walks on spheres, central limit theorem, uniform distribution on spheres, spherical cap
distance.



104 Michael Voit

Similarly, one can study Jacobi transforms of measures on [0, co[ with ap-
plications to radial distributions on hyperbolic spaces. The purpose of this
paper is to encourage the study of Berry—Esséen-type estimates for such
transforms and their applications. We however here restrict our attention
to ultraspherical expansions.

We next describe the main results of this paper. Consider the ultra-
spherical polynomials (R;a))nzo on [—1,1] of index & > —1/2 normalized
by 5{")(1) = 1 (this is the best normalization in probability theory and
harmonic analysis). The ultraspherical coefficients of a probability mea-
sure p on [0, 7] (of index «) then are defined by

fi(n) == /O ’ R (cost)du(t) (n >0).

The main result of this paper will be the following Berry—Esséen-type
inequality for the distribution functions Fj,, F), of probability measures
w, v on [0, 7] respectively:

1.1. Theorem. For a > —1/2 there is a universal constant M, > 0
as follows: If F,, satisfies the Lipschitz condition

|F,(z) — Fu(x + h)| <mh r[nax . sin?*t 2 forx,h >0 withax +h <
z€|x,x+

with some constant m > 0, then for all N > 1,

N
m o ~ ~
I~ Bl = 00 (B 002 o) = () )
n=1

Several variants of this result will be also discussed. We mention
that the proof of Theorem 1.1 will be based on a smoothing procedure
using ultraspherical analogues of Fejér kernels introduced by LASSER and
OBERMAIER [11]. The second half of this paper will be devoted to ap-
plications of Theorem 1.1. The first two applications in Sections 5 and
6 concern the rate of convergence of two central limit theorems for cer-
tain random walks on [0, 7]. In the first case, the limits are ultraspherical
analogues of Gaussian distributions. In the second case, the limit is given
by dwe(t) := cq - sin®*t 1 tdt on [0, 7] with a suitable constant cq > 0.
This measure is the orthogonality measure of the trigonometric ultras-
pherical polynomials Rﬁla)(cos t) and forms the ultraspherical analogue of
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the uniform distribution (which appears for @ = —1/2). The random
walks mentioned above are homogeneous Markov chains on [0, 7] whose
transition probabilities are defined in terms of the so-called ultraspherical
convolution of measures on [0, w]. This convolution is discussed in [3], [18],
[19]; for general random walks on hypergroups we refer to [4].

For « = d/2 — 1 with d € N, d > 2, the ultraspherical random
walks on [0, 7] mentioned above and their associated limit theorems admit
an interpretation as projections of rotationally symmetric (or “isotropic”)
random walks on the unit sphere S¢ C R%*1. In this way, the results of
Sections 5 and 6 below lead to the following theorem:

1.2. Theorem. Let r € [0,1/2], and let u be a probability measure
on [0, 7] with u # dg. For k € N define the contracted probability measure
pr € M([0, 7)) with

pir(A) == u(k"A) for A C [0, 7] a Borel set.

For each k, consider the isotropic random walk (Xk7"),~o on S? start-
ing in some fixed North Pole xy of S such that in each step of time an
angular jump with distribution py , appears, i.e., the random variables
L(Xf{’T,XZf’J:l) are independent and iy, -distributed. Then, after k steps
of time, the random variable L(X,’: ".xg) (ie., the angular distance of
X ,’j " from the North pole) has some distribution ,u,(fz The distribution
functions of these distributions on [0, 7] have the following properties for
k — oo:

(1) Ifr =1/2, then ”FMW — Fy|loc = O(1/k) for some specific ultraspher-
k,r

ical Gaussian distribution v on [0, 7] (v is the angular part of some
Gaussian measure on S¢ centered at ).

(2) It r € [0.1/2], then [|Fyu — Fuyylloo = O(=*'™™) with some
k,r

(known) constant ¢ > 0 (notice that wq/o_1 is the angular part of the
uniform distribution on S9).

The final application of Theorem 1.1 in Section 7 concerns the spheri-
cal cap distance on S¢ which is frequently used to measure how well points
are distributed on S%; see [5], [12], [15]. Theorem 1.1 relates this dis-
tance with the norm distance of convolution operators on L?-spaces which
can be usually handled much better. For the sphere S?, we in particular
recover results which are already contained in Lubotzky, PHILLIPS, and
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SARNACK [12]. These results were used there to study the order of conver-
gence (with respect to the spherical cap distance) of a recursive algorithm
of distributing points on $? uniformly.

This paper is organized as follows: In Section 2 we establish basic
notations and facts on ultraspherical expansions; in Section 3 we collect
some smoothing inequalities. The central Section 4 then contains several
Berry—Esséen-type estimations. Sections 5-7 finally are devoted to the
applications mentioned above.

Acknowledgement. Parts of this paper were written while the author
was a visiting lecturer at the University of Virginia in Charlottesville. He
would like to thank the Department of Mathematics there for its hospital-
ity. Moreover, it is a pleasure to thank G. PAp and M. ROSLER for some
discussions, and K.-J. FORSTER for his hint to reference [9].

2. Ultraspherical expansions

The purpose of this section is to introduce some notations and facts
about ultraspherical polynomials and expansions. Most results are more
or less well-known.

2.1. Ultraspherical expansions. Consider the ultraspherical polynomi-
als
(2.1) R (z):=oF (—n,n+2a+1;a+1;(1-2)/2) (z€R,n>0)
of index o« > —1/2 which are normalized by %a)(l) = 1 and orthogonal on
[~1,1] with respect to the measure (1 — 22)®dz. The trigonometric poly-
nomials p;“)(t) = gla)(cos t) form an orthogonal basis of L?([0,7], wq)
with respect to the probability measure

I'2a+2)

(2.2) dwa(t) == cosin®* T tdt  with ¢, := (o + 1)2220 71"

Denote the Banach space of all Borel measures on [0,7] by M;([0,n]).
Then, the ultraspherical expansion coefficients of f € L!([0,7],w,) and
w € My([0,7]) are given by

~

(2.3) f(n):= /0 WR;@(cost)f(t)dwa(t) and fi(n) == /O ﬂR,(f)(cost)du(t)
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forn € Z4 :={0,1,2,...}. We next define the ultraspherical Plancherel
weights

1

@ _ ([ p@ 5 T @nt2041)-(2a+1),
hy (/0 R (cost) dwa(t)> ot

(n€Zy)

(2.4)

and introduce the associated weighted spaces IP(Z, h). For g € I*(Z,,h),
its inverse ultraspherical transform g € Cy([0, 7]) is given by

(2.5) g(x) = > hM k)R (cos ) (w € [0,7)).
k=0

The following facts are well-known (see [4] in setting of commutative hy-
pergroups):
2.2. Facts.

(1) If f € L'([0,7],ws) and pu € My([0,7]), and if ||u|| denotes the total
variation norm of g, then || f|loo < || f|l1 and ||i2]|oo < |||

(2) Inversion formula: If f € LY([0,7],w,) with f € 1(Z4,h), then
(DY =1 and | flloe = (DIl < 1711

(3) Plancherel formula: If f € L2([0,7],ws) C L([0, 7], wq), then fe
P(Z, h) with [|f]]2 = ]l

We next give a collection of useful uniform estimations for ultraspher-
ical polynomials.

2.3. Lemma. Let o« > —1/2, n € Z4, and 0 € [0, 7]. Then:
(1) [RY(cosf)] < 1;

(2) |siné - Rg{”l)(cos 0)] < 2Aatl) .
V(n+1)(n+2a+2)
(3) M!:= sup not3/2 ‘sino‘“’/2 ©- Riofrll)(cos ©)

p€e[0,7],n>1
a+2\*T? (2a+2)T(2a +3)
2 I'(a+3/2)

<
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(4) M2:= sup not3/2 ‘sinQO‘Jr2 o - R (cos o)
pel0,m],n>1
_(a+2\" T(a+3
- 2 I'a+3/2)

PRroOF. For Part (1) we refer to Section 7.32 of SZEGO [16].

(2) We proceed as in Theorem 7.32.1 of [16]. In fact, the case n = 0 is
clear. For n > 1, consider

— 2 d 2

The differential equation for Jacobi polynomials (Equation (4.2.1)
of SZEGO [16]) yields that

2a+ 1)z s d 2
n(n +2a+1) (%Rg )(ac)> ’

Hence, the nonnegative f, attains its maximum on [—1,1] at the
boundary. As

fulz) =

(2.6 L RO() =

n(n+2a+1) at1)

2at+1) ol (z)

(see (4.7.14) of SzZEGO [16]) and f,,(+1) = 1, Part (2) follows.
(3) Corollary 1.8 of FORSTER [9] yields that for ¢ € [0, 7], n > 0,

‘s.ino“H)’/2 @ - R (cos )|

(2.7)
< (2a+2)

T'(n/2+ a+3/2) <n+2a + 2)‘1_

IMNa+3/2)'(n/2+1) n

As a® < T(a+b)/T(a) < (a+b)® for a,b > 0, Part (3) now follows
readily.

(4) This follows from Eq. (19) of DURAND [6]. O

2.4. Ultraspherical convolution of measures on [0,7]. By Gegenbauer’s
product formula, the ultraspherical polynomials of index « > —1/2 satisfy

R,(f) (coss) - R,(Ca) (cost)

(2.8) ™
= Ca—1/2 / nga) (cos s cost + sin ssint cos 2)(sin 2)?*dz
0
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for s,t € [0, w] with c,_1 /2 being given according to Eq. (2.2); see Eq. (2.23)
of ASKEY [1]. For the limit case & = —1/2, this formula degenerates into

R,(Cfl/Q)(Cos s) - R;ﬁl/Q)(cos t)

1 _ _
= §(R§“ 1/2)(008 |s —t]) + R,E; 1/2)((305(7r —|r—s- t|))>

(2.9)

For all &« > —1/2 and s,t € [0, 7] we hence find unique probability mea-
sures, say Js *, 04 (or, for short, ds * d;) on [0, 7] with

R,(f) (coss) - R,(fa) (cost) = / R,(f) (cosu)d(ds * 6¢)(u)
(2.10) 0

for all £ > 0.

This ultraspherical convolution d, * d; of point measures can be extended
uniquely to a bilinear, weakly continuous, and probability preserving con-
volution * on the Banach space M ([0, 7]) of all (complex) Borel measures
on [0,7]. In particular, (My([0,7]),*) is a commutative Banach algebra,
and the convolution establishes a hypergroup structure on [0, 7]. For de-
tails see [3], [4], [18], [19]. The product formulas (2.8) and (2.9) imply that
the ultraspherical coefficients of the convolution product of u, v € M;([0, 7]
satisfy

(2.11) () (n) =fi(n) -v(n) for all n > 0.

3. Smoothing inequalities and Fejér kernels

The proof of the Berry—Esséen-type inequality 1.1 depends on a smooth-
ing procedure using ultraspherical analogues of Fejér kernels. These kernels
and their applications to smoothing will be discussed in this section. We
always assume that a > —1/2 holds.

3.1. Notations.

(1) The space of all (Borel) probability measures on [0, 7] is denoted by
M ([0, 7).

(2) The characteristic function of a set A C R is denoted by 14, and the
support of a function f or a measure pu by supp f or supp u respec-
tively.
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(3) The distribution function F), of a probability measure p € M*([0, 7])
is defined by
F,(0) := u(0,0]) for § € R.

We mention explicitly that this notation will be also used for 6 ¢ [0, 7].

(4) We say that a distribution function F), satisfies the Lipschitz condition
L*(m) with some constant m > 0 if

F (z)—F,(z+h)] <mh max sin2®t!z
Fue) = Fula + )| < mh_mnax

forx,h >0 withx+h <.

3.2. Remark. The Lipschitz condition 3.1(4) is an indispensible tool
for the smoothing inequalities below. In our applications of Berry—Esséen-
type inequalities below, this Lipschitz condition is always satisfied. In
fact, if p € M*'(]0,7]) has a continuous w,-density f, then the Lipschitz
condition holds with m = ¢,/ f||c. In particular, for 4 = w, one has
m = Cq.

We next turn to some estimations for the ultraspherical convolution
on M1([0,]).

3.3. Lemma. Let p,v,0 € M*([0,7]), t,z € [0,7], and T > 0. Then,
(1) supp e C [0, 7] implies p* o([0,¢ — T7) < u([0,2]) < p* ([0, + T]),

and

(2) | fo (02 % 62)(Lp.)d(p — v)(2)] < 2/|Fy = Folloo-
PROOF.

(1) Assupp(éz*9dy) C [|z —y|, min(z +y,2r — 2z —y)] for z,y € [0, 7], the
function

0% Lo pyr)(z) == / (6. % 6,) (L psz)doly) (x € [0,7])

satisfies 0 < o * 1o ) < 1 on [0, 7] with ¢ * 1jgq7)(z) = 1 for
x € [0,t]. Hence,

o o([0,t +T]) = /Oﬂ/o (0z 0y ) (Lj0,e47))do(y)du(z) = p([0,1]).

The second inequality can be checked in the same way.
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(2) Assume first that a > —1/2. Section 2.4 and Fubini’s Theorem yield
that

(3.1) (/OW@ *02)(1j0,0)d(p — v)(2)

™
< Ca—1/2/
0

As the function z — cos z cos x +sin 2z sin x cos w has at most one local
extremum in |0, 7| for all z,w € [0, x], it follows that

/ Licost,1)(cos z cos x + sin z sinx cosw)d(p — v)(2)
0

-sin?®® wdw

‘/ Licost,1)(cos z cos x +sin zsin w cos w)d(p — v)(2)| < 2| Fy — F) |0
0

for x,z € [0,7]. Part (2) now follows from (3.1) and the observation
that fow sin®* wdw = c;il/? The limit case & = —1/2 can be checked

similarly. O

Lemma 3.3 leads to the following smoothing inequality which is mo-
tivated by [12].

3.4. Lemma. Let T > 0, and p,v, 0 € M*(]0,7]) with supp o C [0, 7]
such that F,, has the Lipschitz property L*(m) for some m > 0. Then, for
all 0 € [0, ],

F,(0)—F,(0) <2mT - . 2041
|Fu(6) = B (6)] < 2m celo—2T b sTin0A] &

Flo(0+1iT) — Fo (0 +1iT)|.
3 [Frung (0 +T) = Fuug(0 +T)|
PrOOF. For abbreviation, we put R := max sin?*t! 2.

z€[0—2T,04+-2T]N[0,~]
The Lipschitz condition L%(m) and Lemma 3.3(1) imply that for 0 < 6 <
m— 2T,
v([0,0]) > v([0,0 + 2T]) —2mTR > v« o([0,0 + T]) — 2mTR.
It is also clear from the Lipschitz condition L*(m) that for 6 € [x — 2T, 7],

v([0,6]) > 1—2mTR > vx*p([0,0 +T]) —2mTR.
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In summary, applying Lemma 3.3(1) also to p, we see that for all § € [0, 7],
(1 =v)([0,0]) < (u+*0—vx*0)([0,0+T]) + 2mTR.

In the same way, (u—v)([0,6]) > (u* 0 —v*0)([0,0 —T]) — 2mT R. This
completes the proof. O

We next turn to a smoothing inequality which involves ultraspherical
Fejér kernels.

3.5. Ultraspherical Fejér kernels. Let (Rﬁf"ﬁ))nzo be the Jacobi poly-
nomials with indices a, 8 > —1/2 and normalization R%a’ﬁ)(l) = 1. Fol-
lowing LASSER and OBERMAIER [11], we introduce the ultraspherical Fejér
kernels as follows: Using Eq. (4.5.3) of [16] together with the normalization
of the Jacobi polynomials above, we first observe that

(32) Zhl(ca)Rl(ga) = (Z hl(ca)> R%oﬂrl,a) _ dgloa)Rgla+1,o¢)
k=0 k=0

with

3.3 d®) = K

(3:3) " Tt (@t 1) Z

Hence,

/ RH19) (cos t)2dw, (t 5
d(a)

Z h(a) / R(O‘) (cost)?dwe (t)
k=

SomY = 1/d.
=0

(3.4)

= 2
di

Therefore, for n > 0, the ultraspherical Fejér kernels

(3.5) F(t) = d@ (R (cost))2 >0 (n>0,te[0,7])

are the densities of the probability measures ngl) = F\"w, on [0, 7] with
A(a)(k) = 0 for k > 2n (for the latter we refer to [11]). It is also known

that the probability measures Q( ) tend weakly to the point measure &g for
n — oo (this follows from results in [11] together with Lévy’s continuity
theorem for ultraspherical expansions; cf. Section 4.2 of [4]). We here need
the following quantitative result for the smoothing inequality 3.7 below:
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3.6. Lemma. There is a constant M, > 0 such that for all € € |0, 7 /2]
andn > 1,
o ([e,7]) < My /en.

PROOF. In the following, M7, Ms, ... denote constants depending on
a only. Eq. (7.32.6) of SZEGO [16] and our normalization of the Jacobi
polynomials imply that

|R(H1) (cos 0)| - 0°F3/2 < My /n®T3/2 for 6 e[0,7/2], n>1.

As d = O(n2e+2), it follows that

(3.6) o) ([e,m/2)) <

% /'71'/2 Sin2a+1 4 M3
n J. '

Moreover, (7.32.6) and (4.1.3) of SZEGO [16] imply that for 6§ € [r/2,7]
and n > 1,

|R7(1a+1’a)(COS 0)’ . (7[_ _ 9)a+1/2 < M4/na+3/2.

Hence,
M5 T sin2a+1 0 M6
3.7 @ ([r/2, </ e df) <
6D < [ <
n/
The lemma is now a consequence of (3.6) and (3.7). O

3.7. Proposition. For all &« > —1/2 there is a constant R, > 0 such
that the Fejér measures ol e MY([0,7]) (n > 1) have the following
property: If p,v € MY([0,7]) with F, satisfying the Lipschitz condition
L*(m) for m > 0, then

|y = Flloo < 2IF,, @ — E,, @ lloc + Ram/n.

ProoF. Fixn € N, and put A := ||F}, — F,||oc and A,, := HFH*Q(a) —
E, e ||oo- Foreach e > 0 we find z¢ € [0, 7] with |F),(zo)—F,(z¢)| > A—e.

Assume now that F,(xo)—F,(z9) > A—e holds (the case with the converse
sign can be handled in the same way). Define h := A/(4m) and t := z¢+h.
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Then for = € [0,h], we have t —x = 29 + h — x > x9 > 0. Hence, with
Lemma 3.3(1),

|68 0)dls = v)) 2 Fule =) = Fule+ 0

> Fu(eo) — Filwo) — (& + hym
>A—e—2hm>A/2 —e.

(3.8)

It follows from Lemma 3.6 and Lemma 3.3(2) that
h T
(1 — 1) * 2)([0,1]) = / / (62 % 6,) (1p.g (s — 1) (=)o (x)

+ /h /0 (62 % 02) (Ljo,)d(p — v)(2)do{™ (x)

Z(A/2—e)—%- max

/ "8 %80 (Lo )l = )(2)

hn  z€[0,x]
OM, A 8 M,
> (A)2 —¢) — = (A)2 — ) — 2
With € — 0, it follows that A/2 < A,, + 8M,m/n as claimed. O

4. Berry—Esséen-type inequalities

In this section we collect several versions of Berry—Esséen-type in-
equalities. The following theorem lists several versions without smoothing.
Part (4) there seems to be the most natural and useful extension of the
classical setting. As usual, we assume o > —1/2.

4.1. Theorem. Let 0 € [0,n] and p,v € M'([0,7]) such that the
distribution function F, of v satisfies the Lipschitz condition L®(m) for
some m > 0. Then, with the constants c,, M}, M2 > 0 of Section 2, the
following estimations hold:

o0

B 9042y Ca N (@) Aoy S
(1) 1E,(0) = BAO) < sin*¥20 - 5 B 5 ) - [A() = 9o
A R

(2) |Fu(0) = Fu(0)] < sin***' 0o Y

n=1 \/m a(n) — o(n)|;
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. Co M R R
(3) 1Fu(0) = Fu(0)] < sin™/20 - S5 S S - lin) — 9]

n=1

Ca * MC% = ’SLa) ~ ~
M St

n=1

(4) [Fu(0) = F.(0)] <

PROOF. Assume first that 1,7 € [*(Zy,h) holds (notice that this is
no essential restriction in Part (1)). In this case, the inversion formula in
Section 2.2 ensures that

Fumu(9) = D YR (cos p) - (ji(n) — ()

n=1

is continuous on [0, 7] with p — v = f,_,w,. As
(4.1) diﬁ (sinz‘H'2 0 - Rff‘_ﬁl)(cos 9)) = 2(a 4 1)sin®*1 0 - R(¥(cos 0)
(see the Rodrigues formula (4.7.12) of [16]), it follows that

%
F.(0) — F,(8) = 1([0,6]) — ([0, 6]) = c“/o Fao () s s

g o©
—co [ S MR cos ) - () — 7)) s o
0

(4.2) N nZIO
= o 3 ([ R eos ) s g )i - () — 5l

LG NS g RO (o5 0) - b - (i(n) -
2(a+1)§::1sm 6-R," " (cosO)-hy - (u(n) —v(n)).

The theorem under our additional assumption is now a consequence of
Lemma 2.3. We next turn to the general case in (2)—(4); we first prove
Part (2). For n > 1, choose gy € L([0,7],ws) with gn > 0, supp gy C
[0,1/(2N)], and [|gn||1 = 1. Then

gx # gn(0) = / " on () - (5, % 80) (g ) ()
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defines a function gn*gny € L1([0, 7], ws) with gn*gn > 0, supp(gn*gn) C
[0,1/N], |lgn * gnll1 = 1, and (gn * gn)" = 9% € (1(Z4,h). Hence, if
on = (9N * gN)wa € M'([0,7]), we may apply (2)~(5) to oy * p and
on * v. In particular, Part (2) in the special case above and Lemma 3.4
imply that for 6 € [0, 7] and N € N,

(b —v)([0,0]) < 2m/N+ max, (Fonup(0 +1/N)=Fp (0 +1i/N)])

ic{+
(4.3) <2m/N + igg}(sm%“(a +i/N))
. hi” e
x ca; sy VPR — o)
We may assume
= hi? _
Ri= 3~ oeeslil) = 9] < o0

As [gn(n)] <1 and gy(n) — 1 for N — oo by the construction of gy, the
dominated convergence theorem ensures that the right hand side of (4.3)
tends to sin®**™!(6) - ¢, - R which implies Part (2). Parts (3) and (4) follow
in the same way. O

4.2. Remarks.

(1) Up to the precise constant, Theorem 4.1(1) can be also derived as
follows: If ||t — V|| < oo holds, then p— v admits an w,-density f,—,
with || fu—vlleec < ||[Z — 7|l1. It follows for 6 € [0,7/2] that for some
constant R,

0 0
|F”(9) a FV(H)’ < /O ‘fufu‘dwa < ||fufy||oo : Ca/o Sin2a+1 SOdSO

< Rollfu—v|loo sin®*+2 4.

The same conclusion works also for 6 € [7/2, 7] by taking [, instead

of foe.
(2) For the classical case « = —1/2 (corresponding to symmetric probabil-

ity measures on the torus), parts (2)—(4) of Theorem 4.1 are equivalent
up to the precise constant.
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Theorem 4.1(4) and the smoothing with the Fejér kernel lead to the
following result:

4.3. Theorem. Let u,v € M'([0,7]) such that F, has the Lipschitz
property L*(m) for some m > 0. Then there is a universal constant
M, > 0 such that

N ()
m b, ~ ~
HFM_FIJHoogMa‘(N"' E W“L(?’L)—V(n)‘) for all N > 1.
n=1

PROOF. Assume without loss of generality N > 2. Put k := | N/2].

By Proposition 3.7, the Fejér measures Q,(ca) satisfy

1Fp = Eulloc < 2||F,, ) = F,, e lloo + Ram/k.

Now apply Theorem 4.1(4) to pu * Q,(f) and v * g,(f) (notice that v g,(ga)

satisfies the Lipschitz condition L*(m) for some m > 0). As Z)gl) (n)=0
for n > 2k, and as

(1% )N (n) — (% 0N ()] = [fi(n) — D(n)] - 8 (n) < |fi(n) — D(n))],
the theorem follows readily. O

4.4. Remark. Theorem 4.3 can be slightly improved by not estimating
the Fejér weights 5(1\? ) (n) by 1. However it seems to be difficult to compute

’g\(ﬁ ) (n) sufficiently explicitly in order to obtain a considerable improvement
of Theorem 4.3.

We next turn to a application of Theorem 4.1(3) and the smoothing
in Lemma 3.4:

4.5. Theorem. Let u,v € M'(]0,w]) such that the distribution func-
tion F,, of v satisfies the Lipschitz condition L*(m) for some m > 0. Then
there is a universal constant M, > 0 such that for all 0,T € [0, 7],

|F.(0) — F, ()| < 2mT - w(8, T)?* + Myw(9, T)*+1/2

(3w 7o 3 E) R0
n n)—rvn —
n=1 ! TL2

n=|1/T|
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with w(6,T) := max sin z.
z€[0—T,0+T)N[0,7)

ProOOF. Consider the probability measure 0% := cr - wal[o,7] With the
constant

T -1
cr = (ca/ sin? ! tdt) = O(T~(2+2),
0

Eq. (4.1) and Lemma 2.3(3) show that for n > 0, 7" > 0 and suitable
Ml, M2a M3 > 05

T
[o7(n)| = CT‘/ sin?* 1 tR(®) (cos t)dt‘
0

M
< iy s T R (cos )|
My  sin®t1/2T M;

< T20+2  pa+3/2 S To+3/2pa+3/2"

Therefore, for n > 1,
(% 05)" (1) = (v 09)" ()| < Malfi(n) — D) - min (1, (Tr)~(+3/2).

A combination of Theorem 4.1(3) and Lemma 3.4 now leads to the claim.
U

4.6. Corollary. Let (un)n>1 be a sequence in M*([0,7]), and let
v € MY([0,n]) such that F, satisfies the Lipschitz condition L®(m) for
some m > 0. If

sup |fin (n) — (n)] = O(N~4)  for N — oo
neN

holds for some A > 0, then for all constants B > 0 and r € [0, A/(2a+2)],

1
ee[osvgfj’w] [Fiu () — Fu (0)] = O(N[A+r(2a+2)(a+1/2)]/(a+3/2))

for N — oo.

In particular, for r = 0 and r = A/(2a + 2) respectively:
(1) |Fun — Fulloo = O(N~A/(43/2)) for N — oo;
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(2) For each constant B > 0,

sup |Fun (0) — F,(0)] = O(N~#)  for N — 0.
9€[0,BN—4/(2a+2)]

PRroOF. This follows readily from Theorem 4.5. In fact, if
r € [0, A/(2cc + 2)], then

s:=[A—(a+1/2)r]/(a+3/2) >r

holds. Now take 7" = T(N) = N~° in Theorem 4.5 and observe that
w(0, T(N)) = O(N~") holds uniformly for § € [0, BN~"]. This leads to
the claim. g

5. Application to a central limit theorem

In this section we apply Theorem 4.3 to the rate of convergence in
a central limit theorem concerning ultraspherical convolutions. For an
interpretation of this convolution on M'([0,7]) of index « in terms of
radial random walks on the unit spheres S™ C R™ with o« = n/2 — 1 we
refer to [3], [19] and references there. We need some preparations.

5.1. Gaussian measures. Let a > —1/2 and define the function

d

at0) = a0) = = () B eos|,_ = "t

(5.1) 0=0 2(a+1)

(n>0).

Then for o2 > 0, the heat kernel

(5:2)  hD(0) =Y hDe 12RO (cosh) (0, € [0,7])

n=0

is a positive continuous function on [0, 7]. The probability measure

(5.3) v (0) := b3 (0) - dw, (0)

o

on [0, 7] is called the Gaussian measure with “variance” o2.
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5.2. Central limit theorem. For € M1 (|0, 7]) define its “variance”

(5.4) o? = /7r 22dp(z) >0

which is consistent with the notation in 5.1 for Gaussian measures. For
k € N, consider the contracted probability measure pu, € M*([0,7]) with

(5.5) pe(A) := u(VkA) for AC [0,7] a Borel set.

It is well-known (see VoIT [17]) that for « > —1/2 the ultraspherical

convolution powers
(k) ._ 1
[y = ok * g ko g € MO([0, )

tend weakly to the Gaussian measure v, for k — oo. Moreover, un-
der some additional conditions, the following strong convergence result is
known; see [19]:

5.3. Theorem. Let a > —1/2 and pu € M'([0,7]). Assume there
exist constants ¢,p > 0 such that u([0,¢€]) < c¢- € for all € € [0,n] (which
means that “u is not concentrated at 0 too much”). Then there exists
ko = ko(a, p) such that for each k > kg, the measure ,U,](Ck) has a continuous,

bounded w® -density f;.. Moreover,
Ifs = B3 (. 0)lso = O(1/K) and [ = v2|| = O(1/k) for k — oo,

We now show that the results of Section 4 lead to the weaker conver-
gence result HFMW — Fyo |loo = O(1/k) where here the non-concentration

condition is not needed:

5.4. Theorem. For all « > —1/2 and p € M ([0, 7]) with u # d,
HFMW — Fyo,||oc = O(1/k) for k — oco.
k o

The proof of Theorem 5.4 relies on the following asymptotic estima-
tions (see also [19]):



Ultraspherical Berry—Esséen-inequality 121

5.5. Lemma. The following results hold for k — oc:

(1) There exists a constant A = A(u,«) > 0 such that

LAVE]
ST RN ) — (%) ()| = O(1/k).
n=0

(2) For each A > 0 there exists a constant C; = Cq(p,«) € 10,1 such
that

Y APl ()] = O(CY).

n=|AVk]
(3) For all constants 0 < A < B, there is a constant Cy = Ca(u, ) € ]0,1]
with
|BVE]
>0 WPI) ()] = 0(Ch).
n=|AVk]

(4) There exist constants B = B(u,a) > A and C5 = Cs(u, ) € ]0,1]
with

k
ST @) )] = 0(Ch).
n=|BVk]

ProOF. For Part (1) we refer to Eq.(3.9) and Lemma 3.4 in VoIt [19];
for Part (2) see Eq. (3.10) in [19]. Moreover, Part (3) is shown on p. 474
of [19]. Notice that for these results the non-concentration condition of
Theorem 5.3 is not needed there.

It remains to prove Part (4): As p # dg, there exists a > 0 with ¢ :=
([0, a]) < 1. Using [P\ (z)] < 1forn >0, z € [~1,1] and | P{" (cost)| =
O((tn)=(@+1/2)) for t € [0,7/2], n > 0 (see Section 7.32 of SzEGO [16]),
we find a constant S > 0 such that for all n > 1 and k sufficiently large,

6 ) = | ( [+ ) P coste/Vpaute)|

\/Eaﬂ/z ) k

(5.6)
< <C+(1_C)S'na+1/2
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Now choose B > A with ¢+ (1 —¢)S/B =: T < 1. Then for all n > BVk,

we

obtain |(u,gk))A(n)| < T*, and thus, for some C3 € ]0, 1],

k

6T KOy Pwl=o( Y wnrt) <olch.

n=|BVk]| n=|BVk]|

PROOF of Theorem 5.4. Lemma 5.5 implies that for k& — oo,

Zh@‘ NN (n) — (1%)" (n)] = O(1/k).

Theorem 5.4 is now an immediate consequence of Theorem 4.3 with
N = k. O

(1)

5.6. Remarks.
Theorem 5.4 is not valid for « = —1/2. In this case one has the weaker
sharp order

1F, 0 = Fye, lloo = 01 /VE) for k — oco.
k o

In fact, for any ¢ € |0, 7[, the convolution product 5t(k) has a mass of
order at least O(1/v/k) at 0 (this follows easily from the corresponding
well-known result for centered Binomial distributions on R).

Obviously, Theorem 5.4 implies Theorem 1.2(1). We also mention
that for a > 0, the families (M](gn))nzg C M'([0,7]) of convolution
powers admit interpretations as distributions of angular parts of cer-
tain random walks on the sphere S? hving a “compass”; for details
see BINGHAM [3].

By PAP and VoIt [14], there exists a short Edgeworth expansion
associated with Theorem 5.3 under the assumptions there. A short
look into [14] and Lemma 5.5 yield that a short Edgeworth expansion
also exists in the setting of Theorem 5.4.
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6. Applications to the convergence
to the uniform distribution

In this section we prove an analogue of Theorem 5.4 where here, after
a different normalization, the limit distribution is the measure w,.

6.1. A limit theorem with the uniform distribution as limit. Let o >
—1/2,r € [0,1/2[ and u € M([0,7]) with p # §. For k € N, consider the
concentrated probability measure yy . € M*([0, 7]) with

pir(A) = pu(k"A) for A C[0,7] a Borel set.

By VoIt [17], the ultraspherical convolution powers u( ) tend weakly to
the uniform distribution w, for £ — oco. This generahzes the well-known
fact for r = 0 that u®) tends weakly to wo. We now use Theorem 4.3 to
derive the following rate of convergence:

6.2. Theorem. Let a > —1/2, r € ]0,1/2[ and p € M*([0,7]) with
p # 0o. Define 0® := [ #*du(z) > 0. Then for each € > 0,

o 1—2r
||Fl"§€k7)« —Fwa”oo —O<eXp<—<m—6> k‘ )) fOI’]{—>OO
The proof of this result will be based on the following estimations:

6.3. Lemma. The following results hold for k — oo in the setting of
Theorem 6.2:

(1) There exists a constant A = A(u, «,r) > 0 with

LAE"] o2
Z hg)‘ /‘l(ckq)n ‘ = <exp<—<m - 6) 'kl_Qr))

n=1

(2) For all constants 0 < A < B, there is a constant E € |0, 1] with

[BE"]
S RN ()] = O(E®).
n=|Ak"|

(3) There exist constants B = B(u,a,r) > A and D = D(p,a,r) > 1
with
|D*) (k)
> ) ()] = 0D~

n=|Bk"]
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ProOOF. In the following, let C;,C5,... be constants depending on
a,r, i only.
(1) Lemma 3.2 of [19] ensures that for n > 0 and = € [-1,1],

(n+2a+1)n
2(a+1)

It follows readily (cf. the proof of Lemma 3.3 in [19]) that

‘R;a)(x) — (1 —(1-=z) >‘ < Cint(1 —2?)

™ 2 4
~ o . q(n)o Con
(] = | [ R coste/ i (0] < 1= B+ 2

< ‘1 _ n2o? n Con?
- d(a+ 1)k~ kA7
for n < C3k™ and Cy, C5 suitable where g(n) is defined in (5.1). Now
choose A > 0 with A < C3 and C3A < €/2. Then, for 1 <n < Ak",

2 2

Tk r k<’1_ _7
()< (4(a+1) 2) k2

con(-(ry )

As A = O(n?*1), Part (1) follows readily.

(2) This can be shown in the same way as the corresponding result for
r = 1/2 on p. 474 of [19]. We omit the lenghty details here and
mention only that the proof uses Hilb’s formula for ultraspherical
polynomials (see Theorem 8.21.12 of SZEGO [16]).

(3) Similar as in the proof of (5.6) above, we have

Lr(a+1/2) )k

‘(Mi(cky)’)A(nﬂ < (C+ (1 —C)C4W

for all n > 1 and k sufficiently large with ¢ € ]0,1[. The proof can
now be completed in the same way as in Lemma 5.5(4) for r = 1/2.
(]

PROOF of Theorem 6.2. Lemma 6.3 implies that for & — oo and
suitable D > 1,

2

LD" ]
; WG4 0l = 0 (e~ (s —9) H7))

Theorem 6.2 is now a consequence of Theorem 4.3 by choosing N := | D¥|
there. ]
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6.4. Remarks.
(1) For r = 0 and o > —1/2, the methods above lead to a constant
C €10, 1] with

IF, 0 = Fuylloc = O(C*) for k — oc.
k,r

(2) Similar to Theorem 5.3, Theorem 6.2 and the first part of this remark
are not valid for « = —1/2. In fact, in this case, one usually has the

order O(1/+/k) only.

(3) In VoIt [18], the order of convergence of the heat kernels hgd) on the
spheres S? to 1 is investigated when the time ¢ and the dimension d
tend to oo in certain coupled ways. This is done in [18] with respect
to the ||.|/co- and the ||.[[;-norm. It might be interesting to explore
whether the preceding results lead to similar convergence results with
respect to the uniform convergence of distribution functions.

7. The spherical cap distance
and distributing points on spheres

In this section we translate the Berry—Esséen-inequalities of Section 4
to the setting of probability measures on unit spheres. This leads to im-
portant applications.

7.1. The spherical cap distance. The spherical cap distance of prob-
ability measures p, v on the unit sphere S¢ ¢ R"*! for d > 2 is given
by

(7.1) Dely.v) = sup () = v(J)|

where J runs over all spherical caps D(x,s) := {y € S¢: Z(z,y) < s} with
x € S s € [0,n]. This spherical cap distance is related to the uniform
distance of distribution functions on [0, 7] as follows: For x € S consider
the associated projection

(7.2) pr: St = (0,7, y— L(z,y);

now extend p, to a projection of measures on S¢ which is again denoted
by pe:

po s MY (SY) — M'([0,7])  with p,(u)(A) := u(p; ' (A)) for A C[0,m].
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Then, we have

(7.3) De(p,v) = sup [[Fy, (u) = Fp, ) oo
xeSa

There exists also a connection between L2?-convolution operators of
measures on S and the ultraspherical coefficients (of index a = d/2 — 1)
of their projections:

7.2. The norm of L?-convolution operators. For d > 2, the group
SO(d + 1) acts on S in the natural way. The stabilizer H, C SO(d + 1)
of a “North pole” x € S? is isomorphic with SO(d). Identify

S~ SO(d+1)/H, = {gH, : g € SO(d + 1)}

and [0, 7] ~ SO(d+1)//H, = {H,gH, : g € SO(d+1)} in the natural way
such that the canonical projection p, : SO(d+ 1)/H, — SO(d+1)//H,
corresponds to the projection defined in Eq. (7.2). Moreover, let g, be the
canonical projection from SO(d + 1) to S.

For any Borel measure p € M;(SO(d + 1)), consider the convolution
operator

T, f(z) = / Fg(=)dulg) on L2(S% hy)
SO(d+1)

where hg is the uniform distribution on S?¢. If one identifies the space
of all H,-invariant L%(S%, hg)-functions with LQ([O,W],wd/g_l), then the
operators 1), on L?(S% hy) correspond to convolution operators szoqz( 1)
on LQ([O,W],wd/Q_l) given by

7,50 = [ (8 kg1 8)(F)do(s)
for o€ Mb([oﬂr]): f € L2([0?7r]7wd/271)'

Hence, for all x € S and u € My(SO(d + 1)),

(7‘4) Hszoqm(u) HLz([O,W],Wd/z—1) < HTM ||L2(Sd7hd)'

Moreover, spectral theory for the commutative Banach-x-algebra
LY([0, 7], way2—1) (see, for instance, 2.2.4(v) of [4]) yields that

(7.5) HTpmoqm(g)”Lz([O,w},wd/Q_l) = sgp0 lo(n)| for all o € My([0,7])
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In summary, for all probability measures pu,v € M*(SO(d + 1)),

(7.6)  sup  |(pe 0 gu(p)(n) = (P2 0 4u(¥))"(M)| < | Tp—rl2(5,10)-
€SI n>0

Now one can combine (7.3) and (7.6) with the inequalities of Section 4
to obtain corresponding results for spherical cap distances. For instance,
Corollary 4.6 leads to:

7.3. Corollary. Let (un)n>1 be a sequence in M*'(SO(d + 1)), and
let v € M*(SO(d + 1)) such that for all x € S?, the distribution function
E

pooqs(v) Satisfies the Lipschitz condition LY2=1(m) for some m > 0. If

Ty — Toll = O(N=4)  for N — o

and some A > 0, then for all constants B > 0 and r € [0, A/(2a + 2)],

1
ee[os,gl?v—r] v (D, 5)) = v(D(z, 5))| = O(N[2A+rd(d—1)]/(d+1)>

for N — oo.

In particular, for r = 0 and r = A/d respectively:
(1) De(pn,v) = O(N—24/4HD);

(2) Forall B> 0, sup \un(D(z,5))—v(D(z, )| = O(N~4).
z€S%,s€[0,BN—4/4d]

7.4. Remarks.

(1) For d = 2, A = 1/2, r = 0, and v the uniform distribution on
SO(d + 1), Corollary 7.3(1) is already implicitly shown in the proof
of Theorem 2.5 of [12].

(2) If r = A/d is maximal, and v is again the uniform distribution on
SO(d+1), then Corollary 7.3 is not satisfying, as then the error term
in 7.3(2) has the same order as

sup v(D(z,5))| = O(N~4).
z€S% s€[0,BN—4/4]
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However, for intermediate constants r one obtains reasonable results:
For instance, for d =2, A = 1/2, and r = 1/10, one obtains

(7.7) sup lun (D(, 5)) — v(D(x, s))| = O(N~4/19),
zeS?, s€[0,BN—1/10]

Local inequalities like (7.7) may be seen as supplements to [12] on the
order of convergence of some recursive algorithm on distributing N
points on S? uniformly.
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