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Pell numbers, squares and cubes

By PAULO RIBENBOIM (Kingston)

Abstract. We consider the sequence of Pell numbers Uy, (n > 0) and of associated
Pell numbers V,, (n > 0) and we determine the finitely many indices m such that
Uzpt1 = 3+ 1, Uy = 23 £ 2, Vont1 = 3 £ 2, or Vo, = 23 + 6. We obtain results
about the square classes in these sequences. We also show, among other facts, that for
odd n, Uy, # O+ 1 (except for n = 3), Uy, £ 0 £ 5, V;, # 0+ 2 (except for n = 3),
Vi # O+ 14. For even n, we show that U, # O+ 2, V,, # [0+ 6. Concerning cubes,
we show for all n that V;, # C £ 2 (except for n = 2), for odd n, U,, # C £ 1 and for n
even, Up, #C+2, V, #C £ 1, V, #C £ 6.

1. Introduction
In this paper we consider the sequences of Pell numbers
U,=0,1,2,5,12,29,70,169. ..
and of “associated” Pell numbers
Vin=2,2,6,14,34,82....

These are second order linear recurrences with parameters 2, —1.

We are interested in products and certain sums and differences which
are squares or cubes. The squares and cubes in these sequences were
determined by LJUNGGREN, respectively PETHO (see [3], [6]).

After a review of the required facts we discuss when U, U,, Vi, Va,
are squares. Even though our results are partial, it is possible to deduce
many instances when necessarily m = n. For the applications, we deal
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also with products U,,V,, and 2U,,U,. By considering expressions like
Usyor = (—1)*U, we tackle the question of determining Pell numbers of
the form 22 + 1, 22 + 2, etc. In the last two sections we consider cubes,
investigate the analogous problems obtaining numerous results stated in
detail in the text of the article.

It is very convenient to indicate any unspecified square by the symbol
[J; thus 200 stand for the double of a square. Similarly, an unspecified cube
is denoted by C and 3C indicates the triple of a cube.

2. Preliminaries

Let P, Q be non-zero integers such that D = P2 —4Q # 0. Let
(Un)n>0, (Vi)n>0 be the Lucas sequences with parameters (P, @), which
are so defined:

Uy=0, Uy =1,
) {

U, =PU,_1— QU,_2 (for n > 2)

‘/b = 2; Vl :P)
(2) and

Vi =PVy_1 — QVy_o (for n > 2)

for (P,Q) = (1,—1), U is the sequence of Fibonacci numbers and V' is the
sequence of Lucas.

For (P,Q) = (2,—1), U and V are the sequences of Pell numbers of
first, respectively second kind. In this paper we deal exclusively with these
sequences:

U:0,1,2,5,12,29,70,169,408.. . .
V :2,2,6,14,34,82,198,478. ..

We extend these sequences defining the terms with negative indices
as follows:

Un

U, =—
)n

-1
3) ‘(/
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With this definition, (1), (2) hold for all integers n. We note that D =
P? — 4@Q = 8. The following properties will be used:

4) Vi -8UR=4(-1)"
(5) Upsn = Un Vi = (=1)"Up—n
(6) Vm+n = VmVn - (_1)n m—n = 8UmUn + (—1)”Vm_n

In particular:

(7) Usp = Up Vi

(8) Vap = V2 = 2(=1)" = 8U2 4+ 2(—-1)"

and also

9) Usp = Uy, (V2= (=1)") = U, (8U2 +3(-1)")
(10) Vi =V, (V2 =3(=1)") .

More generally:

2.1. Let k > 3 be odd. Then there exist uniquely defined polynomials
fi s fr, € Z[z] such that

k-1

deg(f7) = deg(f) = 5

k—1
FE0) = (£1)'F
and
Unfif (U2) when n is even

Ukn - { _ 2 .
Unf, (U;) when n is odd.

PROOF. For k = 3 we have fgr =8X +3 and f3 = 8X — 3, so the
statement is true for £ = 3 (by (9)). We proceed by induction on k:

Ukn = Uk—2ynV2n — Ug—a)n
= Uth—2)n [8U; +2(=1)"] = Uty
=Un {fki—Z(UTQL) [SUTQL + 2(_1)n] - f;t_4(U3)} :



134 Paulo Ribenboim

Therefore we define fi*(z) = (82+2) fi ,(z) — fi ,(x). We have deg fi© =

k—1
k=1 and

Fe (0) = £27 5(0) = £, (0)
= 42(£1) T (h—2) — (£1)' T (k —4) = (£1)" T k.

It is immediate to deduce that the above polynomials are unique satisfying
the properties indicated. O

2.2. Let k > 3 be odd. Then there exist uniquely defined polynomials
g, 9, € Z[z] such that

k-1 s
deg(gi) = 5 G (0)=%(-1)7k

and

N

{ Vogi (Vi2)  when n is even
Vien = _

n

[\V]

) when n is odd.

PrOOF. We take g5 (¥) =  — 3 and g5 (z) = x + 3. We proceed by
induction on k:

Vien = Vik—2ynVan — Vik—ayn
= Vik—2m (Vi =2(=1)") = Vig—ayn
= V20 o (V) F 2Vagy o(V?) = Vagie 4 (Vi2)
= Vg (V)

where gf:(X) = Xg,f_z(X) T 2g]:€t_2(X) —gf:_4(X). So deg(gi) = % and

gki(o) = 211293_2(0) - 91?—4(0)
= F2(-1) T (k= 2) F (-1)F (k- 4)
= (-1 220k - 2) F (k- 4)] = £(-1) 7k,

as it was required. It is also immediate that the polynomials g;, g, are
unique with the properties indicated. O
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Concerning divisibility properties we shall require:

Un | U, if and only if m | n
while V,, | V,, if and only if m | n and — is odd.
m

Next we shall also need: Let m > 1, n > 1 and d = ged(m,n). Then:

(11> ng(Urm Un) = Ud

Vg if & 2 are odd
(12) gcd(Vin, V) = { ¢ Tard

2  otherwise

Vy if 7 is even, 75 is odd
(13) ged(Up,, Vi) = )

1 or 2 otherwise.

For each n # 0, n = +2tg with g odd, we denote by valy(n) = t the 2-adic
value of n. We have valy(Ust,) = valy(2'g) = t. In particular, U, is even
if and only if n is even. Similarly vals(V,,) = 1 for every n; in particular,
41 V,.

By considering the sequences U, V modulo 3, we observe that 3 | U,
if and only if 4 | n and 3| V,, if and only if n =2 (mod 4).

If p is any odd prime, there exists the smallest integer p(p) such that
p | Up(py; moreover, p | U, if and only if p(p) | n. For the sequence V there
exist primes, like p = 5, such that p{ V,, for all n.

We shall investigate powers in connection with Pell sequences. The
following basic theorem was proved by LIUNGGREN [3]:

2.3. The only solutions in positive integers of the equation X? —8Y* =
—4 are (2,1), (478,13). The equation X? — 8Y* = 4 has no solution in
integers. Equivalently, U,, = [ if and only if n =1, 7.

The difficult proof of this statement is omitted.

Concerning cubes, PETHO [6] showed:

2.4. U, is not a proper power with exponent, larger than 2, for all n.
The proof of this theorem is also difficult.

The analogous results for the sequence V are:

2.5. V,, is not a proper power, for all n.
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PROOF. If V,, = 2™ (for some m > 2) and U,, = y then 2™ — 8y? =
+4. Then z is even, say z = 2z and 2272?™ — 8y? = +4. Since m > 2
then 8 divides the left-hand side, which is impossible.

O

We shall also need the next two facts.
2.6. U, =20 if and only if n = 2.

PROOF. Let n > 2 be the smallest integer such that U,, = 20J (if one
such integer exists). Since 2 | U,, then 2 | n. Let n = 2m, so 200 = U,,V,,
with e = ged(Uyn, Vin) = 1 or 2. Thus we have:

{ U, =0 { =20
or

Vi =0 =201

The first case is impossible by 2.5.

In the second case, by the minimality of n, we have m = 2, so n = 4.
However, Uy = 12 # 200. 0

The next result may be found in SIERPINSKI’s book [10]:
2.7. If V,, = 200 then n = 1.

PROOF. Let n be even, V,, = 202, U, = u, so 4v* — 8u? = 4 hence
v* —2u? = 1. So v is odd, hence v? = 8k + 1 hence 8k(4k + 1) = y2. Since
ged(2k,4k + 1) = 1 then 8k = a? and v? = 9a% + 1 which is impossible.

Let n be odd, let V,, = 202, U, = wu, so 4v? — 8u? = —4, hence

4 4 2

v* — 2u? = —1 and therefore u* — v* = (u? — 1)2. By the classical result

of Fermat, u =v=1,s0n = 1.

3. Square classes

Let S be a set of positive integers. We say that s1,s2 € S are square
equivalent if there exist non-zero integers x1, xo such that 511:% = szxg.
The equivalence classes are called the square classes of S. It is clear that
s1, So are square equivalent if and only if s;s0 = [J. When 1 € S the
square class of 1 consists of all the squares in S. A square class with only
on element is said to be trivial.

In this section we give some results about the square classes of the

sequences U, V of Pell numbers.
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In [8] it was shown that if S is any Lucas sequence with positive
discriminant, each square class of S is finite and its terms are effectively
computable.

The determination of the square classes of the sequences U and V is
difficult. We obtain here only very partial results and we illustrate with
the determination of some special cases.

As already mentioned, U; = 1, U7 = 169 are the only squares in the
sequence U. Then {Uy, Uz} is a square class. It is not known if every other
square class of U is trivial.

We may prove:

3.1. Let m = 2°g, n = 2/ h be distinct non-zeo integers, with e, f > 0,
g, h odd. Let d = ged(g,h) and g = dr, h = ds. Let U,,U,, = 0. Then

a) e=f.

b) UyUp =0, VyVi =0, , VaeoryVaeory, = O,

c) If p is a prime dividing ged(Ug,r) (respectively ged(Ug,s)) then
val,(r) # 1 (respectively val,(s) # 1).

PROOF. a) We assume for example that 0 < f < e, then O = U,,,U,, =
UgVyVag -+ Vaem1,Usrp,. We have ged(Vae-1g, UgVy -+ Vae2,Usyp,) = 1 or
a power of 2. Then V51, = [ or 20J. The first case is impossible by (2.5),
while the second case, 2¢71g = 1 by (2.7). Thene=1,g=1, f =0, so
O = U,,U, = 2U; with h odd, U, is odd. This is impossible. Therefore
e=f.

b) From [ = UmUn == UngQg s ‘/Qeflg'Uth te V2e71h and ng(UgUh,
Vg VaerrgVi o+ Vaerry) = 1 then UpUp = 0. Also V- VaeorgVi - -+
Vae—1p, = 0. But ged(Vae-14Vae—1p, Vg - - Vaem2,Vj - - - Vaeo1y,) is a power of
2, s0

{ ‘/QeflgVQeflh — D { = 2[]
r
Voo VaeagViy oo - Voo, = 0 =20
The second case is impossible, because 4 1 Vy, 41 Vj,. So Vae-1,Vor-1), =0

and the argument may be repeated leading to the stated conclusion.
c) We have Uy = ged(Ug, Up), so

U, U
29,2 O
Ug Ug

hence UgU,; = UqUq, = O and also UgU), = UgUgs = L. Il
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By 2.1, U2f-(U3) = O, so f, (U7) = O. The constant term of
7 € Z[X]is £r. If p | ged(Ug,r) and v,(r) = 1 since p? | U then
vp(f7(U7)) = 1, which is impossible because f; (U7) = 0.

We also prove:

3.2. If g,h are odd and U,U;, = 0O then g = £h mod 8 and
vala(g — h) # 2.

PrROOF. We consider the sequence U modulo 8,
U/8:12545610---

So U,Up, = O implies that g = +h mod 8. It follows that vala(g — h) # 2.
O

We use particular arguments to determine certain square classes. For
the next two results, see also ROBBINS [9]:

3.3. Let
S = {30, 50, 60, 100, 1500, 3001}

Then U, € S if and only if n = 3,4. In particular, the square class of
Us =5 is trivial.

Proor. Uy,Us € S, U3 = 5. Assume that there exists the smallest
n > 3 such that U,, € S.
First case. 5 | U, then 3 | n. Let n=3m, so U,=U,, (8UZ + 3(—1)™).
Let
d = ged (U, 8UZ +3(—1)™),

hence d =1 or 3. If d =1 then U,, € {0,20} U S. If U,, = [, 20 then
m=1,7,2s0n =3,21,6. But Us;,Us & S as verified by calculation (note
that 4 121 so 31 Ua1). If Uy, € S by minimality of n then m = 3, son =9,
however Uy ¢ S as seen by calculation. If d = 3 then
Un 8UZ +3(-1)™
——.--m " 58
3 3 ’
hence U, € {0J,20}US. We note that 3 | U, implies that 4 | m. IfU,,, € S
by the minimality, m < 3, which is impossible; similarly U,, # [, 201.
Second case. 51 U,,. Then 3 | U,, so 4 | n. Let n = 2k with k even.
So U, Vy, € S, with e = ged(Uy, Vi) = 2, since k is even. Thus %% eSS
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and therefore Uy, € {{J,20} U S. Since k is even and by the minimality of
n, k=2and n=4. O

3.4. The square class of Us is trivial, or equivalently if U,, = 291 then
n =>.

PRrOOF. Let n be minimal such that U, = 2900. By 3.1, n is odd.
Since 29 = Us divides U,, then 5 | n. Let n = 5m, so by 2.1 U, =
Upnf5(U2) where fs € Z[z] with constant term +5. Then d = ged
(Um, fs(U2)) = 1Lor 5. If d = 1 then U,, = O or 2900. The second
case is not possible. By the minimality of n. In the first case by Ljung-
gren’s result, m = 1 or 7, so n =5 or 35. But, we see by direct calculation
that Uss/29 # O.

If d =5 then 3 | m so 3 | n; let n = 3k hence U,, = Uy, (8U7 — 3).
Since k is odd then 3 1 Uy, so the above factors are coprime. Thus U, = O
or 29[1. The second case is excluded by the minimality of n; by Ljunggren’s
result, n = 3 or 21. However, 513, 5121, so 29t Us, Us;. O

3.5. Let

S ={30,60,1970,2 x 19701, 5 x 19703, 10 x 19703, 3 x 19707,
6 x 19701, 15 x 1970, 30 x 1970}

Then U, € S if and only if n = 4 or 9. In particular, the square class of
Ug = 5 x 197 is trivial.

Proor. If n <9 and U, € S thenn =4,9. Let n > 9 be the smallest
index such that U,, € S.

First case. 197 | U,,. Then 9| n. Let n = 3m, so
Up = Uy, (8U2 +3(—1)™). Let

d = ged (Up,, 8UZ + 3(—1)™)

sod=1or3. If d=1 then U,, = SU{, 20,50, 100}. By minimality
of n, if Uy, € S then m = 9 so n = 27. However, Uy; ¢ S, which may
be verified by direct calculation. If U,, € {{J0,20,50, 100} then by the
previous results, m = 1,7, 2,3 hence n = 3,21, 6, 9; only 21 is not excluded,
but Ua; ¢ S, as seen by direct calculation. If d = 3 then 3 | U,, so 4 | m
and

Un 8U2 +3(—1)™

m Zm TR e
3 3 ©
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so U, € SU{[d,20,50,100}. If U, € S then by minimality of n, m = 9,
so n = 27, however Uy ¢ S, as seen by calculation. If U, ¢ S then by
the previous results m = 4, so n = 12, however Uy ¢ S (since 91 12 then
197 4 Uso).

Second case. 197 { U,. Then U, € {30,600} so 4 | n. Let n = 2k
with k& even. Then UV, € {30,600} with ged(Ug, Vi) = 2. So Uy €
{00,200, 30,60}. By the minimality of n and k even then k = 2, n = 4,
which was found already as a possibility. (|

Concerning the sequence V', me may prove:

3.6. Let m, n be distinct integers such that V,,V,, = U, let d =
ged(m,n) = 1. Then:

a) %, % are odd,

b) m =n (mod 8),

c) for any primep | Vg, both val, (%) # 1 and val, (g) #1

Proor. a) Let V,,,V,, = O and e = ged(Vip, V). If € = 2 then
V., =200, V,, = 20, so m = n = 1, which is contrary to the hypothesis.
Thus e = Vg, where d = ged(m,n) and &, & are odd.

b) If d is even then m, n are even, while if d is odd, then m, n are

odd. Considering the sequence %V modulo 4, namely
1,3,3,1,1,3,3,1...

if V,,V,, = O and if m, n are odd then m = n (mod 4); similarly if m,
n are even, then m = n (mod 4). Let n = m + 4t. If t is odd, from
Vn == Vm+2t‘/2t - Vm then

1
ViV = =V2 <mod2v2 = 3>

so () = +1, which is absurd. This shows that m =n (mod 8).
¢) We have also V,,,V; = O and by 2.2

Vin = Vdgi/d (VdQ) where grjr:L/d € Z[JL‘],
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gi/d have degree (% —1)/2 and constant term +m/d. So gi/d(VdZ) =0. If
p is any prime dividing Vg, if val, (%) = 1 then gi/z 2 [J; thus valp(%) #1
and val, () # 1. We note in passing that either val,(*}) or val, (%) is 0.

O

3.7. The square class of V3 = 14 is trivial.

PRrOOF. Let n > 3 be the smallest index such that V,, = 140J. By
considering the sequence V' modulo 14, we deduce that n = 3 (mod 6) so
n=6m—3and V, = Vo,_1 (V32,1 +3). Let d = gcd(Vam—1,Va,_1 +3)
sod=1or 3. But 3|V if and only if £ =2 (mod 4). Thus d = 1. From
V,, = 140 it follows that V5,,—1 = 1400 (impossible by the minimal choice
of n) or Va,,—1 = 70 (impossible since 4 V1), or Va,,—1 = 20 (this
implies that 2m — 1 =1, so m = 1, n = 3, contrary to the assumption) or
Vom—1 = O (impossible). O

3.8. The square class of Vs = 82 is trivial.

PrROOF. By considering the sequence %V modulo 41, we observe that
41 | Vj, if and only if £ = 5 (mod 10). Thus if n is the smallest integer
n > 5, such that Vj, = 8200 we have n = 5m. Thus V,, = V;,g (V;2), where
g5 € Z[z] with constant term +5. Thus d = ged (Vi 95 (V;2)) is 1 or 5.
However, by considering the sequence %V modulo 5, we note that 5 1 Vj
for all k. So d = 1, hence V,,, = 820, which implies that m = 5 so n = 25;
or V,,, = 410 (impossible since 4 1 V,;,), Vi, = 20 (so m = 1 and n = 5,
which is contrary to the assumption), or V,,, = O (impossible). Finally, by
direct numerical computation, we verify that Vo5 # 821, concluding the
proof that the square class of V5 is trivial. O

We shall require the explicit determination of the square class of V7.
3.9. The square class of V7 = 2 x 239 is trivial.

PROOF. We assume that there exists the smallest n > 7 such that
Vi, € {2 x 23900, 2 x 239 x 700}.

If V,, = 4780 then by 3.6 n = 7 (mod 8), so n is odd. Similarly, if
V,, =7 x 4780 since 7| V,, then n = 3 or 9 (mod 12), so n is odd also in
this case.
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Since 239 | V,, then 7 | n. Let n = 7m hence m is odd and by 2.2
Vo = VigE (V2) where g= € Z[z] with constant term +7. Let d =
ged (Vm,g;‘L(Vf)), sod=1orT7.

Ifd = 1 then Vj, € {0, 200, 70, 23900, 2x 701, 2x 2390, 723900, 2x
7x2390}. First we note that V,,, ¢ {OJ, 70, 23900, 7x 23900} because 4 1 V,,.
Also by minimality of n, V,, ¢ {2 x 23900,2 x 7 x 23900}. If V,,, = 140
by 3.7 m = 3 hence n = 21, however Va1 ¢ {2 x 2390],2 x 7 x 23900}, as
seen by direct calculation. Finally, if V;,, =200 then m =1son = 7.

Now let d = 7s0 7 | V,,, and V,,, /7 is a factor of 2x 2390 or 2x 7x 23901,
that is V,, € {0, 20, 70, 2390, 140, 2x 2390, 7x 2390, 2 x 7 x 2390},
hence we are in the preceding situation, leading to n = 7. U

We shall also require the following result:

3.10. Let 1 < m < n and assume that U,,U,, = 200. Then (m,n) =
(1,2) or (2,7).

ProoOF. It is clear that U;Us; = 20, UsU; = 2[0. Now let 0 < e <
f,9,h odd and UseyUssy, = 20. We have valy(Useq) = e, vala(Ussy) = f
soe+ fisodd. So0<e < f. If e=0 then

UyUssp, = UgUp Vi - - - Vigy—1y, = 201

We have ged (UgUp,, Vi, - - - Var-1p,) = 1. Since f is odd then Vj, - - - Vor—1), =
200. But ged (Vi - -+ Var—2p, Var—1p) = 2 50 Var—1p, = 20, thus 2/71h =1
and Ussp, = Uy = 2. Thus 2U; =20 sog=1or 7.
We show that if 1 < e then Use,Usry, # 200. Assuming the contrary,
let 1 < e be smallest such that Use,Ussy, = 20 (for g, h odd and e < f).
Then
Une1yVaeor gUns—11,Vas—1p, = 20

with
ng(UQe—lgUQf—lh, V2e—1gV2f—1h) = 1,2, or 4.

U2€_1gU2f*1h = |:| == 2|:|
or
Vaer1gVas—1p, = 20, =0

Then

Since e + f is odd, the first case is impossible. In the second case, by the
minimality of e, we have e = 1 so UyUss-1;, = 200. By the preceding proof
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2f/=1h = 250 f = e = 1, and this is a contradiction, proving the statement.
O

Now we shall determine when a product U, V,, is a square.

3.11. If m, n are non-zero integers and U,,V;, = O then (m,n) = (2,1)
or (14,7).

PRroor. Let U,,V,, =0 and e = ged(Uy,, Vi) so e = 1,2 or V; where
d = ged(m,n) and m/d is even.

If e =1 then U,, = O and V,, = O, which is impossible. If e = 2 then
Up,=20andV, =200som=2,n=1.

Let e = V3 with m/d even, hence n/d is odd. Then m is even and we
write m = 27¢ with f > 1, ¢ odd, hence d = 2'h with 0 < I < f, h odd
and h divides g. Now U,,Vy; = [J and we have

Uy Vy Vag -+ Varorg Var, = 00,

Since ged(Uy, Vaiy) = 1, ged(Uy, Vory) = 1 then U, = [0, hence g = 1
or 7, and V- Vo1, Vo, = 0. But ged(Vaig, Vaiy) = 2 (for i < j),
ged(Vaig, Vaip,) = 2 (for i # 1) and ged (Vo g, Vaip,) = Vaup,, then Voig, Vouy, =
[ or 20] and

Voo Vs
giylgzmorgg.
Vaig

The second case cannot happen.

1) Let f>1.Ifi#1,0 <4 < f—1then V5, = Oor 200, so Vai, = 200
hence 2°g =1,s0i=0,g=1,f =2, =1,h=1. Thus m = 4,d = 2 but
U4V2:12><675|:|.

2) Let f =1thenl=0. If g=h =1 thenm =2. If U,,V,, =0
then V,, =20 son=1. If g=7 and h = 1 then V;V; = O so V; = 20,
which is absurd. If g = h = 7 then m = 14, d = 7 so n is odd. From
U14Vn = U7V7Vn = D, U7 = [ then V7Vn = [O. By 3.9 n = 7, m = 14.

O

Using the fundamental relation V,? — 8U2 = 44 or equivalently v? —
2U2 = 41 (where v = %Vn), we may apply the above result to elliptic
curves. Thus we obtain: The only solutions in positive integers of the
following equations are the ones indicated:

X2 -—92y*=1 No solution
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X?—2y'=-1
X2 4yt =1
X? -4yt =1
X250yt =1
X2 5071 = -1
X2 —288Y* =1
X2 —288Y* = —1
X? - 1682Y% =1
X2 - 1682Y% = —1
X2 —9800Y* =1
X? —9800Y* = —1
and also

X4 —92vy?2=1
X4 —9y?=-1
9xX*-—2vy2=1
9X* —92Y?2=-1
49X% —2Y?2 =1
49X% —2Y?%2 = -1
289X% —2y? =1
280 X4 —2Y? = —1
1681X* —2Y2 =1
1681 X% —2Y2%2 = —1
9801 X% —2Y?2 =1
9801 X% —2Y?%2 = —1

Paulo Ribenboim

(x,y) = (1,1),(239,7)
(z,y) = (3,2)

No solution

No solution

(2.y) = (7,1)

(2,9) = (17,1)

No solution

No solution

(z,y) = (41,1)

(z,y) = (99,1)

No solution

No solution

(2,) = (1,1)

(x,y) = (1,2) is the only known solution
No solution

No solution

(z,y) = (1,5)

(z,y) = (1,12) is the only known solution
No solution

No solution

(2,9) = (1,29)

(xz,y) = (1,70) is the only known solution

No solution
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57121 X% —2Y2%2 =1 No solution
57121X* —2Y? = -1 (a,y) = (1,169)

4. Sums or differences which are squares

We shall determine, wherever possible, the indices s, k such that the
expressions below are squares:

Usior £ (-1)FU, =0
Voo £ (-=1)*V, =0
4.1. Let s > 1, k > 1. Then
(14) Uspor — (—1)*U, # L.
PROOF. Let s > 1, k > 1 be such that (14) does not hold. Then
0= Usyor — (—1)"Us = Up Vi
By 3.11 (k, s+ k) = (2,1) or (14,7) which is impossible. O
4.2. Let s > 1, k> 1. Then
(15) Usior + (1)U, =0
if and only if (s,k) = (1,1), or (7,7).
PRrROOF. Let s > 1, k > 1 be such that (15) holds. Then
O = Ustor + (—=1)"Us = Usys Vi

It follows from 3.11 that (s + k, k) = (2,1) or (14,7) hence (s, k) = (1,1)
or (7,7). Both solutions satisfy (15). O

As particular cases of 4.1, 4.2, with s = 1,2, 3, we deduce: If m is odd
then Uy, # O+ 1 (except U3 =0+ 1) and U,, # O+5. If m is even, then
Upn 0+ 2.
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4.3. Let s > 1,k > 1. Then
(16) Vayor — (=1)FV, =0

if and only if (s,k) = (1,1),(5,2)
(

PROOF. It is clear that if (s,k) = (1,1) or (5,2) then (16) holds.
Conversely if 0 = Viyor — (—=1)*V, = 8Us; U, hence Uy, Up = 20
By 3.10, (k,s + k) = (1,2) or (2,7), hence (s, k) = (1,1) or (5,2). O

4.4. Let s > 1, k > 1 be integers such that
(17) Virar + (1) V, =0

Then the square classes of Vi, and Vs, are not trivial and 8 | s. Moreover,
ifd = ged(s, k) then k/d is odd, s/d is even. Also, if p is any prime dividing
Vy then val, (%) # 1 and val,(££E) 2 1.

PROOF. If (17) holds then O = Viiop + (=1)*V, = Vi Viiy so the
square classes of Vj,, Vs are not trivial and by 3.6 we deduce that 8 | s
and that if d = ged(s, k) = ged(s + k, k) then k/d, (s + d)/d are odd. So
s/d is even. Moreover if p | Vy then val,(%) # 1, val,(5£8) # 1. O

Combining 4.3 and 4.4 we deduce as particular cases (s = 1,2,3): If
m is odd then V,,, # O£ 2, (except V3 = O —2) and also V,,, # O+ 14. If
m is even then V,, # [0+ 6.

5. Pell sequences and cubes

In this section we treat problems similar to the ones of the preceding
sections, but concerned with cubes. Like [J designated an arbitrary square,
we shall denote an arbitrary cube by the letter C'. In this connection we
quote the following fundamental result of PETHO [6]:

5.1. If U, is a cube, then n = 1.
The proof involves Baker’s bounds for linear forms in logarithms.

As it was indicated in 2.5, V,,, is not a cube, for all n.
We shall need:

5.2. If U,, = 2C or 4C then n = 2.
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PROOF. Assume that there exists the smallest n > 2 such that
U, € {2C,4C}. Then n is even, n = 2m, and U,,V,, € {2C,4C}. Let
gcd(Up, Vi) = d, sod =1 or 2. If d = 1 then U, € {2C,4C} with
m < n,som =2and n =4, but Uy = 12 ¢ {2C,4C}. If d = 2 then
Un Vi € {2C,4C}, so Uy, € {C,2C,4C}; since U,, # C, m < n. Then
m =2, but Uy # 2C,4C. O

5.3. If U, € {3C,6C,12C} then n = 4.

PROOF. Assume that there exists the smallest n > 4 such that
U, € {3C,6C,12C}.
Since 3 | U,, then 4 | n so n = 4m and
Uz Vam, € {3C,6C,12C'}.

We have ged (Uzp, Vo) = 2, so

Uam Vom
%27 € {3C,6C,12C}.

Therefore, Uz € {C,2C,3C,4C,6C,12C} and Us,, € {C,2C,3C,4C,6C,
12C}. By the minimality of n and 5.2 this implies that 2m = 2 so n = 4.
O

5.4. U, ¢ {9C,18C,36C} for all n.

PROOF. Let n be the smallest integer such that U,, € {9C,18C,36C'}.
Since 3 | U, then 4 | n. Let n = 4m so UspVom € {9C,18C,36C'}.
Since ged(Uzm, Vo) = 2 then &= ¥2m ¢ {9C 18C,36C}. So Us,y, €
{C,2C,4C,9C,18C, 36C}. By the minimality of n and (5.2) Us,, = 2C' so
2m = 2, n = 4. However, Uy = 12 #£ 9C, 18C, 36C. OJ

As a further example of the method, we show:

5.5. If U, € {5C,10C,20C,15C,30C,60C,45C,90C,180C} then
n = 3.

PROOF. Let n > 3 be the smallest index such that

U, € {5C,10C,20C, 15C, 30C, 60C, 45C, 90C, 180C'}.
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Since 5 | U, then 3 | n. Let n = 3m, so U,, = U, (8UZ + 3(—1)™) with
d = ged (Up,, 8Up, 4+ 3(—1)™) =1 or 3.

If d =1 then U,, € {C,5C,2C,10C,4C,20C,3C,15C,6C,30C,12C,
60C, 9C, 45C, 18C,90C, 36C, 180C'}. By the previous results and the min-
imality of n, we have m = 2, 3 or 4. Hence n = 6,9 or 12; however, Us,
Uy, Uyo are not of the form under consideration.

If d = 3 then
2 _1\m
% . 8Um+§(1) € {15C, 30C, 60C, 45C, 90C, 180C, 5C, 10C, 20C'},

SO UT e {C,3C,5C,15C,2C,6C,10C,30C,4C,12C,20C,60C, 9C, 45C,
18C,90C, 36C, 180C'} and U, € {3C,9C, 15C, 45C, 6C, 18C, 30C, 90C,12C,
36C,60C, 180C, C,5C,2C,10C,4C,20C'}. By the preceding results and the
minimality of n, this is only possible when m = 2, so n = 6. However,
Us = 70 is not of the required form. O

The above results may be translated in terms of elliptic curves, by
using the fundamental relation

V28U =+4
hence
v: —2U2 = +1
where v,, = %Vn.
Thus for example 5.1 and 5.2:
5.1°. The equation x? — 2y% = £1 has no solutions in integers.

5.2°. The only solution in positive integers of z? — 8y® = 1 is
(x,y) = (3,1). The equations 2> — 8% = —1, and 2% — 32y = £1 have no
solution in integers.

We shall require the following fact:
5.6. Let m > 1, n > 1 with gcd(m,n) =1 or 2. Then U,,V,, # C.

PROOF. Assume that U,,V,, = C and let e = ged(U,,,, V). If e =1
then U,, = C, V,, = C which is impossible. If e = 2 then U2m % = 2C so

or
V,/2=C =2C
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Uy, =4C =2C
or
By 5.2 the first case is not possible, while the second case is impossible
since 4 1 V,,. Let d = ged(m,n) and assume that m/d is even, so n/d is

odd. Then V; = ged(Up,, Vi), If d = 1 then V; = 2 and this case was

already considered. If d = 2 then V5 = 6 hence UT’”% = 6C; so

Uyn /6 = 6C = 3C =20 =C
or or or
V,/6=C =2C =3C = 6C

U, = 36C = 18C =12C =6C
or or or .
V, =6C =12C = 18C = 36C
Since 4 1 V,, then cases 2, 4 are impossible. By 5.4 the first case is impossi-

ble. In case 3, by 5.3 m =4 so C = 4V,, = 4 x 18C' = 9C which is absurd.
O

hence

hence

6. Sums or differences which are cubes
As in §4, we shall consider expressions
Usyor = (-1)*Us  and  Vigor £ (=1)*V,

and determine indices s, k for which the above expressions are cubes.

6.1. Let k > 1, s > 1 be integers with d = ged(s,k) = 1 or 2. Then
Usyar — (—1)*U, # C.

PROOF. If C = Ugyor + (=1)*U,s = Uy, Viyp since ged(s+k, k) = 1 or
2, it follows from 5.6 that this is impossible. O

6.2. Let s > 1, k > 1 be integers such that d = ged(s, k) = 1 or 2.
Then Uy o, + (—1)FU, # C

PROOF. If C = U, yor+(—1)*Us = Uy Vi since d = ged(s+k, k) = 1
or 2, thus impossible by 5.6. |
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Now we prove similar results for the sequence V.

6.3. Let s > 1, k > 1 be integers such that d = ged(s, k) = 1 or 2.
Then Vo1, — (—=1)*V, #£ C.

PROOF. Let C' = Vo —(—1)kV, = 8U, Uy, and let d = ged(s+k, k)
so Ug = ged(Usyr, Ug). If d = 1 then Usyy = C, Uy = C, which is
impossible. If d = 2, so Uy = 2, hence

Usin/2 = 2C =C
or .
Up/2 =C. =2C

Both cases are impossible by 5.2. (|

6.4. If s > 1, k > 1 then Vy o + (—1)*V, #£ C.

PROOF. Assume that C = Viiop + (=1)FVy = Vi1 Vi Let e =
ged(Vsyr, V). If e =2 then

or .
Vi/2=C =20

Both cases are impossible, since 4 1 V,, for every n > 1. Let d = ged(s+k, k)
and s‘gk Eodd. So Vy = ged(Vigr, Vi). Then

' d
Vg+k/Vd = 2aC =aC
or
Vie/Vy = bC = 2bC

where ab = %Vd. Then again both cases are impossible, because 4 V,, for
all n > 1. O

As special cases of the above results, we note:

U, # C+1 forall odd n,
U, # C+2 for all even n,
V. #C+2 for all odd n,
Vo, #C=x6 forall even n > 1.

For the next result we require:
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6.5. Let z # 0, y > 0 be integers.

a) If 23 = y*> — 1 then (z,y) = (2,3).

b) 23 #y* + 1.

c) If 3 = y* — 3 then (z,y) = (1,2).

d) x3 # y? + 3.

e) x3 # y? — 4.

f) If x3 = y* + 4 then (z,y) = (2,2), (5, 11).

See [1], [4], and [6].

6.6. If n is even then V,, 2 C' + 1, except n =0, C = 1.

PROOF. Let V,, = C + 1 with n = 2m. Then V2 —2(—1)" = C + 1.
If m is even V2 = C' + 3. So V,, = 2, which is absurd. If m is odd then
V2 = C — 1 which is impossible.

IfV,, = C—1then V2 —2(—1)" = C—1. If m is even then V.2 = C+1
so V,, = 3, which is absurd. Finally, if m is odd, then V,2 = C' — 3 which
is impossible. O

6.7. If V5,, =C £ 2 thenn = 1.

PROOF. If V;2—2(—1)™ = V4, = C+2 and n is even then V,2 = C'+4
which is impossible. If n is odd, V> = C so V,, = C which is again
impossible.

If V2 —2(—1)" = Va, = C —2 and n is even, then V.2 = C' so V,, = C,
which is not true.

If n is odd, then V2 = C' — 4 so V,, = 2, hence n = 1. g
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