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Conformal flatness of complex Finsler structures

By TADASHI AIKOU (Kagoshima)

Abstract. In the present paper, we shall be concerned with conformal flatness
of convex Finsler structures. We introduce a complex Finsler connection and define its
conformal curvature ©. This curvature © is invariant by any conformal rescaling of
the convex Finsler structure. Our main result is to show that this conformal curvature
measures the conformal flatness.

1. Introduction

Let 7 : E — M be a holomorphic vector bundle of rank r over a
complex manifold M of complex dimension n. The total space FE is also a
complex manifold of complex dimension n + r. The tangent vectors along
the fibres define a holomorphic vector sub-bundle V of the holomorphic
tangent bundle TE, that is, V = kerdr. Then we know that V = 71 E,
and V is integrable. If a convex Finsler structure F' is given on F, we can
introduce a natural Hermitian structure h on V. The Hermitian geome-
try of (V,h) has been investigated by KoBAYAsHI [8], and a number of
important results were obtained.

In this paper, however, we shall study the bundle (V,h) by using
its Finsler connection, not the Hermitian connection. This connection is
derived from the given Finsler structure F' and a splitting of the following
exact sequence of holomorphic vector bundles

(1.1) 0=V -5TE— 7 'TM -0,
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or equivalently its dual
(1.2) 0— 7 'TM* - TE* - V* — 0.

Let 0 : m1TM — TE be a splitting of (1.1). Putting H :=
o(m~1TM), it defines a transversal distribution of V which is C*° iso-
morphic to 7-'TM. Let {s1,...,s,} be a local holomorphic frame field of
E on an open set U. Then it induces a local complex coordinate system
(21,...,2™, & ... €7) on the open set 7~ 1(U) in E. Now, H has local
frame field X, on 7~1(U) of the form

9\ _ 0 . ;0
(13) o <82a> — Xa - @ ZNaaglv

=1

where { V! } are local functions on 7~ 1(U) satisfying some transformation
law. Such a family {N!} is called a non-linear connection on E.

If a splitting o is given on the sequence (1.1), the co-tangent bundle
TE* has a C*°-splitting T'E* = H*@®V*. Then, according to this splitting,
the differential operator 0 is also decomposed as 0 = J + 0y, where
Oy is the natural projection to the transversal part H*, and 0y = 0 —
0y. If a convex Finsler structure F' is given on F, we can take a non-
linear connection satisfying &2, = 0, and by using this, we can introduce a
canonical Finsler connection (cf. [1], [3], [4], [5]).

In a previous paper [3], we have discussed the conformal flatness of
a Finsler structure in terms of Weyl connections. In this paper, we shall
introduce a conformal invariant © which measures the conformal flatness
of a complex Finsler structure, and we show that the vanishing of © is
equivalent to the conformal flatness of F' (Theorem 3.3). Our conformal
invariant © is a natural generalization of the one in the Hermitian case

(ct. [10]).

2. Finsler structures and Finsler connections

Let M be a connected complex manifold of dimension n, and F a
holomorphic vector bundle of rank r over M. Each fibre E, is a complex
vector space of dimension r. In the case of r = 1, any complex Finsler
metric is a Hermitian metric. Hence, in the sequel we assume that rank
E > 2.
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Definition 2.1 ([6]). A function F(z,€) on E is said to be a complex
Finsler structure if it satisfies the following conditions:

(2.1) F(2,£)>0, and F(z,&) =0iff £ =0,
(2.2) F(z,£) is C* on the outside of the zero-section and continuous on F,
(2.3) F(z,XE) = |A]? F(z,€) for an arbitrary A\eC.

We shall fix an open covering {U} with holomorphic frame field {sy }
and the induced coordinate system {7~ 1(U),(2,£)} on E. A complex
Finsler structure F' is said to be conver if the Hermitian matrix (F[)
defined by

O*F
Fﬁ = =
0t 0¢I
is positive-definite. In this paper we always suppose the convexity of F.

On 7=1(U), the vertical bundle V is spanned by the vertical vector fields
Yy :=0/0¢L, ... )Y, := 0/¢". We define a Hermitian structure h on V by

The transversal distribution H is locally spanned by the transversal vector
fields {X,} of the form (1.3) for a complex non-linear connection N¢. We
shall determine a canonical non-linear connection N¢.

The connection form 6 of the Hermitian connection V" of (V,h) is
given by

. _ _ OFjm . o OF:
0; => F'OF; = ZF’"( a0+ ag]k d{’“).

On the other hand, V has a canonical holomorphic section € : (2,§) —

(2,&;€), or in local coordinates

€(z,6) =Y &Y.

J

Then we put
Vie=>0'Y;
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where the (1,0)-form ¢’ is defined by
. . . apm
0 =de' + > 0L Em = de + Z F”” el e,

Here we used the identity Y, _, gk((?Fi; /OE®) = 0 which is derived from
the homogeneity assumption (2.3). Now we shall define a morphism o*
V* — TM* by

o*(deh) = 6"

It is trivial that o* defines a splitting of the sequence (1.2). For this
splitting o*, in local coordinates, the non-linear connection N¢ is given by

im aﬂm
(2.5) =>F Soa €

The differential operators 04 and 0y are given by

vf =3 Yuf" = Z T

for an arbitrary function f on E. By using the facts that > Fﬁf’fj =F
and X,&' = —N! we get the following identity

OF
(2.6) o F = Z(aza ZNZ&SI)

We denote by the index C the complexification of vector bundles, e.g.,
T°M =TM&TM,VC=VaV,....

|||
e

Definition 2.2 ([2]). A connection V : T'(V) — I'(V @ TCE*) defined
by the following two properties is called the Finsler connection of (E, F')
or (V,h).
(1) Vis a (1,0)-type connection,
(2) V satisfies
dyh(Z, W) =h(VZ, W)+ h(Z,VW)
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for VZ, W € I'(V), where we put dy = O + On.

Since V is of (1,0)-type, we may put

VY =) W'Y,

for (1,0)-forms w?*. Then we have dy F;; = > F5wf" + Fymw]’. Hence,

mjri

since w} is of (1,0)-type, the connection form w of V is given by the

following transversal form:
wh =Y F™0yFjm =Y I',dz"
where the coefficients F; ., are given by
@7 T =) P XaFm =3 P <aza 2 N

with the functions N! defined by (2.5). Moreover, we get easily the fol-

lowing relation:

i _ ON,
(2.8) F]Oé — 85] .

Remark 2.1. The following relation between the connection forms 9;
and w} is easily obtained:

ej—ijFZCjke )
k,l

where we put C}k = > F™Y} F;z. Hence the Hermitian connection V"
corresponds to the so-called Cartan connection and our connection V cor-
responds to the so-called Rund connection in real Finsler geometry (cf. [9]).
We note that, from (2.8), our connection V also corresponds to the Berwald

connection.

We shall compute the curvature Q = dw + w A w and investigate its
local expressions with respect to {dz®,0*}. Since the non-linear connection
N is given by (2.5), we have
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Lemma 2.1. Oqyw +w Aw = 0.

PROOF. The proof is obtained by direct calculation. If we put
R}, = Xal, — XpT + > T I 5 =S
the right hand side can be written as
. . 1 .
Onwj + Zwﬁn ANwi* = D) ZR;aﬁdzo‘ Adz2P.

Hence we must prove R;aﬁ = 0. Since I’;-a =5 FimXaij,

Ja

~ F"™ X\ X0 Fjm + P;MF;"B F;’nﬁrgﬁa}

=y { XoF"" XpFjm — XgF"" XgFjm + F'™ > RLYiFim

ma”j g
= Cinlies,

where we used F;'»a =Y F"™X,F}s, and put Rfm = XaNé — XgN_.

On the other hand, by definition of R}aﬁ and ) ij‘;a = NI we get
ea_sily Rgﬁ = ZR;aﬁfj The equation above and Zc;kgj = 0 imply
R, 3 =0, and so R;aﬁEO. O

T T r;nﬁr;ﬂa}

By virtue of Q = dw + w Aw = Ow + dyw + (Onw + w A w) and
Lemma 2.1, we have

Proposition 2.1. The curvature form Q of V is given by Q = 0w +
avw = 57-[&) + 5\)&) + 8vw:

Z 052 N dz” +Z RL pdz® A9k+z e dz® A OF,

where we put R;aﬁ = _XBF;"Q? R;'.a,—c = —Y,;I‘Z R:

7
jak = ~ Vel
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Remark 2.2. From this lemma, we can easily infer the identity 8% =0.

Here we describe a special class of Finsler structures. A complex
Finsler bundle (F, F) is said to be modeled on a complex Minkowski space if
its connection V is projectable to a connection of F, that is, its connection
coefficients F;'- ., are functions of position of z € M alone. Then we have

Theorem 2.1 ([2]). Let (E,F) be modeled on a complex Minkowski
space. Then there exists a Hermitian structure hp on E, and the Finsler
connection V of (E, F) is given by the pull-back of the Hermitian connec-
tion of (E, hp).

It is trivial that (E, F') is modeled on a complex Minkowski space if
and only if dpw = dpw = 0, and, in this case, the first term of (2.9) is
given by the curvature of its associated hp.

3. Conformally flat Finsler structures

We begin with the following

Definition 3.1. A complex Finsler structure F' is said to be flat if there
exists an open covering {U} and a suitably chosen holomorphic frame field
sy = {s1,..., 8-} on each U such that with respect to {U, sy} the function
F' is independent at the base point z € M : F' = F(£). Such a covering
{U, sy} is said to be adapted.

This notion is a complex analogue of a locally Minkowski space in real
Finsler geometry (cf. Definition 24.1 in [9]). We shall use, however, the
term flat since the following theorem holds:

Theorem 3.1. A complex Finsler structure F' is flat if and only if
its Finsler connection V is flat, that is, the curvature 2 of V vanishes
identically.

PrROOF. We suppose that F' is independent at z € M with respect to
an adapted {U, sy }. Then, from (2.5), we have N2 = 0, and so by virtue
of (2.8) we get T, = 0. Hence, with respect to an adapted {U,sy} the
connection form w vanishes on each U. This means the vanishing of its
curvature.

Conversely we assume that the curvature € of V vanishes identically.
Then, (F,F) is modeled on a complex Minkowski space, and, by Theo-
rem 2.1, V is the Hermitian connection of the associated hp. Since w =0
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is completely integrable, on a suitable open neighborhood U of each point
z € M, we can introduce a parallel frame field sy = {s1,...,s,}. Since
ds; = 0, we have ds; = 0, and so sy is holomorphic. Therefore the con-
nection form w with respect to {U, sy} vanishes on each U. Hence, by
virtue of Y7 &/T%, = N/, we have N}, = 0. Consequently, from (2.6) we

have F' = F(§) with respect to {U, sy }. O
By this theorem and Theorem 2.1, we have

Proposition 3.1. A convex Finsler structure F on E is flat if and
only if (E, F') is modeled on a complex Minkowski space and its associated
Hermitian metric hg is flat.

By this proposition, we know that if (E, F)) is a flat Finsler vector
bundle, then it admits a flat Hermitian structure hp. Conversely, the
norm function derived from a flat Hermitian structure is also a flat Finsler
structure. Hence we have (cf. Proposition 4.21 on p. 14 of [7])

Theorem 3.2. The following conditions are equivalent:

(1) E admits a flat Finsler structure.

(2) E admits a flat unitary structure.

(3) E is defined by a representation p : w (M) — U(r): E= M x,C",
where 71 (M) is the fundamental group of M and M is the universal cov-
ering of M.

We shall consider a conformal rescaling F — F = e?(*) F of the Finsler
metric F' for a differentiable function o(z) on M. We shall calculate the
connection form & of (E,F). Because of Fﬁ = e’ F;; and (2.5), the
non-linear connection is changed as N, = N + (80/0z%)€'. Hence, by
(2.8) we get

(3.1) W=w+00® Iy

for the identity endomorphism Iy, of V. Then we have

Lemma 3.1. Let (E,F) be modeled on a complex Minkowski space
with an associated Hermitian structure hp. Then, for any confomal rescal-
ing F — F = ¢?@F, (E,F) is also modeled on a complex Minkowski
space, and the conformal rescaling e *) hy of hy associates with (E, F ).

PROOF. The Finsler connection V of (E, F) is given by (3.1). Hence
the first assertion is trivial. Moreover, we have

O=w+80® Iy = (e"Dhp) o@D hp) = hz '0hgs.
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Hence e(*) hp associates with (E, F). O

From (3.1) and Proposition 2.1, the curvature form is transformed as
follows:

(3.2) Q=Q+ 000 @ Iy.
From (3.1), the (1,0)-form 67 is transformed as 67 = 67 4 & @ do.
Then we have

Lemma 3.2. By any conformal rescaling ' — F = e¢?AF, the forms
Oyw and Oyw are invariant.

PROOF. By definition,

! —Z 8]a0kAdz

With respect to the new function F, we shall compute the right hand side:

oo
a gk ko ¢k a
E 8] 0% A dz® E 0£k < ]a—i- )(0 + &%) Ndz

_Z ]aek/\da

since, by the homogeneity of F', we have > kakF§ o = 0. This means that
k

the form dyw is invariant under any conformal rescaling.
The proof for the invariance of dyw is similar. O

By this lemma, we have

Proposition 3.2. The End(V)-valued (1, 1)-form
1

is invariant by any conformal rescaling, where p is defined by p = Tr.0nw.

PRrROOF. By Lemma 3.1, the forms dyw and dyw are invariant by any
conformal rescaling. Hence the (1,1)-form p is transformed as

p="Tr(Q— 0w — dyw) =Tr.(Q + ddo @ Iy — dyw — dyw)
= Tr.0nw +rddc = p + rddo.
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Thus we have 90 = (p — p)/r. Substituting this into (3.2), we see that
O is invariant by any conformal rescaling. g

We call the © given by (3.2) the conformal curvature of (E, F). It is
trivial that if 2 vanishes, then © also vanishes.

Definition 3.2. A Finsler structure F' is (locally) conformally flat if
every z € M has an open neighborhood U and a differentiable function
oy : U — R such that Fy = eV F' is a flat Finsler structure on U.

Now we shall prove our main theorem:

Theorem 3.3. Let F' be a convex Finsler structure on a holomorphic
vector bundle . Then F' is conformally flat if and only if the conformal
curvature © vanishes identically.

PrROOF. We shall fix a frame field {U, sy} for E, and use the local
expressions with respect to {U, sy }.

We suppose that © vanishes identically. Then, since dyw = dpw = 0,
(E, F) is modeled on a complex Minkowski space. By Theorem 2.1 there
exists an associated Hermitian structure hp, and €2 is given by the pull-
back of the one Qf of hp. Hence p is the Ricci curvature of hp:

p = 00log det(h;;),

where we put h;; = hp(s;, s;). On each U, we put oy (z) = £ logdet(h,;),
and we con81der the conformal rescaling F© — FU = e"U(Z)F|U Then,
Fys is also modeled on a complex Minkowski space, and its curvature Qis
given by

1 _
p Iy = - (TrQp + rddoy) @ Iy
(-

880U + &%U) ® IV = O

which shows that Fy; is flat. Hence F is conformally flat.
The converse is trivial. g

The conformal flatness of a Hermitian structure has been studied
n [10], where the conformal flatness of a Hermitian structure has been
characterized by the vanishing of a conformally invariant curvature ten-
sor. Our conformal curvature © coincides with that of Matsuo if the given
Finsler structure F' is the norm function associated to a Hermitian struc-
ture h, that is, F'(z,£) =Y. hﬁ(z)giéj. Then, from Theorem 3.3, we have
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Proposition 3.3. A convex Finsler structure on F is conformally flat
if and only if (E, F) is modeled on a complex Minkowski space, and its
associated Hermitian structure is conformally flat.

Let P be the GL(r,C)-principal bundle associated to E. We denote
by PGL(r,C) the projective linear group GL(r,C)/C*I,., where C*I,. is the
center of GL(r,C). A vector bundle F is said to be projectively flat if the
PGL(r,C)-principal bundle P= P/C*I, is provided with a flat structure
(cf. [7]).

If the conformal curvature satisfies ® = 0, then the curvature € of
the associated hr satisfies

1
Q:*p®f\;.
T

Hence, according to Proposition 2.8 in [7], the bundle E is projectively
flat, and P is defined by a representation p : m (M) — PU(r), where
PU(r) =U(r)/U(1)I, is the projective unitary group. This means that, if
we consider the universal covering space M as a 71 (M)-principal bundle
M — M, the bundle P is defined by the representation p : m (M) —
PU(r). The flat structure of P is induced by the natural flat structure of
M — M.

By Proposition 3.3, we know that, if (F,F) is a conformally flat
Finsler vector bundle, it admits a conformally flat Hermitian structure
hg. Conversely, the norm function defined by a conformally flat Hermit-
ian structure is also a conformally flat Finsler structure. Hence we have
(cf. Proposition 4.22 in p. 14 of [7])

Theorem 3.4. The following conditions are equivalent:

(1) E admits a conformally flat Finsler structure.

(2) E admits a conformally flat Hermitian structure.

(3) The bundle ]5~: P/C*I, is defined by a representation p : w1 (M) —
PU(r): P= M x, PU(r).

Ezample 3.1. Let M be a so-called Hopf manifold {C™ — 0}/Aj,
where A is the group generated by the holomorphic transformations
(24 ...,2") — (Azh, ... A2™) on C" — {0} for A € C, 0 < [A] < 1. Then
there exists a standard Hermitian structure on T'M:

1 @ pete —log||z||? «@ S
(3.3) d52:WZdz ®dz* = e 810y " d @ dz”,
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where ||z[|? = Y, 2%2* This metric is locally conformal Kéhler-flat
(Lc.Kp in short, cf. [12]). Its Hermitian connection is given by

(3.4) w = —d(log ||2]|?) ® I

The norm function defined by the metric above is Fy(z, &) = e~ 1o8llz17||¢||2.
To obtain a conformally flat Finsler structure F', we shall modify Fj
into the form

(3.5) F(z,6) = e~ Yol p(g)

for a positive function f(£) on C™ satisfying f(A\) = |A\|?2f(€) and the Her-
mitian matrix (62 f/ 888@) is positive definite. Since F' is also invariant
by the action of Ay, it defines a convex Finsler structure on TM. It is
trivial that this Finsler structure F' is conformally flat. We shall check this
by computing its conformal curvature ©.

This complex Finsler manifold (M, F) is modeled on a complex Min-
kowski space, and its associated Hermitian metric is given by (3.1). We
shall show this. If we put f;;(¢) = 02 f/OE0ET | we have Fj; = e~ logll=lI* x
fi7(§). Hence, by (2.5), the non-linear connection N, of (M, F') is given
by

pe1e%

. z .
(3.6) Ni=__"_¢i
12|12

Moreover, from (2.8), the connection coefficients of V are given by

_810g ||ZH252
Oz J*

Hence the Finsler connection V is given by (3.4).

Since the curvature form Q of V is given by Q = —99(log ||z||?) ® ITs,
we get p = —ndd(log||z||?). From these equations and the definition of ©,
we get © = 0.

i

Let (E, F') be a complex Finsler bundle over a compact Kéahler man-
ifold (M, g). Assume that (E, F') is conformally flat. Then, since © = 0,
(E, F) is modeled on a complex Minkowski space, and its curvature (2 is
given by 2 = % p®Iy. Now, it is easily proved that the associated Hermit-
ian vector bundle (F, hp) satisfies the weak Finstein condition. Moreover,
if (M, g) is compact Kahler, by suitable conformal rescaling hp — ahp,
we can obtain that ¢ is constant (cf. Proposition 2.4 in Chapter IV of [7]).
Hence the associated Hermitian bundle (E, hr) is Einstein-Hermitian over
(M, g). Consequently we have
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Proposition 3.4. Let (E, F') be a convex Finsler vector bundle over
a compact Kahler manifold (M,g). If (E, F) is conformally flat, then the
associated Hermitian vector bundle (E, hr) satisfies the Einstein condition.

4. Some remarks from Hermitian geometry

By Proposition 3.3, some geometric properties of a conformally flat
(E, F) are obtained from those of (E,hr). We shall show some results
directly obtained from Hermitian or Kéhlerian geometry.

Let M be a complex manifold of dim¢ M = n, and F a convex Finsler
structure on T'M. The pair (M, F) is called a complex Finsler manifold.
Suppose that (M, F') is conformally flat. Then (7'M, F) is modeled on
a complex Minkowski space, and its associated Hermitian metric hp is
conformally flat. Hence, there exists an open covering {U} and a family of
local functions {oy } such that hyy = €7V hp is a flat metric on U. Moreover,
if each hy is a flat Kéhler metric on U, (M, hp) is L.c.Kp. (Example 1 is just
of this type). Then, applying Theorem 2.2 in [12] (see also Theorem 6.8
in [11]), we see that the universal covering M of M is C" — {0}, and hp is
globally conformal to the metric induced by (3.3). Applying this fact, we
have

Theorem 4.1. Let (M, F) be a compact complex Finsler manifold
of dimg M = n which is conformally flat. Suppose that its associated
Hermitian manifold (M, hp) is (not globally) l.c.Ky. Then the universal
covering M of M is given by C" — {0}, and F is globally conformal to the
Finsler structure induced by the one of the form (3.5).

PROOF. The fact that M = C" — {0} is trivial from Vaisman’s the-
orem. We shall prove the second part of the theorem. Since the Finsler
connection V of (M, F') is given by the form w in (3.2), its non-linear con-
nection N} is given by (3.6). Now, from (2.6), we have X, F = 0. Hence,

in this case, we have
oF z¢

+ Z_F=0.
0z |22
This equation implies
9 ( Jog = O (I212F) = = 2 OF
7 WF) = L (I)2F) = 2°F 20
o (e 5a (12IPF) = 2F + |12
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In the same way as above, we have 0 (elog Hz”2F> /0z* = 0. Hence we get

clog llzlI” o — £(9)

for a function f which depends only on £. It is trivial that f satisfies the
homogeneity and the convexity conditions. Consequently F' must be of
the type (3.5). O

In a previous paper [2], we have introduced the notion of Finsler—
Kahler manifold. We shall recall its definition. We use the Greek letters
j,k, ... for the indices of the local coordinates of M. If a complex Finsler
manifold (M, F') is given, its non-linear connection N} is given by (2.5):

i _ imaFlm l
Nj = P

I,m

and the connection coefficients of its Finsler connection V are given by
I, = ON;/0¢. Then (M, F) is said to be Finsler-Kéhler if the condition

ik =Tk
is satisfied. In [1], such a manifold is called strongly Finsler—Kdhler. By
Theorem 2.1 it is trivial that, if a Finsler—K&hler manifold (M, F') is mod-
eled on a complex Minkowski space, then its associated hp is Kéhler.

Any conformally flat K&hler manifold is flat (cf. Theorem 4.1 in [13],
see also Corollary 4.3 in [10]). In our case, we have

Theorem 4.2. Let (M, F') be a Finsler—-Kahler manifold. If (M, F') is
conformally flat, then (M, F) is flat.

ProOF. By Proposition 3.3, (M, F') is conformally flat if and only if it
is modeled on a complex Minkowski space, and moreover its associated hp
is conformally flat. By the assumption of Finsler-Ké&hler, the associated
(M, hp) is a conformally flat Kéhler manifold. Hence (M,hr) is flat.
Consequently, by Proposition 3.1, (M, F) is flat. O
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