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Grobner bases for complete ¢-wide families

By KATALIN FRIEDL (Budapest), GABOR HEGEDUS (Kecskemét)
and LAJOS RONYAI (Budapest)

Abstract. Let n > 0, k,¢ be integers with 0 < ¢ — 1 < k < n, and consider the
complete (-wide family

FHC={F Cn]:k—t<|F| <k}

We describe (reduced) Grobner bases of the ideal of polynomials, over an arbitrary
field F, which vanish on the characteristic vectors of the elements of F*.

As an application, we obtain results on certain inclusion matrices related to F*.
We show that if 0 < m < min(k,n — k + £ — 1) then

ot [n] B m n
rankyp [ (.7—' ,<< m)) = Z (z)’ (1)
- i=max(0,m—~0+1)

where F is an arbitrary field. We prove also a special case of a conjecture of Frankl related
to the determination of the maximum number of subsets of [n] with no shattered set of
size t and with no chain of size £ + 1. The paper extends the results obtained for the
case of uniform families (the case £ =1) in [11].
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1. Introduction

Throughout the paper m,{ are positive integers, k is a nonnegative integer
such that 0 </ —1<k<n.

Let [n] stand for the set {1,2,...,n}. The family of all subsets of [n] is
denoted by 2!}, For an integer 0 < d < n we denote by ([Z]) the family of all d
element subsets of [n], and ([<"l]i) = ([g]) U---u ([Z]) the subsets of size at most d.

Let F®¢ denote the com_plete {-wide family

Fot—{FCn]:k—t<|F| <k}

A set family F C 20" is (-wide if F C F™* for a suitable k. Following [2], we
recall the notion of order shattering.
A set
T={s1<sp<---<sq} C[n]

is order shattered by the family F C 2["} if the following holds: in the case T' = ()
the family  has to contain a set; when |T'| > 0, then there are 2¢ sets in F that
can be divided into two families F¢ and F; such that s4 ¢ F for all F' € Fy,
sq € F for all F € Fy, and both Fy, F; order shatter the set T\ {s4}, furthermore
QNFy=QNF holds for Q@ = {sg+ 1,84+ 2,...,n} and all Fy € Fo, I} € F;.
Let
osh (F) = {T C [n] : F order shatters T'}.

Notice that osh (F) is a down-set, i.e., if A € osh(F) and B C A, then B € osh(F).
In [2] it was established that |osh (F)| = |F| for every F, and for 0 < d < n/2
we have

osh(<[z]>) ={{s1<--<s;}Cn]:j<dand s; >2ifor 1 <i<j}. (2

It is immediate that for a nonempty family F C 2l we have

osh (co(F)) = osh (F), (3)
where
co(F)={[n]\ F: F e F}.

Let F be a field. We denote by F[zy,...,z,] the ring of polynomials in
variables z1,...,x, over F. We write F[zy,...,2,]<s for the vector space of all
polynomials over F with degree at most s.



Grébner bases for complete ¢-wide families 273

For a subset F' C [n] we write 2p = [[;cp z;, and ot = [Liep(z; —1). In
particular, xp = 20 =1.

Let vp € {0,1}" denote the characteristic vector of a set F' C [n]. For a
family of subsets F C 2" let V(F) = {vp : F € F} C {0,1}* C F". A
polynomial f € S = F[xy,...,z,] can be considered as a function from V(F) to
F in the straightforward way.

For the study of polynomial functions on V(F), it is useful to consider the
ideal I(V(F)):

I(V(F)):={f€S: f(v) =0 whenever v € V(F)}. (4)

In fact, substitution gives rise to an F-homomorphism from S to the ring of
F-valued functions on V(F). This map is seen to be surjective by an easy in-
terpolation argument, and the kernel is exactly I(V(F)). This way one can
identify S/I(V(F)) with the space of F-valued functions on V(F). In particular,
dimg S/1(V (F)) = |F].

Consider a family F of subsets of [n]. We say that F shatters T' if

{ENT:EecF}=2" (5)

Then define
sh(F) = {T C [n] : F shatters T'}. (6)

From the definition we see that osh(F) C sh(F).
For example, let n = 4 and F = {0, {1,2},{1,3},{2,3}}. Simple applications

of the definitions give

sh(F) = {0,{1},{2},{3},{1,2},{1,3},{2,3}}, and
osh(F) = {0,{2},{3}.{2,3}}.

Recall that a chain of size p in 2[" is a sequence A, ..., A, of subsets of [n]
with Ay C -+ C 4.

For families F,G C 2" the inclusion matriz I(F,G) is a (0,1) matrix of
size |F| x |G| whose rows and columns are indexed by the elements of F and G,
respectively. The entry at position (F,G) is 1 if G C F' and 0 otherwise (F' € F,
G eg).

Inclusion matrices and their ranks are quite useful in the combinatorics of
finite set families. In Chapter 7 of [4] there is an excellent treatment of this subject
which highlights the importance of inclusion matrices I(F,G) with G = ([:L]) and
g= (L’:L) By extending the rank formula available for uniform families (i.e. the
special case ¢ = 1) we prove the following result.
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Theorem 1.1. Let n > 0, ¢, k, m be integers. Let 0 < { —1 < k <n, and
0 <m < min(k,n—k+¢—1). Let F be an arbitrary field. Then we have

ranky I (f“ , (S["jn» = Zm: (Z‘) (7)

i=max(0,m—~£+1)

As a surprising application, we prove, using the notion of order-shattering,
the following special case of a conjecture by FRANKL, [8]: Let g(n,t,d) denote the
maximum number of subsets of [n] with no shattered set of size ¢ and no chain of
size d + 1. In [8] FRANKL proposed the following conjecture.

Conjecture 1 (FRANKL [8]). Assume that 2t < n+ d. Then

g(n,t,d) < ti | (?) (8)

i=max(0,t—d

Clearly, if F is an f-wide family of sets, then F does not contain any chain
of size £ + 1. We prove the following special case of this conjecture.

Theorem 1.2. Suppose that 2t < n+/ and let F C 2["} be an (-wide family
with no shattered set of size t. Then

17| < ti (’Z)

i=max(0,t—2)

In Section 2 we collected preliminaries about Grobner bases and polynomials.
In Section 3 we state our main result. We give an explicit description of the
reduced Grobner basis and the initial ideals for the ideals I(V (F**)) (Theorem 3.1
and its Corollaries). Our results extend those of [11] obtained for the case £ = 1.
The Grobner bases turn out to be largely independent of the monomial order and
the field. In [6] BERNASCONI and EGIDI pointed out the importance of knowing
Grobner bases of I(V(F)), where F is a symmetric set family. Our result gives
this information for the case of complete ¢-wide families.

In Section 4 we generalize (2) and determine the sets order shattered by
{-wide families. Then, building on this result, in Section 5 we prove our main
results. In Section 6 we determine the Hilbert function of S/I(V(F**)) (see
the next section for the definition), and obtain a special case of a conjecture by
FRANKL, [8].
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2. Preliminaries

2.1. Grobner bases and standard monomials. We recall now some basic
facts concerning Grobner bases in polynomial rings. A total order < on the
monomials composed from variables x1,xs,...,%,;, is a term order, if 1 is the
minimal element of <, and uw < vw holds for any monomials u, v, w with u < v.
Two important term orders are the lexicographic order <; and the deglex order
<a41- We have
xilx? coeglm < x{lx%é cogdm

iff i < jr holds for the smallest index k such that ix # ji. As for deglex, we
have u <g; v iff either degu < degwv, or degu = degwv, and u <; v.

The leading monomial lm(f) of a nonzero polynomial f € S is the largest
(with respect to <) monomial which appears with nonzero coefficient in f when
expressed as an F-linear combination of monomials.

Let I be an ideal of S. A finite subset G C I is a Grobner basis of I if for
every f € I there exists a g € G such that Im(g) divides Im(f). Using that < is a
well founded order, it follows that G is actually a basis of I, i.e. G generates I as
an ideal of S. Tt is known (cf. [7, Chapter 1, Corollary 3.12] or [1, Corollary 1.6.5,
Theorem 1.9.1]) that every nonzero ideal I of S has a Grébner basis with respect
to <.

A monomial w € S is called a standard monomial for I if it is not a leading
monomial of any f € I. Let sm(=, I, F) stand for the set of all standard monomials
of I with respect to the term-order < over F. It follows from the definition and
existence of Grobner bases (see [7, Chapter 1, Section 4]) that for a nonzero ideal
I the set sm(=<,I,F) is a basis of the F-vector-space S/I. In fact, every g € S
can be written uniquely as ¢ = h + f where f € I and h is a unique F-linear
combination of monomials from sm(=<, I,F). If F C 2"} then 2? —z; € I(V(F)),
hence z? is a leading term for I(V(F)). It follows that the standard monomials
for this ideal are all square-free, i.e. of form z¢ for G C [n]. We put

Sm(=<,F,F) ={G C [n]: z¢ € sm(<,[(V(F)),F)} C 2,

It is immediate that Sm(=<, F,F) is a downward closed set system. By the discus-
sion after (4) the standard monomials for I(V(F)) form a basis of the functions
from V(F) to IF, hence

| Sm(=<, F,F)| = |F|. 9)

In Theorem 4.3 of [2] the following was proved
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Theorem 2.1. Let F C 2" be a nonempty family and let F be a field.
Then M = {zp : F € osh (F)} is the set of standard monomials with respect to
the lexicographic order <; of the ideal of all polynomials f € Flxy,...,x,] which
vanish on V(F) C F™.

A Grobner basis {f1,..., fm} of I is reduced if the coefficient of Im(f;) is 1,
and no nonzero monomial in f; is divisible by any lm(f;), j # ¢. By a theorem of
Buchberger ([1, Theorem 1.8.7]), for a fixed term order <, any nonzero ideal of S
has a unique reduced Grobner basis.

The initial ideal ini(I) of an ideal I is the ideal in S generated by the mono-
mials {Im(f) : f € I'}.

Now we introduce the notion of reduction, which is ubiquitous in the com-
putational applications of Grobner bases. Let G be a set of polynomials in
Flz1,...,2,] and let f € Flz1,...,2,] be a fixed polynomial. Let < be an arbi-
trary term-order. We can reduce f by the set G with respect to <. This gives a
new polynomial h € Flxy, ..., x,].

Here reduction means that we possibly repeatedly replace monomials in f
by smaller ones (with respect to <) as follows: if w is a monomial occurring in f
and lm(g) divides w for some g € G (i.e. w = lm(g)u for some monomial ), then
we replace w in f with u(lm(g) — g). Clearly the monomials in u(lm(g) — g) are
<-smaller than w.

Later we shall use the following characterization of Grobner bases (see The-
orem 3.10 in Chapter 1 of [7], or Theorem 1.9.1 in [1]):

Theorem 2.2. A nonempty finite set G of polynomials is a Grébner basis
of the ideal I generated by G iff every f € I reduces to zero with respect to G.

Let I be an ideal of S = F[z1,...,x,]. The Hilbert function of the algebra
S/I is the sequence hg;7(0),hg/r(1),.... Here hg/r(m) is the dimension over F
of the quotient Flz1,...,2n]<m/(I NF[z1,...,2n]<m) (see [5, Section 9.3]).

In the case when I = I(V(F)) for some set system F C 2" the number
hz(m) := hg/r(m) is the dimension of the space of functions from V(F) to F
which can be represented as polynomials of degree at most m.

In the combinatorial literature h z(m) is usually given in terms of inclusion
matrices. It is a simple matter to verify that

[n]
h]:(m) =rankp [ (]:, (< m . (10)
On the other hand,

hp(m) = ‘sm(<,f,1F) n ( "] )‘ (11)

<m
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where < is an arbitrary degree-compatible term order, for instance deglex. This
holds because any function from V' (F) to F can be G-reduced to a linear combina-
tion of standard monomials, where G is a Grobner basis of I(V(F)). Moreover, in
the presence of a degree-compatible order, reduction cannot increase the degree.

In Theorem 6.2, and Corollaries 5.7 and 4.2 we provide also the Hilbert
function and the standard monomials for the ideals I(V (F**)).

2.2. The polynomials fg ;. We introduce a family of polynomials with integral
coefficients. These polynomials will be the “nontrivial” elements of the Grobner
bases of ¢-wide families.

Let ¢,t be positive integers. We define H(t,¢) as the set of those subsets
H = {s1 < --- < s} of [n] for which ¢ is the smallest index j with s; < 25 — ¢+ 1.

We remark that H(t,¢) = 0 for t < £. Indeed, if H € H(t,£), then t < s, <
2t—f+1,and £ —1 < ¢t. Alsoif t > (n+ £)/2, then H(¢,£) = () again, because
then s;—1 >2(t—1) — ¢+ 1>n—1 would imply that s, > n.

The elements of H(t,¢) are t-subsets of [n|, and we have H € H(¢,¢) iff
s1>3—4,80>b—4,...,8..1>2t—{f—1and s; <2t — ¢+ 1. It follows that
sy = 2t — £ (in the case t = 1 we have £ = 1 as well). For ¢t > 1 we have also
St—1 =2t —/¢—1.

As examples, for n large enough, we have H(2,2) = {{1,2}}, H(3,2) =
{{1,3,4},{2,3,4}}, and H(4,2) = {{1,3,5,6},{1,4,5,6},{2,3,5,6},{2,4,5,6},
{3,4,5,6}}.

For a subset J C [n] and an integer 0 < ¢ < |J| we denote by o, the i-th
elementary symmetric polynomial of the variables z;, j € J:

0= Z xr € Flzq, ..., xy).
TCJ,|T|=i
In particular, o0 = 1.

Nowlet 0 < £ <t < (n+4£)/2 0<k<nand He€ H(t). Then put
H =HU{2t—(+1,2t—(+2,...,n}.

We write

t

k-
= e n) - — -1 t=j A
s = st ) = () (t _j)aH ;
Note that fg ; depends on ¢ and ¢ through H. Moreover, H uniquely determines
t and {. Specifically, we have fr1} , =21 +22+ -+ 2, — k, and
k
fresye =ove — (k—=1)oya + <2>7

where U = {2,3,...,n}.
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3. The main results

Recall that we have n > 0, and 0 < ¢ — 1 < k < n. We denote by I(k, ) the
ideal I(V(F**)). The main contribution of the paper is an explicit description of
the reduced Grobner bases for the ideals I(k,¢). First we state the following

Theorem 3.1. Let n > 0, k and £ be integers such that 0 < £ —1 <k < n.
Let F be a field, and < be an arbitrary term order on the monomials of S =
Flx1,...,xy,] for which ©,, < ;1 < -+ < x1. If k < (n+£)/2, then the following
set G of polynomials is a Grébner basis with respect to < of the ideal I(k,{) of S:

g_{xf_xl,...,xi—xn}u{‘TJ:JG <k[i]1)}

U{fur:H € H(t L) for somet, £ <t <k}
Similarly, if k > (n + £)/2, then the set G* below is a Grébner basis of I(k,£):
G ={a? —xy,..., 22 —x, Uz’ 1 T € ]
k) Y n n— (k _ [)
U{fur: H € H(t,{) for somet, L <t<n—(k—0+1)}.
Theorem 3.1 allows us to describe the initial ideals and reduced Grobner ba-
ses of the ideals I(k, ). Let n, F and < be as in Theorem 3.1. Uniform families
(i.e. £ = 1) have been treated in [11]. Here we focus on the case £ > 1. This
differs slightly from the uniform case because there x; is a leading monomial.
For 0 < ¢ < k+ 1 let B(k,{) denote the collection of subsets U C [n], where
U={u1 < <ugy1}and u; >2j—£L+1holdsfor j=1,...,k.
For example, if n =5, k =2 and ¢ = 2, then
B(2,2) ={{1,3,4},{1,3,5},{1,4,5},{2,3,4},{2,3,5},{2,4,5},{3,4,5} }.
Corollary 3.2. Let 1 < ¢ <k + 1. Assume that k < (n+ ¢)/2. Then
{a2:i=1,...,n}U{zy : U € B(k,£)}
U{zg : H € H(t,0) for somet, £ <t <k}

minimally generates ini(I(k,?)).
Next assume that k > (n+ ¢)/2. Then

{22:i=1,....n}U{zy:UeBn—k+£—1,0)}
U{zg: H € H(t, ) for somet, L <t<n—k+{—1}

minimally generates ini(I(k,?)).
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As an example, if n =5, k =2 and £ = 2, then k < (n+ ¢)/2, thus
{af:i=1,....,5}U{zy : U € B(2,2)}U{zy : H € H(2,2)}

minimally generates ini(I(2,2)).

It turns out that a subset of G (G* resp.) is the reduced Grobner basis of
I(k,2).

Corollary 3.3. Let n, F, and < as in Theorem 3.1, and 1 < ¢ < k + 1.

Assume that k < (n + £)/2. Then the following set is the reduced Grébner basis
with respect to < of the ideal I(k,():

{22 —2q,..., 22 —x,yU{xy: J € B(k,0)}
U{fur: H € H(t,F) for somet, £ <t<k}.

In the case k > (n+{)/2 the following set is the reduced Grobner basis with
respect to < of the ideal I(k,?):

{22 —zy,..., 22 —2, ) U{a! T €eBn—k+(-1,0)}
U{far:H € H(tYL) forsomet, L<t<n—Fk+{—1}.
We continue the preceding example. Let F be an arbitrary field and < be
a term order on the monomials of S = F [z1,...,2,] for which 2, < 2,1 < ...
<. Let n="5k=2and £ =2. Clearly k=2 < (n+£)/2 = 3.5, hence
{23 —21,...,22 —xs} U {2’ 1 T € B(2,2)} U {052 — 05,1 + 3}

is the reduced Grobner basis with respect to < of the ideal I(2,2).
The functions fg  are quite important in our discussion. Next we provide
an alternative description for them. Let H € H(¢,¢) and H' = H U {2t — { + 1,
20—L0+2,...,n} C[n], where 0 <<t < (n+/¢)/2. Let
ZH/ = ZH/(.Il, .. .,In) = Z Zj.
JEH’

We denote by gp i, the polynomial obtained from

t—1
[T —k+5)
§=0

by application of the relations z? — x;. Obviously g x is a linear combination of

square-free monomials.

Proposition 3.4. Assume that charF = 0, or charF > ¢t. Then we have

fH.,k =7 *9H k-

t
We prove these statements in Section 5.
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4. Order shattering by ¢-wide families

In this section we describe the sets order shattered by the ¢-wide families
Fht For 0 </—1<k <n we write

Dk ) ={{; < - <g}CIn]:t<kandg; >2j—L+1if 1 <j <t}

In particular @ € D(k, ¢).
As an example, let n =4, k =2 and £ = 2. Then

D(2,2) = {0, {1}, {2}, {3}, {4}, {1,3}, {1, 4},{2,3},{2,4},{3,4}}.

Ifn=5k=2and ¢ =1, then

D(2,1) = {0,{2}, {3}, {4}, {5}, {2,4},{2,5}, {3,4},{3,5}, {4, 5}}.

The following theorem is the combinatorial core of our results; it is an ex-
tension of (2).

We shall distinguish two cases: k < (n+/¢)/2 and k > (n+¢)/2. The second
case can be reduced to the first one by (3).

Theorem 4.1. (a) Let 0 < k < (n+¢)/2. Then
osh(F*4) = D(k, ¢)
(b) If k > (n + £)/2, then
osh(F**) = D(n —k + £ —1,0).

PRroOF. Part (b) follows from part (a) by complementarity. Indeed,
co(Fr4) = Fr==HD: hence by (3)

osh(F**) = osh (co(F**)) = osh(F"FH-14),

On the other hand, n— (k—¢+1) < (n+¢)/2 follows from n < 2k — ¢, and hence
case (a) applies for the -wide family Fro (b=t

We turn to the proof of case (a) now. First we verify that osh(F**) € D(k, ).
For this it is enough to check that if D ¢ D(k,£), then D ¢ osh(F™*).

Assume that D = {d; < --- < ds} ¢ D(k,£). Then either s > k or there is
an index i < s < k such that d; < 2i — £+ 1. In the first case D ¢ osh(F"™*),

because osh(]:k’é) C osh ((L"l]c)) = (L"}C) In the second case let ¢ be the smallest
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such index i. Let H := {d1,...,d;} € D. Then obviously ¢ < t < k, hence
H € H(t,¢). Also, D € osh(F"*) would imply that H € osh(F"), because
osh(F**) is downward closed. From the latter fact we derive a contradiction
below.

Indeed, suppose that there exists H € H(t,£) Nosh(F**), where 0 < £ <t <
k< (n+4£)/2. Let H={hy <--+- < hy}, then hy =2t — ¢ and h; > 2i — £+ 1 for
each 1 <43 <t—1. Since H € osh(]:k’é)7 the definition of order-shattering gives
us two subsets Fy, F; € F®* such that FynT = FyNT, where T = {ht+1,...,n},
and FpNH =0, F NH = H.

Let P:=[n]\ (T U H). Clearly |P| =t — ¢. By definition

Fo=(FoNT)U (FyNH)U(FyNP)
is a decomposition into disjoint sets. Let r := |Fy NT|. Then
|Fo| =|FonNT|+|FonH|+|FoNP|<r+t—{,
because |Fp N P| < |P| =t — {. Similarly
B = [ NT|+ | NH[+ B 0P| >7r+t,

because |Fy N H| = |H| = t. Hence |F1| — |Fo| > ¢, which contradicts to
Fy, Fy € F&e.

Now we prove that D(k,£) C osh(F*%). Let D = {d, < --- < d;} € D(k,{).
This means that d; > 2i — ¢+ 1for 1 <i<t.

We extend the base set [n] by £ — 1 new elements: let

X={-4+2,—0+3,...,0,...,n}.

We intend to establish that D € osh (f) We note first that in the definition
of order-shattering only the ordering of the elements of the ground set is what
matters, not the elements themselves. From 0 < k < (n + ¢)/2 we have 0 < k <
|X|/2. In view of (2), D € osh ()k() holds iff there are at least 2 — 1 elements of
X which are smaller than d;. This is indeed true because D € D(k,¢).

Let F € (f ) be an arbitrary subset. We define I := F'N [n]. Then we have
F' € F* because we dropped at most £ — 1 elements from F, and |F| = k. Let
G={F':Fe¢ ()k()} Then G € F™, and hence D € osh ()k() N2 = osh(G) C
osh(F**). This completes the proof. O

For k < (n + £)/2 we denote by M(k, ) the set of all monomials z¢ such
that G € D(k, (). For k > (n + £)/2 we set M(k,¢) to be M(n — (k—{+1),¢).

Theorems 2.1 and 4.1 give us the lexicographic standard monomials of -wide
families.
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Corollary 4.2. Letn > 0, k, £ be integers, 0 < {—1 < k < n. Then M(k,{)
is the set of standard monomials for I(k,{) with respect to the lexicographic
order <;. In particular,

k

o= Y (1) 12)

i=k—+1
and M(k,!) constitutes an F basis of the space of functions from V(F**) to F.

Remark. One can obtain (12) by lattice path counting techniques (see [12]
for an excellent account on those methods). This provides an alternative way to
prove Theorem 4.1.

5. Proofs of the main results

We extend the argument of [11] from the case £ = 1 to general {-wide families.
For the reader’s convenience we include here proofs of some auxiliary facts which
have been given in [11].

Let IF be a fixed field and let < be an arbitrary term order on the monomials
of S =Flxy,...,2,] for which 2,, < 1 <+ <2;. Let 0 <€ —1<k <n. For
t >0 and G C [n] we put

FEHG)={DC[n]:k—t<|DNG| <k}

Theorem 5.1. Assume that 0 < ¢ < ¢t < (n+¥{)/2, H € H(t,{), and
0 <k <n. Then fg € I(V(F*'(H"))).

PROOF. We recall first that H' = HU {2t — ¢+ 1,2t — £+ 2,...,n} C [n].
Let D € F**(H’) and let v = vp be the characteristic vector of D. By definition

IDNH'|e{kk—1,....k—t+1}. (13)
Now
fir(v) = g—l)“ (3 )ounitor - g—l)” oo,

We use the following identity

()R () e
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which holds for every z € C, k € Z and t € Z". From (14) we infer that
DNnH|—-k+t—-1
fato) = (1701 )

t
which is indeed 0 because of (13). It remains to prove (14). We consider first the
Vandermonde identity ([10], pp. 169-170)

) :Z() (:20) (16)

which holds for all z,s € C and t € Z*. By negating the upper variable s on the

(15)

right-hand side we obtain

()£ 0 ()

Finally the substitution s = ¢ — k — 1 gives (14). O

Lemma 5.2. Assume that 0 < k <n, 0 < ¢ <t <min(k,n—k+{—1),
and H € H(t,¢). Then fg can be written as a linear combination of square-free
monomials

far = Z auzy, (17)
UCH', |U|<t
where oy € F. The leading monomial of fy  with respect to < is xy and the
leading coefficient is ag = 1. Also we have xp ¢ M(k,¢), but zy € M(k,£) for
UCH' |U| <t U+ H. The latter monomials xy are precisely the non-leading
monomials in (17).

PROOF. First suppose that k < (n + ¢)/2.

The statement about the form (17) follows from the fact that the (elementary)
symmetric polynomials ogs; (0 <4 < t) are linear combinations of monomials
zy with U € H and |U| < t. Let U = {u1 < --- < u;} be any such subset
and write H = {s; < --- < $;}. By the definition of H' we have s; < u; for
t=1,...,7, hence zy 2 w5, -+ 15, X TH. Also, the coefficient of g in fg i is
(—1)tt (lz;f) = 1. These imply that xy is the leading monomial of fg .

It is immediate that g ¢ M(k, () because s; = 2t — £. Next suppose that
UCH,|Ul=j<t,andU # H.Ifj <t then2i—f+1<s; <u;forl<i<y,
and j < k imply zy € M(k,£). If |U| = t, then from U # H we infer additionally
that u; > sy = 2t — ¢, giving that zy € M(k, £).

In the case k > (n + £)/2 we can give a similar proof, using the relations
Mn —(k—£€+1),0) = M(k,0) and t < n —k+ ¢ — 1. This concludes the
proof. ([
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Corollary 5.3. Assume that 0 <k <n,0<{<t<min(k,n—k+/¢—1),
and H € H(t, ). Then xy ¢ Sm(=<, F*'(H'),F).

PRrRoOOF. This is obvious from Theorem 5.1 and Lemma 5.2, because zy is
the leading term of firx, a polynomial vanishing on V (F™'(H')). O

Lemma 5.4. Let 0 < £ <t < (n+¢)/2,0 <k <mn, and H € H(t,£). Then
]_‘k,é g fk’t(H/).

PROOF. Let D € F**. We know that H' = HU{2t —(+1,2t—(+2,...,n}
has n — ¢ + £ elements, hence the size of [n] \ H' is t — £. Using also, that
k — £+ 1 < |D|, we obtain

k—=t+1<|D[-|n]\H'| <|[DNH'|<|D| <k,

hence D € F*'(H'). 0

Corollary 5.5. Let 0 < £ <t < (n+¥)/2,0 < k < n, and H € H(t,¥).
Then fg € I(k,0).

PROOF. We know that fz € I(V(F**(H"))) by Theorem 5.1 and F** C
FRH(H') by Lemma 5.4. We conclude that fix € I(V(F*'(H'))) C I(k, ). O

PROOF OF THEOREM 3.1. Let k, 0 < n and ¢ be integers, such that 0 <
¢ —1 <k <n. We consider first the case k < (n + ¢£)/2. It is immediate that
2?—z; € I(k,¢) and z; € I(k, ) if |J| = k+1, hence by Corollary 5.5, G C I(k,?).

To show that G is a Grobner basis of I(k, £) we use the characterization of
Grobner bases from Theorem 2.2. Let I be the ideal of S generated by G.

Lemma 5.6. I = I(k,?).

Proor. It is immediate that I C I(k,{), because G C I(k,?).

Now let f € S be an arbitrary polynomial. Obviously we can reduce by G
any monomial of f which is divisible by #? for some i. We can thus assume that
f contains only square-free monomials zy;, U C [n]. We can also eliminate those
zy for which |U| > k.

Suppose now that xy is a monomial (|U| < k, U = {u1 < ug < --- < uj})
appearing in f which is not in M(k,¢). Then there exists an index ¢ < j such
that u; < 2i —f¢+ 1. Let ¢ be the smallest such index ¢ and put H := {u1,...,ut}.
Then necessarily £ < t and H € H(t,{) and xy divides xy by definition. By
Lemma 5.2 xy is the leading monomial of fg 1 € G, hence via fg j we can reduce
f further.
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What we obtained is that any f € S can be G-reduced to a linear combination

Z Qyp + W, (18)

we M (k,0)
where a,, € F. From (18) and Corollary 4.2 we deduce that

k
dimp S/T < |M(k,0)|= > (Z‘) = dimg S/1(k, 1), (19)

i=k—0+41

which, together with I C I(k,{), implies that I = I(k,¢). The Lemma is proved.
O

If we consider the reduced form (18) of an f € I(k,{), then every o, is zero
by Corollary 4.2, because M(k, £) is a basis of the space of functions from V (F**)
to F. This proves that G is a Grobner basis of I(k, ¢), when k < "TH.

Essentially the same argument works when k > (n + ¢)/2.

It is immediate that z? — z; € I(k,¢). We know that if H,J C [n], then
o’ (v) = 0 #f HNJ # 0. Now it H € &' and J € (,_{}) ), then H and J
must intersect because

|H|+|J|>k—f+14+n—k+{l=n+1.

Assume now that ¢ is an integer, such that £ <t <n—k+¢—1. Then k > ”T”
implies that n —k+/0 -1 < "TH, showing that t < "TH. Corollary 5.5 applies,
giving that fy , € I(k,¢), whenever H € H(t,£). We have therefore G* C I(k, ¢).

From here we can prove that the ideal I generated by G* is I(k,{) as in
Lemma 5.6. For this, one observes first that the leading term of a polynomial z”,
|J| = n— (k—¢)is z; and all other terms have degree at most n — k + ¢ — 1.
These polynomials and z? — x; allow us to reduce any polynomial f into one of
degree at most n — (k — £+ 1).

Reduction via polynomials fr x, where H € H(t,¢) gives a linear combination
of type (18). From (18) we obtain (19) and I = I(k, ) as before.

Finally, if f € I(k,¥) then every a,, is zero by Corollary 4.2, therefore G* is
a Grobner basis of I(k, £). O

Corollary 5.7. Let F, <, k, n, and { be as in Theorem 3.1. Then

sm(<, F&4F) = M(k, £).
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Remark. This was established in Corollary 4.2 for the lexicographic order
~<;. The point here is that the statement holds for any term order < on the
monomials for which xz, < z,_1 < --- < x71.

PRrOOF. The argument of Theorem 3.1 shows that any monomial w ¢ M(k, ¢)
can be G-reduced to <-smaller monomials. This means that w is a leading mono-
mial for I(k, ), giving the containment C. Equality then follows because by (9)
and Corollary 4.2 both sides have the same size |F*|. O

PROOF OF COROLLARY 3.2. We assume first that k¥ < (n + £)/2. Let W
denote the set of monomials given in the statement. Clearly we have W C
ini(I(k,¢)). First we show that W is a generating set. For this it suffices to
verify, that any monomial w ¢ M(k,¥) is divisible by an element of W. If w is
not square-free, then it is divisible by xf for some 1 < 7 < n. We can therefore
assume that w = zy for some U = {u1 < --- < u;} C [n] and either there exists
an 0 < i < k such that uv; < 2i — £+ 1, or j > k. In the first case let t be
the smallest index ¢ with w; < 2i — £+ 1. Then for H = {uy,...,us} we have
H € H(t,{), where £ <t <k, hence zg € W and z g divides w. In the case j > k
for H = {uy,...,ux+1} we have H € B(k,{), hence xgy € W, moreover g again
divides w.

Using, that 2 < ¢ < t, it is easy to verify, that there are no nontrivial
divisibilities among the elements of V. This settles the minimality.

The case k > (n+¢)/2 is reduced to the preceding one by using the following
obvious consequence of Corollary 5.7:

ini(I(k,0)) = ini(I(n — k+ £ —1,¢)). O

PrROOF OF COROLLARY 3.3. It follows from Corollary 3.2 that the leading
terms of the sets of polynomials given in the statement are minimal generating
sets of the initial ideal of I(k,£). We have proven for fy and fg ,—(k—¢41) in
Lemma 5.2 that all other (i.e. non-leading) monomials in these polynomials are
actually standard monomials for I(k,¢) (and for I(n — (k — ¢ + 1),¢) as well).
Also, because of £ > 1 we have z; € M(k,¢) fori=1,...,n.

It remains to check that the non-leading monomials of the polynomial z”,
where J € B(k, (), are elements of M(k,¢). Let J = {j1 < --- < jrt1} € B(k,?).
Then the non-leading monomials of 27 are xy;, where U = {ug < - <up}CJ
with m = |U| < k. Clearly u; > j; > 2i — £ + 1 holds whenever 1 < i < m, hence
zy € M(k,£). The proof is complete. O

PROOF OF PROPOSITION 3.4. Let D C [n] be an arbitrary set, v = vp the
characteristic vector of D. From the definition of gg; and (15) it is apparent



Grébner bases for complete ¢-wide families 287

that 1 IDAH|—k+t—1
NH|—k+t—
—9Hk(V) = < ’ > = fax(v).

t
Both gp,,x and fp i are linear combinations of square-free monomials. Square-
free monomials are precisely the standard monomials for F™" ™! = 2l By the
uniqueness of the standard decomposition of a function we conclude that

1
FIHk = fH k- O

6. Some consequences

6.1. The Hilbert function of F"‘. Here we give the values h e (m) of the
Hilbert function of the complete f-wide family F**. We need first a useful fact
of combinatorial nature about osh(F M). As before n > 0, ¢, k are integers, and
0</—-1<Ek<n.

Theorem 6.1. Suppose that 0 <i < min(k,n — k+ ¢ —1). Then

o ()- ()2

Remark. The binomial coefficient (7;) is understood to be 0 if j < 0.

PrROOF. We use the description of osh(F**) given in Theorem 4.1. With
d = min(k,n — k + ¢ — 1) we have d < 2 and osh(F**) = D(d, ¢). We consider
first the case 0 < ¢ < £. Then

osh(F*) N ([7;_‘]) = D(d, )N ([7;_‘]) - (M), (20)

7

giving the claim of the Theorem in this case. We turn now to the case £ < i < d.
The case (a) of Theorem 4.1 applies to F**, giving that osh(F“*) = D(i,?).
Directly from the definition we see that

D(d, ) N <[zf]> = D(i,0)N <[7Z]>,
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We have also the following consequences of Theorem 4.1:

osh(F=14) C osh(FH) (22)
and
osh(F"*) N <[’;]> = osh(F"*) \ osh(F' ). (23)
Corollary 4.2, applied to both Fit and Fi-bt gives that the size of the set
in (23) is
i i—1
> (-2, 0)-0)-(")
=i t41 <j smit \F v i—¢
This, together with (21), proves the statement. O

We turn now to the computation of the Hilbert function h z«.(m). By (10),
h gives the rank of certain important inclusion matrices:

rankg [ (f“, (S["j?l)) = h e (m).

Theorem 6.2. Let n > 0, ¢, k, m be integers, Let 0 < £ — 1 < k < n, and
0 <m < min(k,n—k+¢—1). Let F be an arbitrary field. Then we have

osh(F4) 0 (S[njn)‘ - i <7:> (24)

i=max(0,m—~0+1)

h/fk,é (m) =

PrOOF. For short we write F = F**. From (11) we infer that

h(m) = ’Sm(<dl, F,F)n <§[n7]n)

)

where <g; is the deglex order (or any other term order which refines the partial
ordering by degree). From Corollary 5.7 and Theorem 4.1 we have

Sm(<q;, F,F) = D(t,£) = osh(F),

where ¢t = min(k,n — k + £ + 1). We consider the following decomposition into a

o ( g[njn ) _um, (osh(f) n OZ]» .

Turning to the sizes of the above sets, Theorem 6.1 gives that

sl () -5(0)-(* ))-£)

where r = max(0, m — ¢ + 1). This finishes the proof. O

disjoint union
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6.2. A special case of a conjecture by Frankl. Finally we prove Theo-
rem 1.2. It turns out to be a simple consequence of Theorem 6.2.

PROOF OF THEOREM 1.2. F is an /-wide family, therefore we have F C F**
for some k,¢, with 0 < £ -1 <k <n. Put r = min(k,n —k+£¢—1,¢t—1).
Theorem 4.1, the assumption on ¢ together with osh(F) C sh(F) imply that the
family F C F®* has no order-shattered sets of size > r. We have thus

osh(F) C osh(F*%) n (L”]r)

Theorem 6.2 implies that

|osh(f)‘§|osh(f’“’z)ﬂ(E)‘— Z (ZL)S ti <7Z>

i=max(0,r—£¢+1) i=max(0,t—£)

The last inequality follows from r» < t—1 and ¢t <

"TH. The proof is complete. [

References

[1] W. W. Apams and P. LOUSTAUNAU, An Introduction to Grébner Bases, American Math-
ematical Society, 1994.

[2] R. P. ANSTEE, L. RONYAI and A. SALI, Shattering news, Graphs and Combinatorics 18
(2002), 59-73.

[3] R. P. ANSTEE and A. SALI, Sperner families of bounded VC-dimension, Discrete Math.
175 (1997), 13-21.

[4] L. BaBAl and P. FRANKL, Linear Algebra Methods in Combinatorics, With Applications
to Geometry and Computer Science, Preliminary Version 2, 1992.

[5] T. BECKER and V. WEISPFENNING, Grobner Bases — A Computational Approach to Com-
mutative Algebra, Springer-Verlag, Berlin, Heidelberg, 1993.

[6] A. BErRNASCONI and L. Ecipl, Hilbert function and complexity lower bounds for symmetric
Boolean functions, Information and Computation 153 (1999), 1-25.

[71 A. M. ConeN, H. CuypeERs and H. STERK (eds.), Some Tapas of Computer Algebra,
Springer-Verlag, Berlin, Heidelberg, 1999.

[8] P. FRANKL, Traces of antichains, Graphs Combin. 5 (1989), 295-299.

[9] P. FRANKL, Intersection theorems and mod p rank of inclusion matrices, J. Combin. Theory
A 54 (1990), 85-94.

[10] R. L. GrRAanaM, D. E. KNUTH and O. PATASHNIK, Concrete Mathematics, Addison- Wesley,
1989.

[11] G. HEGEDUS and L. RONYAI, Grobner bases for complete uniform families, J. of Algebraic
Combinatorics 17 (2003), 171-180.

[12] G. MoHANTY, Lattice Path Counting and Applications, Academic Press, 1979.



290 K. Friedl, G. Hegediis and L. Rényai : Grobner bases for complete. . .

[13] R. M. WiLsON, A diagonal form for the incidence matrices of t-subsets vs. k-subsets, Europ.
J. Combin. 11 (1990), 609-615.

KATALIN FRIEDL

DEPARTMENT OF COMPUTER SCIENCE AND INFORMATION THEORY
BUDAPEST UNIVERSITY OF TECHNOLOGY AND ECONOMICS

H-1521 BUDAPEST, P.O. BOX 91

HUNGARY

E-mail: friedl@cs.bme.hu

GABOR HEGEDUS

MATHEMATICS AND PHYSICS INSTITUTE

COLLEGE OF KECSKEMET

MACHINE INDUSTRIAL AND AUTOMATIZATION TECHNICAL COLLEGIATE FACULTY
H-6000 KECSKEMET, 1ZSAKI UT 10

HUNGARY

E-mail: greece@math.bme.hu

LAJOS RONYAI

DEPARTMENT OF ALGEBRA

BUDAPEST UNIVERSITY OF TECHNOLOGY AND ECONOMICS AND
COMPUTER AND AUTOMATION INSTITUTE

HUNGARIAN ACADEMY OF SCIENCES

H-1518 BUDAPEST, P.O. BOX 63

HUNGARY

E-mail: lajos@csillag.sztaki.hu

(Received September 6, 2004; revised October 3, 2006)



