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Classification of Frobenius Lie algebras of dimension < 6

By BALAZS CSIKOS (Budapest) and LASZLO VERHOCZKI (Budapest)

Abstract. A Lie algebra g over an arbitrary field is a Frobenius Lie algebra if there
is a linear form [ € g* whose stabilizer with respect to the coadjoint representation of g,
ie.g(l)={X eg|l([X,Y]) =0for all Y € g} is trivial. In the present paper we classify
Frobenius Lie algebras of dimension 4 over arbitrary fields of characteristic # 2 and 6-
dimensional Frobenius Lie algebras over algebraically closed fields of characteristic O.

1. Introduction

A real or complex Lie group G and its Lie algebra g are called Frobenius
if the coadjoint representation of G has an open orbit. The Lie algebra of the
stabilizer of [ € g* is g(I) = {X € g | [([X,Y]) =0 for all Y € g}, therefore the
orbit of [ is open if and only if g(I) = 0. In general, a Lie algebra over an arbitrary
field is said to be Frobenius if there is a linear form ! € g* such that g(I) = 0.

The class of Frobenius Lie algebras was first introduced and studied by
A. 1. Oowms in [9], [10] and [11] in connection with the problem of Jacobson
on the characterization of Lie algebras having a primitive universal enveloping
algebra. Frobenius Lie groups appear in the theorem of ANH [1], saying that an
exponential Lie group with trivial center has a square integrable representation
if and only if it is a Frobenius Lie group. The study of Frobenius Lie algebras is
motivated also by the fact that they possess a triangular Lie bialgebra structure
and give solutions to the classical Yang—Baxter equation (see [5]).
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There are many interesting examples of Frobenius Lie algebras (see e.g. [6],
[7], [12], [13]). The present paper focuses on the classification of low dimen-
sional Frobenius Lie algebras. Frobenius Lie algebras are always even dimen-
sional. There is a unique 2-dimensional Frobenius Lie algebra, the Lie algebra of
the group of affine transformations of the line. Four-dimensional Frobenius Lie
algebras over algebraically closed fields of characteristic 0 were first listed in [9].
This classification can be obtained from the classification of all 4-dimensional Lie
algebras over algebraically closed fields of characteristic 0 (see [2]). In Section 3
we extend this classification for fields of characteristic # 2. In Section 4 we classify
all 6-dimensional Frobenius Lie algebras over algebraically closed fields of charac-
teristic 0. This yields an extension of the work of A. G. ELASHVILI [7], giving a
list of all 6-dimensional almost algebraic Frobenius Lie algebras over such fields.
Our results are summarized in Section 5. The embedding of A. G. ELASHVILI’S
list of almost algebraic Frobenius Lie algebras into the list of all Frobenius Lie
algebras is given in Remark 5.3.

2. Definition and some properties of Frobenius Lie algebras

In this section we prove those general theorems on Frobenius Lie algebras that
will be used during the classification process. We mention that in characteristic
zero Propositions 2.1 and 2.3 were already obtained in [9].

Let g be a finite dimensional Lie algebra over an arbitrary field F, g* be its
dual space. Forl € g*, denote by B; : gxg — F, B;(X,Y) = [([X,Y]) the Kirillov
form. The kernel of this form is

o) = {X € g |I([X,Y]) =0 for all Y € g}.

Since g(I) = {X € g | (ad X)*l = 0}, g(I) is the stabilizator subalgebra of the
linear form [ with respect to the coadjoint representation. B; induces a symplectic
form on g/g(l) and therefore dim g = dim g(l) (mod 2).

Definition 2.1. The index of a Lie algebra is the number

indg = min{dimg —rk B; |l € g*} = min{dimg(l) | € g"}.
Linear forms for which dim g(!) = ind g are called regular.
Definition 2.2. Lie algebras of index 0 are called Frobenius Lie algebras.

Let A = (X1,...,X,) be a basis of g and consider the skew symmetric matrix

My = ([Xi, X;])I'j=1- The entries of M, are in g which is naturally embedded

into the symmetric algebra S(g) generated by g. Thus we can compute the Pfaffian
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Qar = Pf My in S(g). If C € GL(g) is an invertible linear transformation of g,
CA is the image of the basis A under C, C} is the matrix of C' with respect to
the basis A, then Mcp = CT M;Cl, consequently

Qe = Pf(Mcy) = PE(C{MACA) = det C - Qa. (1)

In particular, if C' is a Lie algebra automorphism and S¢ is the induced automor-
phism of the symmetric algebra S(g), then

Sc(@a) = PE(C[X:, X;])7 =) = PE([CX3, OXG)) 1)

- B (2)
=Qcar =detC - Qx.

According to (1), Q4 is uniquely determined by g up to a nonzero multiplier. Qx
(and its nonzero multiples) will be called the Pfaffian(s) of g.

Since the elements of g can be identified with linear functions on g*, every
element of S(g) yields a polynomial function on g* which will be denoted by the
same symbol. Recall that the map from the ring of polynomials onto the space
of polynomial functions on g* is always injective on the space of polynomials of
degree < |F|. The determinant of the matrix of B; with respect to the basis A
is det(I([Xi, X;3]))7 21 = Q3 (1), in particular, in the case of dimg < 2|F|, g is
Frobenius if and only if the polynomial Q4 # 0.

Every derivation § of the Lie algebra g extends uniquely to a derivation Dy
of S(g) whose restriction onto F C S(g) is zero. An element F' of S(g) is said to
be a semi-invariant of weight A € g* if Dyqx(F) = A(X)F for all X € g. F is a
characteristic semi-invariant of weight A € (Der(g))* if we have Ds(F) = A\(0)F
for every derivation § € Der(g).

“Differentiating” equation (2) we obtain the following proposition.

Proposition 2.1. The Pfaffian of a Lie algebra is a characteristic semi-
invariant of weight tr, i.e.

Ds(Qa) =1tr(6)Qa for all § € Der(g).

If V is a linear space, W < V is a linear subspace, then the symmetric algebra
S(W) is embedded naturally into S(V). For any element F' of the symmetric
algebra S(V), there is a minimal subspace W <V for which F' € S(W). W will
be called the support of F' and will be denoted by supp F'.

The proof of the following proposition is straightforward.

Proposition 2.2. If P € S(g) is a characteristic semi-invariant and either
charF = 0 or deg P < charF, then the support of P is a characteristic ideal
ing. (|
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Proposition 2.3. If g # 0 is a Frobenius Lie algebra and either
dim g < 2charF or charF = 0, then the weight of the Pfaffian, i.e. the linear form
troad € g* is not 0.

PROOF. Suppose to the contrary that D,q x@a = 0 for all X € g. Choosing a
basis A = (Xy,...,X,) in g, S(g) can be identified with the algebra of polynomials
F[X1,...,X,]. With this identification, the derivation D,q4 x can be expressed as

- 0
Dyx = X, Xi|=——.
ax = DX X
In particular, we have
- oP
D.axP(l) = E Bi(X, X;)=—
ad X (l) l( ) z)aXZ (l) (3)

i=1

for any P € S(g) and [ € g*. Select a regular form [ € g*. Then QA(l) # 0 and B,
is non-singular. In view of equation (3), applying equation D.q x@Qa = 0 for the
vectors of the Bj-dual basis of A we obtain that ‘?g(? (I) = 0 for all i. However,
Q4 is a homogeneous polynomial, thus, by Euler’s formula

deg Qn - Qa(l) = Y 1(X) 22 (1) = 0.

i=1

The assumptions on charF guarantee that degQa # 0 in F, therefore Q4 (I) =0
and this contradicts the fact that [ is regular. O

Corollary 2.1. Under the assumptions of Proposition 2.3, g is not nilpotent
and

supp Qa < [g, 9] # 9.
Lemma 2.1. Suppose that charF = 0. If a < g is a Frobenius ideal of a Lie
algebra g, then the short exact sequence
0—a—g—g/a—0

is splitting, i.e. g is the semidirect product of a and g/a. In particular, g is a
Frobenius Lie algebra if and only if the factor g/a is Frobenius.

PROOF. Choose a regular linear form [ € g* whose restriction m = |, onto
a is also regular. Denote by b the stabilizator of m in g, that is

b=g(m)={Xcg|l(X,Y])=0 VY cal.
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Then b is a subalgebra of g; b Na = {0}, since a is Frobenius and m is regular;
and we have dima > dimg — dimb. From this follows that g is the semidirect
product of a and b = g/a. O

Proposition 2.4. Suppose that charF = 0. Let g be a Frobenius Lie algebra,
g1 < g be a subalgebra containing [g, g]. Then

indg; =dimg — dimg;.

PROOF. Observe first that if g is an arbitrary Lie algebra and go > [g, g] is
a proper Lie subalgebra of g, then gy cannot be Frobenius since in that case the
factor g/go should be Frobenius as well by Lemma 2.1, however g/go is commu-
tative.

When g is a Frobenius Lie algebra we can find a regular linear form [ in g*
whose restriction onto g; is also regular on g;. Then B, is a symplectic form on
g and its restriction onto g; has corank k = ind g;. This implies the existence
of a k-dimensional linear subspace h in g complementary to g; such that B; is a
symplectic form on go = g1 @ h. However, in this case go > [g, g] is Frobenius,
therefore go = g. In particular,

dimg = dimgy = dimbh 4+ dimg; = ind g; + dim g;. [

Finally, we introduce some terminology and notation.

Every 1-dimensional g-module spanned by a non-zero vector v induces a
unique linear form A € g* such that Xv = A(X)v for all X € g. X is called
the weight of the module. Every solvable Lie algebra g has a sequence of ideals
g=n, >n,_1 > - >ng with dimn; = ¢. The roots of g are the weights of the
1-dimensional g-modules n;/n;_;.

If A is a linear transformation of a linear space V' of dimension n, and \ is an
eigenvalue of A, then the generalized eigenspace corresponding to \ is the kernel
of the operator (A — AI)™.

The linear hull of the vectors X, Xo,... will be denoted by (X1, Xs,...).

3. Classification of 4-dimensional Frobenius Lie algebras
over fields of characteristic # 2

Let g be a 4-dimensional Frobenius Lie algebra over a field F of characteristic
= 2. The Pfaffian Q4 of g is a quadratic form and thus, choosing a suitable basis
A = (X1, X2, X3, X,) it takes the form Q) = X3 +Z§:2 i X2, where g; € F. It is
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clear that the support of Q4 is the linear space spanned by {X;} U {X; | &; # 0,
1 €{2,3,4}}. Since supp Qa # g by Corollary 2.1, one of the numbers ¢;, say &4
is equal to 0.

Suppose first that es - €3 # 0. Then from equation

Daa x, Qa = 2([X1, Xolea Xo + [ X1, X3les X3)

we see that Daqx, @r = - Qa can hold only if & = 0 and then thereisa A € F
such that
(X1, X5] = Ae3 X3, (X1, X3] = —Aea Xo.

A similar argument for D,q x,@a shows that [X2, X3] = A\ X].

A is not zero, since otherwise we would have Q5 = 0. This implies that the
ideal supp Q@ is semisimple. Over fields of characteristic 0 semisimplicity of a
Lie algebra implies that the Lie algebra has no outer derivations, however, this is
not true in general over fields of prime characteristic. Nevertheless, in our special
case, a direct computation shows that if charF # 2, then supp @, has no outer
derivations. In particular, there is an element X € supp @A such that ad X and
ad X, coincide on supp Q5. However, in that case X — X, is a non-zero central
element of g contradicting the fact that Frobenius Lie algebras have trivial center.
The contradiction shows that dim supp Q4 is either 1 or 2.

Consider the case when dimsupp @x = 1. Then the basis A can be chosen
in such a way that QA = X12, [XQ,Xﬂ = [X3,X1] = 07 [X4,X1] = Xl. The
commutation table of g with respect to A has the form

[a ] Xl X2 X3 X4
Xi] 0 0 0 -X1
X, | 0 0 X2, X3] | = |
X3 0 [Xg,XQ] O *

X4 X1 * *

hence X7 = Qn = Pf My = X;[X3,X3] and therefore [X3, Xo] = X;. Set
[X4, Xo] = aX; 4+ Xe +vX5 and [X4, X3] = o/ X1 + ' X2 + ' X3. Replacing Xy
by X4 — aX3 + o’ X5 we may assume without loss of generality that o = o/ = 0.
Furthermore, the Jacobi identity for the triple (Xo, X3, X4) yields the relation
~' + 3 = 1. It is not difficult to check that the determinant

-~ B v
A—det<ﬁ, 1—ﬁ>
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is an invariant of the isomorphism class of g. Indeed, A can be derived from the
Lie algebra structure of g in the following natural way. The support g; of QA and
its centralizer go are characteristic ideals of g. The adjoint action of g induces
a nontrivial representation p of the one-dimensional factor algebra g/gs on the
2-dimensional factor go/g;. A can be expressed as A = det(p(X))/tr?(p(X)),
where X € g/go is an arbitrary nonzero element. If the operator ad X, acts
on the linear subspace (Xa, X3) as a scalar multiplication, then it must be a
multiplication by 1/2 since tr((ad X4)|(x,, x,)) = 1. On the other hand, if ad X4
is not a scalar multiplication on (X5, X3), then the basis (X2, X3) of this subspace
can be modified in such a way that X3 = ad X4(X2) takes place. Then the
Cayley—Hamilton theorem gives

(X4, X3] = (ad X4)2 X5 = (ad Xy — A) X5 = X3 — AXo.

Thus we obtain the following pairwise non-isomorphic Frobenius Lie algebras:

LI X | Xo | X3 Xy

X4 0 0 0 —-X3
P X5 0 0 X3 _%X2 y

Xs1 0| X, 0 | —1ix;
X, | X1 | 1X, | 1X5 0

and
L] X | X X3 Xy
X1 0 0 0 _Xl
"(A): [ X, 0] o0 -X, —X; , A €ePF.
Xa || 0 | Xy 0 X3+ AX,
X, [ X | X5 | X5 — AX, 0

If F is algebraically closed, then it is more natural to transform the matrix
of ad X4[(x,,x,) to a Jordan normal form. This operator is either diagonalizable
with diagonal elements (£,1—¢), and then g is isomorphic to @41 (§) = P4,1(1—§)
of [9], or it has a 2x 2 Jordan cell with eigenvalue 1/2, and then it is isomorphic to
Dy 5 of [9]. We remark that ®41(£) = @"(&(1—¢)) when & # 1/2, &41(1/2) = @
and ‘134,2 = ¢//(1/4)

Suppose that dimsupp @a = 2. Then there is a basis A = (X7,..., X4) such
that Qy = X? 4+ X3, where 0 # ¢ € F. Since D.qx, (Qa) = 2¢[X1, X2] X5 must
be proportional to @, [X1, X2] = 0. Suppose that [X3, X;] = aX; + X2 and
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[Xg,Xg] = vX1 4+ 0X5. Then DangQA = 2(0&X12 + €5X22 + (ﬂ + e’:"}/)XlXQ), and
the semi-invariance of @, implies « = 6 and § = —evy. Similarly, [X4, X1] =
o' X1 —+v'eXs and [Xy4, Xo] = 7' X1 + o/ X5 for some o', € F. Computing the
Pfaffian of g we obtain X?+eX2 = Qp = (o' —7a/)(X2+eX3),ie. ay' —ya' = 1.

This means that the basis vectors X3, X4 can be modified in such a way that
we have (a,vy) = (1,0) and (¢/,+") = (0,1). Since ad[X3, X4] acts on (X7, X5)
trivially, [X3, X4] must be a linear combination of X; and Xs, say [X3, X4] =
&1X1 + &Xo. In this case replacing X3 by X3 — (1/€)&X1 + &1 X2 we obtain a
basis with respect to which the commutation table has the form

L] X | Xo| X3 | Xy
X1 0 0 | =X | eXo
() [ x| 0 0| X | —X; |
Xs|| X, | X2| 0 | 0
X4 || —eXo | X4 0 0

where 0 £ e € F. If 0 # X\ € F, then the commutation table of ®" (&) with respect
to the basis (X7, Xa2/A, X3, AX4) has the same form as the commutation table
defining ®"/(eA?), thus, ®"(¢) is isomorphic to ®"(eA?). Conversely, if ®"(¢)
and @ (&) are isomorphic, then both ¢ and & can be obtained as the discriminant
of a multiple of the quadratic form QA € S(supp @A) with respect to a basis of
supp Qa, therefore e = £\? for some nonzero A € F. This proves that the Lie
algebras ®"(e1) and ®"/(e5) corresponding to the nonzero parameters 1,69 € F
are isomorphic if and only if /&1 /eo € F. In particular, if F is algebraically closed,
then each of these Lie algebras are isomorphic to ®”/(1) = aff(1,F) & aff(1,F).

4. Classification of 6-dimensional Frobenius Lie algebras

In this section F is an algebraically closed field of characteristic 0. The clas-
sification of 6-dimensional Frobenius Lie algebras over F goes by the following
scheme. First we consider solvable Frobenius Lie algebras. The nilradical of such
a Lie algebra has dimension < 5. It is known that there is only a finite number
of isomorphism classes of nilpotent Lie algebras of dimension < 6 (see [8]). With
the help of Proposition 2.4, we can select those 6 nilpotent Lie algebras, that
can serve for the nilradical of a Frobenius Lie algebra. After this step, classifi-
cation is split into cases depending on the isomorphism class of the nilradical.
As for the non-solvable case, the semisimple part of a 6-dimensional Frobenius
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Lie algebra can only be sl(2,TF), since any other semisimple Lie algebra has too
large dimension. In this case, the 3-dimensional radical is either an irreducible
s[(2,F)-module, or it can be split into the direct sum of a one-dimensional and
a 2-dimensional irreducible submodule. It turns out that only the second case is
possible, therefore, the only nonsolvable Frobenius Lie algebra of dimension 6 is
the Lie algebra aff(2,F) of the group of affine transformations of the plane F2.

Recall the description of the set IV,, of the isomorphism classes of nilpotent
Lie algebras of dimension n < 5 (see [4], [8]). The numeration given here is due
to Dixmier [4]. Every such Lie algebra contains a basis {Y; | i = 1,...,n} the
elements of which commute according to the rule

Vi, Y] = ai;jYiij, (4)

where a;; € {0,1} if ¢ < j and Yj;; = 0 if ¢4+ j > n. Thus, the isomorphism class
of such a Lie algebra is uniquely determined by the set of vanishing a;;’s.

Below we give a complete list of the elements of V,, for n < 5. Following the
notation of an isomorphism class, we list in curly brackets those coefficients a;
which have to be made 0 if we want to define the given class with the commutation
rule (4).

Ny : F;

N, : F?,

N3 : T3 {}, F* {arz};

Ny :Ty{}, T3 @ F{as or ars}, F* {a12, a13};

N5 contains the decomposable Lie algebras T'y @ F, I's @ F2, F® and the
indecomposable Lie algebras F571 {alg,alg}, F572 {alg,a23}, F573 {alg} or {alg},
I's4{a1a}, Ts5{azs}, 56 =T5{}.

By Proposition 2.4, if n is the nilradical of the 6-dimensional Frobenius Lie
algebra g, then it satisfies

indn =6 — dimn. (5)

Among the nilpotent Lie algebras of dimension < 5, the following six Lie algebras
satisfy condition (5):

F? T4, I3 ®F, 51, [53, [s6. (6)

Case 1: n = 3. Since the nilradical of a solvable Lie algebra is the inter-
section of the kernels of its roots, in our case, g has 3 linearly independent roots,
say A1, Az, A3. Choose an element X € g such that the numbers A\;(X), Ao(X),

A3(X) are different, and denote by Y; the (unique up to a scalar multiplier) eigen-
vector of the operator ad X corresponding to the eigenvalue \;(X). It is clear that
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{Y1,Y>,Y3} is a basis of the nilradical. Since [g,g] C n and [n,n] = 0, we have

(X, [X, Y]] = [[X, X],Vi] + [X, [X, Vi) = M(X)[X,Yi] i=1,2,3, (7)

showing that the vectors Y; are eigenvectors for the operator ad X for any X € g.
Now choose linearly independent vectors { X1, X4, X4} in a subspace complemen-
tary to n such that \;(X}) = d;; for 1 <4, j <3, (where §;; is the Kronecker ),
then set X' = X| + X, + X} and X; = X] — [X',X]], (: = 1,2,3). Since
[X',Y;] = Y;, ad X'|, = id, and the vectors X;,Y; obey the following commuta-
tion rules:

[Yi> YJ] =0;

(X3, V5] = Xj(X0)Y; = X(X] = (X7, XG])Y) = N (X()Y) = 045V 5

[Xi, X;] = [X] — [X', X{], X — [ X', XG]]

= [Xz(aXl'] - [[X/vXI]vX]/'] - [lev [X/vXI]]

J i J
= [X}, Xj] — ad X'([X], X]]) = 0.
This implies that g is the direct sum of three copies of the Lie algebra aff(1,F),
ie.

g = aff(1,F) @ aff(1, F) ® aff(1, F). (8)

Case 2: n 2 T'y. We have the following chain of characteristic ideals in the
Lie algebra T'y:
Ty 30 [0, Ta] >3 (9)

where 3 is the center of I'y, 3 is the centralizer of the commutator algebra [T'g,T'4].
It is easy to check that if we denote by « and ( the roots of the Lie algebra g
induced on the 1-dimensional g-modules I'y/3 and 3/[I'4,T'4], respectively, then
the 1-dimensional g-modules [I'4,T'4]/3 and 3 induce the roots o + 8 and 2« + 3,
respectively. Since the nilradical of g has codimension 2, a and [ are linearly
independent. Thus, one can find an element X € g such that o(X) = 1 and
B(X) = 2. The restriction of the operator ad X onto the kernel of « has eigen-
values 0, 1, 2, 3, 4. Let X/, Y1, Y5, Y3,Yy be the eigenvectors corresponding to
these eigenvalues. The commutator [Y;,Y]] is either 0 or an eigenvector of ad X
with eigenvalue i + j, therefore

[Y Y] _ a;jYip; if (4,7) = (1,3) or (1,2), (10)
v 0 otherwise.
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Since the commutator algebra [['4,T4] is 2-dimensional, the coefficients a2 and
a3 are different from zero, therefore, by a suitable choice of the eigenvectors Y7,
Ya, Y3, Y4 they will be equal to 1. If we choose a basis { X1, X2} in the linear hull
of the vectors X and X’ such that a(X;) = 8(X3) =1 and a(Xs) = 8(X;) =0,
then the commutation table of g with respect to the basis { X1, X5,Y7, Y5, Y3, Y4}
takes the form

LI X1 | Xo | Y1 | Yo |Y3| Y]
X, 0 |0 ] v |o0]Ys| 2y,
X5 0 0 0 Yo | Y3 | Yy
Y. v | 0] 0 |vs|va| 0
Y5 0 Y, | -Y;| 0|0 0
Ys | —vs | —Ys| —valo0] 0] 0
Y4 -2 Y4 - Y4 0 0 0 0

It is not difficult to check that the obtained Lie algebra ®¢; is the Borel
subalgebra of the simple Lie algebra of type Ba.

Case 3: n =2 T's @ F. The Lie algebra n = I's & F has two characteristic
ideals: the 2-dimensional center 3 and the 1-dimensional commutator subalgebra
[n,n]. Let o, as be the roots of g induced on the g-module n/3 and § be the
root induced on the g-module 3/[n,n]. Then the 1-dimensional g-module [n,n]
induces the root a1 + as. The geometric picture of the roots is an invariant of the
isomorphism class of g, therefore, we have to consider all possible arrangements of
the roots aq, g, § satisfying the condition that they span a 2-dimensional linear
space.

Case 3.1: Assume that a; and asp are linearly independent. Then the pair of
numbers {\, u} for which 8 = Aay + pas is an invariant of the isomorphism class
of g.

Case 3.1.1: Suppose that 8 ¢ {0, a1, a2,a1 + az}. Under this assumption,
we can choose X € g such that the numbers 0, a1 (X), aa(X), a1(X) + a2 (X) are
different eigenvalues of the restriction of the operator ad X onto the kernel of
ay. Let X', Yy, Ya, Y3, Yy be the corresponding (unique up to scalar multiplier)
eigenvectors of the restricted operator. Since [X, X’'] = 0, Y7, Ya, Y3, Yy are
eigenvectors of the operator ad X’ as well. Y3 spans [n,n], while Y3 and Y, span
the center 3. This means that the only nonzero Lie bracket of the form [Y;, Y]],
i < jis [Y1,Y2] which gives Y3 if we choose a suitable normalization of the
eigenvector Y3. Let X; and X, be the linear combinations of the vectors X, X'
characterized by the equations «;(X;) = d;5, 1 <, j < 2. Then the commutation
table of the Lie algebra g with respect to the basis {X;, Xo, Y7, Y5, Y3, Y,} takes
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the form
L] Xa Xo Yi | Yo |YV3| V)
Xy 0 0 Y1 | 0 | Y3 |AY,
X5 0 0 0 |Yy | Y3 | uYy
Y | Y 0 0 [Ys5] 0 0
Yo 0 =Y, |-Y3| 0| O 0
Y3 || =Y | -Y3 0 010 0
Yy || =AYy | —uYy | O 010 0

Let us denote the isomorphism class of the Lie algebra given by this table of
commutators by ®¢o{\, u} = ®s2{y, A}. Computing the Pfaffian of ®g2{\, i}
we can see that @ o{A, u} is a Frobenius Lie algebra if and only if A # p.

Case 3.1.2: 8 = a3 + ay. Choose a basis {Y3,Y4} in 3 such that Y3 spans
[n,n]. With respect to this basis, the representation of g on 3 corresponds to the
matrix representation

s (a1+0[2)(X) 0
X ( (x) <a1+a2><x>>’ ()

where 6 is a linear form on g, the kernel of which contains n, consequently, 6§ =
pniaq + peas for some py, ps € F. Since §(X) = 0 if and only if the operator
ad X|; is semisimple, the pair of ratios {{p1 : po},{n2 : pi}} is an invariant
of the isomorphism class of g. Choose an element X € g for which ay(X) = 1,
as(X) =2, and let X', Y7, Y5 be the eigenvectors of the restriction of the operator
ad X onto the kernel of a;. Then Y; and Y3 are eigenvectors of the operator ad X’
as well, and the only nonzero commutator of the form [Y;,Y;] is [Y7,Ys], which
is equal to Y3 under a suitable normalization of the vectors Y;. Defining X7, X5
just as in the case 3.1.1, we see, that the commutation table of g with respect to
the basis {X1, X3, Y7, Y2, Y3, Y4} is the following:

[,] X5 Xo Yi | Yo | Y3 Y,
X1 0 0 Y1 | 0| Y3 | Y+ Y3
X2 0 0 0 ng Y3 Y4 + ,LLQYg
Yi -Y; 0 0 Y5 0 0
Y5 0 Y, -Y; | 0] 0 0
Ys -Y3 Y3 0 010 0
Yo || -Yy—puYs | =Yy —pYs| 0 | 0] 0 0

Let ®g 3{p1 : po} be the isomorphism class of the Lie algebra given by this
table. This class depends only on the ratio between the numbers p; and pg
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since replacing the basis vector Yy with A\Yy (0 # A € F) the commutation table
preserves its form, but p1 and puo change for Ay and Ao respectively. Computing
the commutation table of ®¢ 3{p1 : ua} with respect to the basis (Xo, X1, Y2, Y7,
—Y3, —Y,) we see immediately that ®g 3{p1 : po} = Pg s{pe : 1} P a{pr : pat
is a Frobenius Lie algebra if and only if (u1 : u2) # (1: 1).

Case 3.1.3: 8 = a3. This case can be treated in the same manner as the pre-
vious one. Beside Lie algebras of the type ®¢2{1,0}, we obtain a one-parameter
family of Frobenius Lie algebras parameterized by the ratio between two num-
bers, that is, by a point of the projective line. Elements of this family will be
denoted by ®g 4(p1 : p12). With respect to a suitable basis, they can be given by
the commutation table

[, ] X1 Xo Y, Yo | V3| Y,
X1 0 0 Yi+wYs| 0| Y3 | Y,
X2 0 0 M2Y4 }/2 Yg 0
Yi || Y1 — Yy | —paYy 0 Y| 0|0
Y5 0 -Y, -Y3 01010
Ys Y, Y, 0 010]0
Yy -Y, 0 0 0]010

Case 3.1.4. Finally, we show that 3 = 0 is not possible. Indeed, 8 = 0 would
imply that the action of the commutative Lie algebra g/n on the center 3 of the
nilradical would be diagonalizable, since then the weights a; + as and 5 = 0 of
this representation would be different. However, in that case, the one-dimensional
submodule corresponding to the weight 5 = 0 would lie in the center of the Lie
algebra g contradicting the fact that Frobenius Lie algebras have trivial center.

Case 3.2. When a; and as are proportional, a; + a2 and § must be linearly
independent. In this case we can find a pair of numbers {a,1 — a}, such that
a1 = alag +az) and as = (1 —a)(a1 + az), and it is clear that the pair {a,1—a}
is an invariant of the isomorphism class of the Lie algebra g.

Case 3.2.1: Suppose that a is not in the set {0,1/2,1}. Then there is an
element X € g such that the eigenvalues of the restriction of ad X onto the kernel
of @y + ag, that is the numbers 0, a1 (X), az(X), B(X) and a1(X) + az(X) are
distinct. Let X', Y7, Y5, Y3, Yy be the eigenvectors of ad X corresponding to
these eigenvalues. Then Y7, Y3, Y3, Yy are also eigenvectors of the operator ad X'.
Since Y3 spans [n,n], the only non-zero commutator of the form [Y;,Yj], i < j is
[Y1,Y3], which equals Y3 if the vectors are normalized properly. Let X; and Xo
be those linear combinations of X and X', for which (a1 + a2)(X1) = 6(X2) =1
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and (a1 + a2)(Xs2) = B(X;1) = 0. Then the commutation table of g with respect
to the basis X1, X5, Y7, Y5, Y3, Y, has the following form

[, ] X1 Xo | 1S Y5 Y3 | Y,
X4 0 0 aYy | (1—a)Ya | Y3 | O
X9 0 0 0 0 0|Ysy
v, | —an 0] o Y3 0]o (12)
Y | (a—1)Ys| 0 | Vs 0 00
Y; Y3 0 0 0 010
Y, 0 -Yy 0 0 0] 0

This shows that g = ®41(a) @ aff(1,F).

Case 3.2.2: @ = 0. Choose X € g such that (o3 + a2)(X) =1, 8(X) = 2,
and let ker(ay + a2) = ap @ a1 @ az be the decomposition of the kernel of ag + as
into generalized eigensubspaces of the operator ad X, i.e.

a, ={Y € g (ad X — aidy)¥™eY = 0}.

Choose linearly independent vectors X' Y] € ag; Y2,Y3 € a; and Y; € ay in such
a way that 3(X') =1; Y1 € apNn; Y3 € [myn] C a;. Y3 and Yy belong to the
center of the nilradical, therefore [Y7,Ys] # 0, consequently, Y3 can be chosen to
be [Y7,Y2]. The first two rows of the commutation table of g with respect to the
basis X, X', Y1, Ys, Y3, Y, has the form

[,] X X | Y, Ys | Yy
X 0 /L}/l 0 Y2 + pY3 Y3 2Y4 )
X ! - /,LYl 0 0 p/Yg 0 Y4

where p, p, p’ € F.

The Jacobi identity for the triple X, X’ Y5 yields pu = 0 immediately. If we
set X1 =X —2X'—(p—2p)Y; and X5 = X’ — p'Y7, then the commutation table
of g with respect to the basis X7, Xa, Y1, Y2, Y3, Yy will get the form (12) with
a = 0, thus g is isomorphic to ®4;(0) & aff(1,F).

Case 3.2.3: Assume a = 1/2. In this case, the representation of g on the
factor space n/3 with respect to the basis Y7, Y5 has the form

o [@X) e+ a2)(X) + paf(X)
0 al(X) '
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Just as in case 3.1.2, the ratio (p : pe) is an invariant of the isomorphism class
of g. Using the same methods as in the previous cases the commutation table of g

can be brought to the form

[,] X1 Xo Y1 Yo | Y3 |Y,
X1 0 0 Wi+mYe | 1Ya | Y3 | 0
X 0 0 waYo 0 0|Y,
Vi || =3V — mYs | —paYo 0 Y3 | 0] 0
Ys —1Y, 0 Vs 0 10]0
Y3 -Y; 0 0 0 0] 0
Y, 0 -Y, 0 0 0] 0

Denote by ®g 5(p1 : pi2) the isomorphism class of this Lie algebra.

D 5(u1 = pi2) cannot be decomposed into a direct sum of smaller dimensional
Lie algebras except for ®¢5(1 : 0) = ®4o @ aff(1,F) and $65(0 : 0) which is
isomorphic to ®4,1(1/2) & aff(1,F).

Case 4: n =15 6. We have the following chain of characteristic ideals in n

n > 3.(n®) > n? = [n,n] > nd = [n,0? >,

where 3,(n?) is the centralizer of n® in n. If the root induced on the 1-dimensional
g-module n/3,(n3) is \, then the roots induced on the 1-dimensional factors of the
consecutive ideals of this chain are A, 2, 3\, 4\, 5 respectively. g is a Frobenius
Lie algebra if and only if A # 0. Choose X € g such that A(X) = 1 and let
Y1,Y5,Y3, Y4, Y5 € n be eigenvectors of the operator ad X, for which [X,Y;] = iY;.
Choosing a suitable normalization of these vectors the commutation table of g
with respect to the basis X, Y7, Ys, Y3, Yy, Y5 will have the form

L] X Yi | Yo | Y3 | Y, | Y5
X[ 0 | vi |2, |3Ys |4y, | 5Y:
Yi | 1 0 Y3 | Yy | Y5
Y, | =2, | —Vs| 0 | Vs
Ys | —3Ys | =Y, | =5 | 0
Y, || —4Yy | -Y5 0 0
Y; || —5Y5 0 0 0

oo o O
[} Nl Nl Nev) Han

consequently, the case n = I's s corresponds to a unique isomorphism class of
Frobenius Lie algebras which we denote by ®g 6.
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Case 5: n =1I'5 3. The nilradical n has the following characteristic ideals
2 ~ 2
n > 3,(n%) > 30> n° >y,

where 3 = {X € n | [X,n] C 3n}. Denote by A the root of g induced on the
1-dimensional g-module 3,. Let a\ (a € F) be the root of g induced on the factor
n/3n(n?). Tt can be shown that in this case the roots induced on the factors
3n(n?)/3, 3/n% and n?/3, are (1 — 2a)A, 2a\ and (1 — a)\ respectively. It is clear
that a € F is an invariant of the isomorphism class of g.

Case 5.1: a ¢ {0,1,1/2,1/3,1/4}. In this case, if X € g is an element with
A(X) = 1, then the eigenvalues of the operator ad X are distinct. Let Y7, Yo,
Y3, Yy, Y5 be the eigenvectors of ad X corresponding to the eigenvalues a, 2a,
1 —2a, 1 — a, 1 respectively. Renormalizing these eigenvectors if necessary, the
commutator table will be the following:

[,] X Yi | Y Y3 Y, Y5
X 0 aYy [ 2aYs | (1—=2a)Y5 | (1—a)Yy | Y5
Y; —aYy 0 0 Yy Ys 0
Y —2aY, 0ol o0 Y 0 0
Vs | —(1—2a)Ys | Y| Y5 0 0 0
Yol —Q—a)Y, | —v5| 0 0 0 0
Ys -Y5 0 0 0 0 0

Denote the obtained one-parameter family of Frobenius Lie algebras by ®¢ 7(a)
(a € F).

Case 5.2: a = 0. Let n = a; +as be the splitting of the nilradical into the sum
of generalized eigenspaces of ad X. Choose a basis Y7,Y5 € ag; Y5,Y4, Y5 € a1 in
such a way that Y5 € aqg N3, Y4 € n2, Y5 € 1. Then the commutation table with
respect to this basis must have the form

LI X | Y | Y, Y3 Y, Y5
X |0 |aYs | 0 | Y3+ 8Yy+~Ys | Yi+0Y5 | Vs
Y1 || = 0 0 CYy +nYs 0Y5 0
Yo || % * 0 LY5 0 0
Y3 || % * * 0 0 0
Y, || * * * * 0 0
Ys || % * * * * 0

Since g is Frobenius, ¢ and 6 are different from 0, therefore, we may assume that
¢ = 6 = 1. Subtracting suitable multiples of Y5 from X, Y7 and that of Y7 from X
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we can eliminate the coefficients 7, 7 and J. ¢ is not zero, since dimn? = 2, thus
we can assume ¢ = 1. With these simplifications only two parameters remain, «
and (. They are not independent as the Jacobi identity for the triple X, Y7, Y3
implies a + 8 = 0.

If « = 8 =0, i.e. if the action of g on n/n? is diagonalizable, then g belongs
to the class ®g7(0). When o« = —f # 0, then o can be made equal to 1 by a
renormalization of the basis Y7,...,Y5 and the isomorphism class of g, which we
denote by ®¢ g, is given by the following commutation table:

[, ] X Y1 | Vo Y3 Yi| Y5
X 0 Yo | 0 |Ya—VY,|Ys|Ys
v, | Y 0| o Y, |Ys5] 0
Yy 0 0] o Ys 0o
Y3 || Yy—Ys | —Yy | —Y5 0 010
v, —vi |—v;5| o 0 00
Ys || —Ys 0] o 0 0o

Case 5.3. If a = 1, then the restriction of the operator ad X onto n has
eigenvalues 1,2, —1,0,1 and we can choose a basis Y7,...,Y5 in n in such a way
that Y3, Y3 and Y, are eigenvectors of the operator ad X with eigenvalues 2, —1
and 0 respectively, while Y7 and Y5 € 3, generate the generalized eigensubspace
of ad X corresponding to the eigenvalue 1. If the operator ad X is diagonalizable,
then g belongs to the class ®¢7(1), and this can always be achieved by adding
a multiple of Y; to X. Indeed, Y; commutes with the vectors Y5, Y3, Y5 and
[Y1,Ys] = aY¥; with a nonzero «, while the commutator [X,Y;] has the form
Y1 4+ 0Y5, consequently, if X is replaced by X + §Y47 then 8 will be cancelled,
while the remaining commutation relations do not change.

Case 5.4. An analogous argument shows that if a = % and A(X) = 1, then
the set X +n={X' € g| A(X') = 1} contains an element X’ with diagonalizable
ad X’ and using this element one can prove that g belongs to the class ®¢7(3).

Cases 5.5, 5.6. When a is equal to % or i, then it may happen that the set
{ad X | X € g, A(X) = 1} does not contain any diagonalizable element. These
cases yield two isomorphism classes ®¢ 9 and ®¢ 19 of Frobenius Lie algebras which
can be defined by the following commutation tables with respect to a suitable

basis:
[, ] X Y1 Y, Y | Yy | Y5
Poo: | X 0 Y14Ys | 2Yo 4 Y, | 3Ys | 2V, | Y5
Vi || -ivi-Y; 0 0 Vi | Y5 |0
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[, ] X i | Y V5|V |Ys
Yo | =2Yo—Y,| O | O |Y5| 0|0
¢)6,9 : Ys *%YE; -Y,|-Y5| 0 0 0
Y, -2y, |=Ys| 0 |0 [0 |0
Ys —Ys 0| 0 |l0|O]O
[, ] X i | ¥ Y3 Yy | Y5
X 0 V1| 3Ye | Y3+ Ys | 3Vy | V5
Y1 -7 0 | 0 Y, Ys | 0
Ps10: | Yo —1Y, 0| 0 Ys 0|0
Y || —3Y3—Ya | =Yy | Y5 0 0 10
Yy -3y, |-Ys| O 0 0|0
Y5 ~Y; 0 | 0 0 0|0

Case 6: n =1I'5 ;. The structure of the nilradical n can be described in the
following way. n has a 1-dimensional center 3 and if we fix a basis vector Y3 of 3,
then there is a skew symmetric bilinear form (, ) on n such that the Lie bracket
on n has the form

Y. Y] = (¥, Y')Ys.
The kernel of the form (, ) is the center of n. Denote by A the root of g induced

on the g-module 3.

Lemma 4.1. There is an element X € g such that n can be decomposed
into the direct sum of ad X -invariant subspaces V and j3.

PROOF. Fix a decomposition n = V @ 3 and an element X € g having the
property A(X) = 1. The action of the operator ad X on V is described by the

formula
ad X (v) = v @ ¢(v)Ys,

where v,v" € V and ¢ € V*. Since (, ) is nondegenerate on V, there is an
element vy € V for which (vg,v) = ¢(v) for all v € V. Setting X = X — vy we
have A(X)=1and ad X(V) C V. O

Let X and V be chosen as in Lemma 4.1. Denote by V¢ the generalized
eigensubspace of the operator ad X |y corresponding to the number £ € F. Then
Ve and V;, are orthogonal with respect to (, ) if £ + 7 # 1, while (, ) is a non-
degenerate pairing on the pairs V¢, V1_¢. Thus, we have the following possibilities:

Case 6.1. V=VeaV,&Vi_¢ & Vi_,, where E £ m; Em# L E#£1 -
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Case 6.2. V=V Vi_¢® Vi, where € # % and dim Vi=2

Case 6.3. V = Ve @ Vi_¢, where £ # % and dim Ve = dim Vi_¢ = 2;

Case 6.4. V = V%.

In those cases, when ad X is diagonalizable, e.g. in case 6.1, g belongs to the
2-parameter family of Frobenius Lie algebras ®¢ 11{¢,n} defined by the commu-
tation table

[, ] X i | Y Y3 Yy Y5
X 0 i [ nYs | (L—n)Ys | (1-§Ys | Y5
Y, ey, 0] 0 0 Y 0
Yo | =Y, 0| o Y 0 0
Y [ —(—n)Ys| 0 |-, 0 0 0
Yo | —(1_6Y:| V5| 0 0 0 0
Ys -Ys 0 0 0 0 0

Lie algebras belonging to case 6.2 with non-diagonalizable ad X form a 1-
parameter family ®¢12(§) of Frobenius Lie algebras given by the commutation
table

[’ } X Yl Y2 Y3 Y4 Y5
X 0 Y1 | 3Yo+ Vs | 3Ys | (1—&)Yy | Y5
Y1 —£Y1 0 0 0 Y; 0
Yy || —3Ya—Ys | O 0 Ys 0 0
Ys | —LYs | 0 | —v: | 0 0 |0
Y, | —0-6va| —¥s| o0 0 0 0
Ys Y5 0 0 0 0 0

Consider case 6.3 assuming that ad X is not diagonalizable say on V¢. Then
there is a basis {Y7,Y2} in V¢ such that [X,Y5] = £Ys, [X, V1] = £Y7 + Ya. Let
Yy € Vi_¢ be an eigenvector of ad X. Then Y5 and Y, commute. Indeed,

[Ylv Yﬁd - [X7 [Y17Y4H - HXv Yl]a }/21] + [Yh [Xa }/21]]
= [V + Yo, Y] + V1, (1 — OYa] = Y1, Ya] + [Y2, Y.
Thus, Vi_¢ contains a basis {Y3,Y,} such that [X,Yi] = (1 — &)Ya, [Y1,Y4] =

[Y2,Y3] = Y5, [Y1,Y5] = [Ya,Yy] = 0, and then [X,Y3] = (1 — §)Y3 + aYy. The
following computation shows that o must be —1.

0= [Yl’Y?)] = [X7 [Y1>Y3]] = [[X,Y1]7Y3] + [Yl’ [X7Y3”
=[Y1,1-¢Ys+aYy =(1+a)Ys.
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Thus, case 6.3 with nondiagonalizable ad X yields a one-parameter family ®g 13(&)
of Frobenius Lie algebras.

In case 6.4, choose a basis Fq, Fo, F3, F4inV = V% in which the operator
ad X |y has Jordan normal form. Corresponding to the possible sizes of the Jordan
cells, we have five subcases (4,3+1,2+2,24+14+1,1+1+1+1).

Case 6.4.1. If the Jordan normal form of ad X is one single Jordan cell,
then [X, E;] = 1E; + E;y for i = 1,2,3 and [X, E4] = 1E,. Since [E;, E;] is a
multiple of Y5, we have [X, [E;, Ej]] = [E;, E;]. Thus, Jacobi identities for the
triples {X, E;, E; } reduce to

[E1, B3] = [Ea, B3] + [F1, E4] = [E2, E4] = [E3, E4] = 0.

Set [Eq, Es] = aYs and [Es, Es] = 8Ys. It is clear that 8 # 0, and we can define
a new basis Y7,...,Y, in V by

Vi (B V=alBE): o= (Bat V/=afBEs):

Y3 = L (Es + —a/ﬁEzL) ;o Yy = —%Em

VB B
The commutation table of the basis vectors X, Y7,..., Y5 is equal to
[, ] X Y, Y, Y3 Yy | Y5
X 0 Wi+Ys | iYo4Ys | 1Y3 -V, | 1Y, | V5
Y1 —%Yl —-Y; 0 0 0 Ys | O
Y —%Yg -Y; 0 0 Ys 0 0
Ys3 —%Yg +Y, 0 -Y; 0 0 0
Y, f%Y4 -Y; 0 0 0 0
Ys -Ys 0 0 0 0 0

The isomorphism class of this Lie algebra is denoted by ®¢ 14.

Case 6.4.2. If the Jordan normal form of ad X|y has Jordan blocks of sizes
3x3and 1x 1, then [X,E;] = %El + E;iyq for i = 1,2, and [X, E;] = %EZ for
i = 3,4. Applying the Jacobi identity for the triples {X, E;, E;} as in the previous
subcase we obtain [Eq, E3] = [Eq, E3] = [E2, E4] = [Es, E4] = 0, however, this
is impossible, since maximal isotropic subspaces of V' with respect to (, ) have
dimension two, while Es, F3, F4 span an isotropic subspace.

Case 6.4.3. If the Jordan normal form of ad X|y has two 2 x 2 Jordan
blocks, then [X, E;] = %El + Eiyq for i = 1,3, and [X, E;] = %El for i = 2,4
and the Jacobi identity for the triples {X, E;, E;} yields [Ea, E3] + [E1, Ey] =
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[Ea, E4] = 0. If the commutator [[X,Y],Y] is identically equal to 0 for X € g
and Y € n, then, similarly to case 6.3, we can show that the Lie algebra belongs
to the class ®¢13(5). On the other hand, if [[X,Y],Y] is not identically 0 for
(X,Y) € g x n, then the vectors Ej,..., F4 can be chosen also in such a way
that [El,EQ] = Yt;, = [E37E4] and [El,Eg] = [E17E4] = [EQ,E3] = [EQ,E;J = 0.
Thus, we obtain a unique isomorphism class ®¢ 15 whose commutation table with
respect to the basis {X,Y; = E1,Ys = F5,Y5 = E4, Yy = Eo, Y5} is the following

[, ] X Y, Y; Y; | Yy | Y5
X 0 IYV1+Yy | 4Yo4Ys | 2Ys | 1Y, | Y5
Vi || -1 —-Y, 0 0 0 | Y5 |0
Yy || 1Y, — Y, 0 0 Ys | 0 |0
Y3 —1Y3 0 -Y; 0| 0|0
Y, -1Y, —-Ys 0 0 0|0
Ys -Ys 0 0 0 0 |0

Case 6.5.4. If [X,E1] = 3E1 + E» and [X, E;] = $E; for i = 2,3,4, then
[Es, B3] = [Es, E4] = 0 follows from the Jacobi identity for {X, E;, E;}. Conse-
quently, [E1, Fs] # 0, thus, subtracting suitable multiples of E from E3 and E,
we may assume that [Ey, E3] = [E1, E4] = 0. Then repeating the ideas used in
case 6.3 we can show that g belongs to @6’12(%).

Case 6.5.5. Finally, if ad X |y is diagonalizable, then g is in ®611{3, 3 }-

This completes the classification of solvable 6-dimensional Frobenius Lie al-
gebras.

Assume that g is a non-solvable Frobenius Lie algebra with Levi-Malcev
decomposition g = t x 5, where t is the radical of g, s is the semisimple part.
Since s # 0 is a semisimple Lie algebra of dimension less than 6, s = s[(2,F). Tt
is known that finite dimensional s-modules are completely reducible, and that up
to isomorphism, there is a unique irreducible sl(2, F)-module V™ of dimension n
for any n € N. Consider the s-module t.

The representation of s on t cannot be trivial, because in that case we would
have g =t x s and indg =indt+inds > 0.

On the other hand, v must contain a 1-dimensional s-submodule, otherwise
we would have

g,8] D[s,50 V3] =[5,8] +[s5,V3] =5+ V3 =g,
since [s,5] = s and sV™ = V™ for n > 1, and this would contradict Corollary 2.1.

We conclude that t = V1 @ V? as an s-module. Then [g,g] = s + V2,
[t,t] C tNlg, g] = V2. Since [t, t] is an s-submodule in V2 and [t, t] # 0 (otherwise g
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were not Frobenius), therefore, [r,t] = V2. [V2 V?] is also an s-submodule of V2
and [V2,V?2] # V2, consequently V? is commutative.

V! acts on V2 and its action commutes with that of s, thus, by Schur’s
lemma, V! acts by scalar multiplications.

This information determines the Lie algebra structure of g uniquely up to iso-
morphism, so there is only one non-solvable Frobenius Lie algebra of dimension 6,
aff(2,TF), the Lie algebra of the group of affine transformations of the plane.

5. Summary

In the tables below we describe Lie algebras by listing the nonzero elements
above the diagonal of their commutation tables with respect to an ordered basis.
In the four-dimensional case, basis vectors are denoted by X7, Xo, X3, X,. In
the 6-dimensional case, we use bases of the form Xi,...,X,,, Y1,...,Y5_,, and
when m = 1, X; is denoted by X.

We proved the following two classification theorems.

Theorem 5.1. Isomorphism classes of Frobenius Lie algebras of dimension 4
over a field of characteristic # 2 are listed in the following table.

@’ (X1, X4] = [X2, X3] = = X1, [Xo, X4] = —X5/2,
[X37X4} = —X3/2.

CI)H(A), AeF [X17X4} = [XQ,XS} =—-X, [X27X4] = —X3,
[X3,X4} =—-X3+ AXs.

CI)”I(E), 0 75 cel [X17X3} = [XQ,X;d =—-X, [X17X4] =eXo,
[X27X3} = —Xs.

D" (1) 2 ®"'(e5) if and only if the quotient €1 /e5 is the square of an element of
IF, any other pairs of Lie algebras of the table are non-isomorphic. The only de-
composable 4-dimensional Frobenius Lie algebra aff(1,F) @ aff(1,F) is isomorphic
to ®"'(-1).

Theorem 5.2. Isomorphism classes of non-decomposable Frobenius Lie al-
gebras of dimension 6 over an algebraically closed field F of characteristic O are
listed in the following table.

[X1,Y1] = Y1, [X1,Y3] = Y3, [ Xy, Yy = 2V,
CI>6,1 [XQ,Yz] =Y, [XZaYS] =Y, [X27Y4} =Y,
[Y1,Ys] = Y3, [V1,Y3] =Y,
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6 2{&, 0} (X1, V1] =Y, [X1,Y3] = Y3, [X,,Y)y] = £Y),
§#n (X2, 3] = Yz, [X2,Y3] = Y3, [Xo, Ya] = nYy,
V1,Ya] = Va.
Q6316 : 0} (X1, V1] = Y1, [X1, V3] = Y3, [X41,Ya] = Yy + Y3,
(E:m) # (1:1) | [Xo, Y] =Ya, [Xo,Y3] = Y3, [Xo,Ys] = Yy +nY5,
[Y1,Y5] = Y3.
D6.4(€ 1) (X1, V1] = Y1 + &Yy, [X1,Y3] = Y3, [X1, V4] =Yy,
(§:m) #(0:0) | [Xo,Y1] =Yy, [Xo, Vo] = Yo, [Xo, V3] = V3,
[Y1,Y5] = V3.
Pe,5(& ) (X1, V1] =Y1/2+&Ys, [X1, Yo] = Y2 /2, [ X4, V5] = V53,
n#0 (X2, V1] = nYa, [Xo,Ya] = Yy, [V1,Y5] = V5.
(X, V1] = Y1, [X,Ya] = 2Y3, [X, V3] = 3Y3,
P 6 [X,Ya] = 4Yy, [X, V5] = 5Y5, [V1,Yo] = V3,
[V1,Y3] =Yy, [Y1,Ya] = Y5, [Ya, Y3] = V5.
(X, V1] = Y1, [X, Yo] = 28Y5, [X, V3] = (1 — 20)Y3,
D6,7() (X, Y] = (1 =&)Yy, [X,Y5] =5, [Y1,Y3] =Yy,
[Y1,Yy] = [Yo,Y5] = V5.
D 3 (X, V1] =Y, [X,Y3] =Y3 Yy, [X,Y)] =Y,
[X,Y5] = Y5, [V1,Y3] =Yy, [Y1,V)] = [Yo, V3] = V5.
(X, V1] =Y1/3+ Y3, [X,Y2] =2Y2/3 + Y4,
P 9 (X, Y] = Y3/3, [X,Ya] = 2Y4/3, [X,Y5] = V5,
[Y1,Y3] =Yy, [V1,Y4] = [Y2,Y3] = V5.
(X, V1] =Y1/4, [X,Ya] = Y2 /2, [X, V3] = Y3/2 + Y53,
D610 [X,Ya] =3Ya/4, [X,Y5] = Y5, [V1,Y3] = Y],
[Y1,Yy] = [Ys,Y3] = V5.
®6,11{¢, 1} (X, V1] = fyl, (X, Yo] = nYs, [X,Y3] = (1 —n)Ys,
(X, Vi) = (1 =Yy, [X,Y5] = [V1,Y4] = [V, V3] = V5.
P6,12(£) (X, Y] = fyl (X, Ys] = Ya/2 4+ V3, [X, V3] = Y3/2,
=P 12(1 &) | [X,Yy] = (1 &Yy, [X, V5] = [V1,Y4] = [Y,Y3] = V5.
P6,13(£) (X, V1] = &Y1 + Yo, [X, Ya] = £Y5,
2 d613(1 &) | [X, V3] = (1-8)Ys — Yy, [X,Va] = (1 - )Y,
(X, Y5] = [V1,Yy] = [Ya,Y3] = V5.
(XY =Y1/2+Y,, [X,Y2] =Y5/24 Y5,
6,14 (X, Y3] =Y3/2 = Y4,[X, Ya] = Ya/2,
(X, Y5] = [V1,Yy] = [Y2,Y3] = V5.
(X, V1] =Y1/2+Y,, [X,Y2] =Y5/2+ Y5,
g 15 [(X,Y3] =Y3/2, [X,Yy] =Y,/2,
(X, Y5] = [V1,Yy] = [Ya,Y3] = V5.
aff(2, F)

449
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When the parameters £,n € F are separated by a colon, the isomorphism class
does not change if both parameters are multiplied by a non-zero number. We
put curly brackets around the parameters when the isomorphism class does not
depend on the order of them. ®¢11{§,n} depends only on the set {£,1—&,n,1—n}.
Except for these isomorphisms, the isomorphism classes of the table are pairwise
distinct.

Remark 5.3. Irreducible almost algebraic Frobenius Lie algebras were de-
noted by Lg 1, Lg,2(a1,az2), Les(a), L¢.a and Lg 5 in the list of A. G. Elashvili in
[7]. These Lie algebras are isomorphic to the following Lie algebras of our list:
Le1 = aff(2,F), Lg2(ar,az) = Pe11(a1,a2), Leaz(a) = s r(a), Lea = g6 and
Ls5 = ®g1. (The commutation table of Lg 3(a) contains some misprints in [7].)
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