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On the resolution of equations Axn − Byn = C in integers x, y
and n ≥ 3, I

By K. GYŐRY (Debrecen) and Á. PINTÉR (Debrecen)

Abstract. In our paper we initiate a systematic treatment for solving the title

equation for bounded positive integer coefficients A, B and C. To illustrate our approach

we explicitly solve the equation in integers x, y and n with |xy| > 1, n ≥ 3 for a collection

of coefficients A, B, C. We first derive, for concrete values of A, B, C ≤ 100, a relatively

small upper bound for n, provided that the equation under consideration has no solution

with |xy| ≤ 1 (cf. Theorem 1). Then we give among others all the solutions (x, y, n)

for C = 1, A, B ≤ 20 (cf. Theorem 3), and for A = C = 1, B ≤ 70 (cf. Theorem 4).

Our method, which may, with some effort, be extended to larger values of A, B and C,

combines a wide variety of techniques, classical and modern, in Diophantine analysis.

1. Introduction

Many problems in number theory can be reduced to Diophantine equations
of the form

|Axn −Byn| = C, (1)

where A,B and C are positive integers with

1 ≤ A < B and gcd(A,B) = 1, (2)

x, y are unknown integers and n ≥ 3 is either fixed or also unknown; see e.g.
[18], [22], [2], [14], [3], [5], [12], [6] and the references given there. As is known,
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for fixed n equation (1) possesses at most finitely many solutions in integers
(x, y), and these are explicitly bounded in size; cf. [25] and [1]. Moreover, in
the case when n is also unknown, Tijdeman [26] showed that max{|x|, |y|, n}
is still effectively bounded for every integer solution (x, y, n) with |xy| > 1 and
n ≥ 3. This effective finiteness result has been extended in [11] to the more
general situation when, for a finite set of primes S, the numbers A, B, C are
unknown S-units rather than fixed, that is all prime factors of A, B and C lie
in S.

In the proofs of [1], [26] and [11] the theory of logarithmic forms was involved.
The upper bounds obtained in [1] and [26] on the solutions have been improved
several times, but even the best known bounds are too large for the resolution of
(1) in concrete cases. To actually compute the solutions several other methods
are also needed.

Equation (1) with unknown n ≥ 3 has been resolved in only a few instances, in
each case with C = 1. Then Bennett [2] showed by means of the hypergeometric
method that for B = A + 1, equation (1) has no solution with |xy| > 1. In [3],
[5] and [20], (1) has been explicitly solved for some choices of the coefficients
(A,B). For certain sets of primes S, all the solutions of equation (1) with S-unit
coefficients A,B have been determined. Namely, if S = {2}, it is a consequence of
work of Darmon and Merel [9] and Ribet [21] on Fermat-type equations that
(1) has no solution with |xy| > 1. For S = {2, 3}, all solutions of (1) are given
in [3]. Recently, this result has been extended in [6] to the case when S = {p, q}
for p and q primes with 2 ≤ p, q ≤ 13;∗ see also [8] where (1) is solved for C = 1,
A = pα, B = qβ with primes p < q ≤ 31.

The proofs in [3], [5], [6], [8] and [20] require a combination of virtually
every technique in modern Diophantine analysis, including local methods, some
classical results in cyclotomic fields, lower bounds for linear forms in logarithms
of algebraic numbers, computational methods for finding the solutions to Thue
equations of small degree, the hypergeometric method, and results on ternary
equations based on Galois representations and modular forms.

The purpose of the present paper is to initiate a systematic treatment of
solving equations of the form (1) with bounded coefficients. Combining the afore-
mentioned methods and techniques with some results of [2], [5], [6], [20] and with
certain new ideas, we solve explicitly a collection of equations (1) in unknown
integers (x, y, n) with n ≥ 3, where A, B, C are bounded positive integers satis-
fying (2).

∗Added in proof : Very recently the present authors have made a further extension to primes p,

q with 2 ≤ p, q < 30.
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The first step in our approach is to give a good upper bound for n whenever
|xy| > 1. The best known estimates for linear forms in two logarithms enable
one to derive, for every integer solution (x, y, n) with |xy| > 1, an explicit upper
bound for n in terms of A, B and C; see Proposition A in Section 2. This bound
is still, however, very large. One of the novelties of our approach is that, for
concrete values of A, B and C, we are able to considerably improve the estimate
so obtained by means of local arguments, provided that

±A 6= C and A 6= C, B 6= C. (3)

This condition excludes the solutions (x, y, n) with |xy| ≤ 1 when n cannot be
bounded. To illustrate our improvement, we prove the following theorem. For
applications, it suffices to consider the case when n is prime.

Theorem 1. Suppose that (2) and (3) hold. For the pairs (M1, n1), (M2, n2)
given in Table 1, and for every integer solution (x, y, n) of (1) with n ≥ 3 prime,

we have

(i) n ≤ n1 if max{A,B, C} ≤ M1

and

(ii) n ≤ n2 if C = 1 and max{A,B} ≤ M2.

M1 n1 M2 n2

100 71 200 79
35 43 100 53
20 37 50 31
10 19 20 19

Table 1

It is worth comparing the pairs (M1, n1), (M2, n2) occurring in our table
with those which are obtainable from Proposition A. We note that following the
method of proof, Table 1 can be extended to larger values of M1 and M2 as well.

Our Theorem 1 together with the results and methods mentioned above
enable us to completely resolve (1) for small positive values of A, B, C. To make
the modular approach even more powerful, we shall use simultaneously the results
of [15] and [7] on ternary equations of signature (n, n, n) and (n, n, 3), respectively
(cf. Proposition B).

Theorem 2. Under the assumptions (2) and max{A,B, C} ≤ 10, all the

integer solutions (x, y, n) to equation (1) with n ≥ 3, |xy| > 1 and with

B ±A 6= C if C ≥ 2 (4)
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are given by

(A,B, C) solutions (x, y), n (A,B,C) solutions (x, y), n
(1, 2, 6) ±(2, 1), 3 (3, 7, 3) ±(4, 3), 3
(1, 2, 8) ±(2, 2), 3 (3, 10, 1) ±(3, 2), 3
(1, 2, 10) ±(2,−1), ±(4, 3), 3 (3, 10, 8) ±(6, 4), 3
(1, 3, 3) ±(3, 2), 3 (4, 5, 8) ±(2, 2), 3
(1, 3, 5) ±(2, 1), 3 (5, 6, 8) ±(2, 2), 3
(1, 3, 10) ±(13, 9), 3 (6, 7, 8) ±(2, 2), 3
(1, 4, 4) ±(2, 1), 3 (7, 8, 8) ±(2, 2), 3
(1, 5, 3) ±(2, 1), 3 (8, 9, 8) ±(2, 2), 3
(1, 5, 10) ±(5, 3), 3 (1, 5, 1) (±3,±2), 4
(1, 6, 2) ±(2, 1), 3 (1, 6, 10) (±2,±1), 4
(1, 7, 1) ±(2, 1), 3 (1, 7, 9) (±2,±1), 4
(1, 9, 1) ±(2, 1), 3 (1, 8, 8) (±2,±1), 4
(1, 10, 2) ±(2, 1), 3 (1, 9, 7) (±2,±1), 4
(2, 5, 2) ±(19, 14), 3 (1, 10, 6) (±2,±1), 4
(2, 7, 2) ±(3, 2), 3

If equation (1) has a solution with x, y ∈ {0,±1}, then our local approach
does not work. The conditions (3) and (4) are required to exclude these trivial
solutions. It is likely that apart from the trivial solutions, Theorem 1 and 2 are
still valid without assuming (3) and (4). However, such a refinement cannot be
achieved in general by the present methods.

For C = 1, we are able to remove (3) and (4) and prove the following.

Theorem 3. Under the assumptions (2) and max{A,B} ≤ 20, all the solu-

tions to equation

|Axn −Byn| = 1 (5)

in integers n ≥ 3, x, y with |xy| > 1 are given by

(A,B) solutions (x, y), n (A,B) solutions (x, y), n
(1, 7) ±(2, 1), 3 (5, 13) ±(11, 8), 3
(1, 9) ±(2, 1), 3 (5, 17) ±(3, 2), 3
(1, 17) ±(18, 7), 3 (8, 17) ±(9, 7), 3
(1, 19) ±(8, 3), 3 (8, 19) ±(4, 3), 3
(1, 20) ±(19, 7), 3 (11, 19) ±(6, 5), 3
(2, 15) ±(2, 1), 3 (1, 5) (±3,±2), 4
(2, 17) ±(2, 1), 3 (1, 15) (±2,±1), 4
(3, 10) ±(3, 2), 3 (1, 17) (±2,±1), 4
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In the special case A = 1 we have the following.

Theorem 4. If B ≤ 70, all the solutions of equation

|xn −Byn| = 1 (6)

in integers n ≥ 3, x, y with |xy| > 1 are given by (B, n, x, y) = (7, 3,±(2, 1)),
(9, 3,±(2, 1)), (17, 3,±(18, 7)), (19, 3,±(8, 3)), (20, 3,±(19, 7)), (26, 3,±(3, 1)),
(63, 3,±(4, 1)), (15, 4,±2,±1), (17, 4,±2,±1), (39, 4,±5,±2) and (31, 5,±(2, 1)).

It is interesting to observe that under the assumptions of Theorems 3 and 4
equations (5) and (6) have no solution with |xy| > 1 and n > 5.

We note that the techniques of our paper may also be extended with suitable
perseverance to solve the corresponding equations in Theorems 2, 3 and 4 for
larger values of A, B and C. Such extensions will be carried out in Part II of our
paper.

As is known, binomial Thue equations can be applied to superelliptic equa-
tions. For example, under certain assumptions made on the integer D > 0, the
results of [9], [21], [3] and [6] mentioned above enable one to determine the solu-
tions of the equation

x(x + 1) = Dyn in positive integers x, y, n with n ≥ 3. (7)

In [6], all solutions are listed when D is divisible by at most two primes which do
not exceed 13. An immediate consequence of our Theorems 3 and 4 is as follows.

Corollary. If x is a positive integer such that equation (7) has a solution in

positive integers y, n and D with n ≥ 3 and D ≤ 45, then

x ∈ {1, 2, 3, 4, 5, 6, 7, 8, 15, 16, 26, 31, 80, 512, 624, 5831, 6859}.

2. Auxiliary results

To prove our theorems we need some auxiliary results.
Set M = max{A,B, 3} and λ = log

(
1 + log M

| log(A/B)|
)
.

Proposition A. Suppose that (x, y, n) is an integer solution to (1) with

x > |y| > 0, n ≥ 3 and

3 log(1.5|C/B|) ≤ 7400
log M

λ
,
log 2C

log 2
≤ 8 log M.

Then we have

n ≤ min
(

7400
log M

λ
, 3106 log M

)
.
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Proof. A similar result was proved by Mignotte [17] with a weaker upper
bound for n. Mignotte’s estimate has been improved in [20] by iterated application
of Baker’s theory of logarithmic forms. ¤

The following Proposition B summarizes some recent results obtained by
Kraus [15], and Bennett, Vatsal and Yazdani [7] on ternary equations of the
form

Axn + Byn = Czm with m ∈ {3, n}, (8)

where A, B, C are given nonzero integers, n ≥ 3, and x, y, z are unknown integers.
Approaches to solving such equations, analogous to that employed by Wiles

[27] to prove Fermat’s Last Theorem, are based on the connection between the
putative integer solutions (x, y, z) of ternary equations, Frey curves and certain
modular forms. In this direction significant contributions were also made among
others by Frey, Serre, Darmon, Merel, Ribet, Bennett and Skinner.

For a given prime q and nonzero integer u, set

Radq(u) =
∏

p|u, p 6=q

p,

where the product is taken over primes p, and write ordq(u) for the largest non-
negative integer k with qk|u. Suppose that for given A,B, C and n ≥ 3, we have
a solution (x, y, z) to (8) in nonzero integers.

• If m = 3 (see [7]) we assume, without loss of generality, that 3 - Ax and
Byn 6≡ 2 (mod 3). Further, suppose that C is cube free, A and B are nth-power
free and that equation (8) does not correspond to one of the identities

1 · 25 + 27 · (−1)5 = 5 · 13 or 1 · 27 + 3 · (−1)7 = 1 · 53.

We consider the elliptic curve

E : Y 2 + 3CXY + BynY = X3,

and set
Nn(E) = Rad3(AB) Rad3(C)2ε3,

where

ε3 =





32, if 9 | (2 + C2Byn − 3Cz),

33, if 3 || (2 + C2Byn − 3Cz),

34, if ord3(Byn) = 1,

33, if ord3(Byn) = 2,

1, if ord3(B) = 3,

3, if ord3(Byn) > 3 and ord3(B) 6= 3,

35, if 3 | C.
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• If m = n (see [15]), then we may assume without loss of generality, that
Axn ≡ −1 (mod 4) and Byn ≡ 0 (mod 2). The corresponding Frey curve is

E : Y 2 = X(X −Axn)(x + Byn),
and put

Nn(E) = Rad2(ABC) εn,

where

εn =





1, if ord2(ABC) = 4,

2, if ord2(ABC) = 0 or ord2(ABC) ≥ 5,

2, if 1 ≤ ord2(ABC) ≤ 3 and xyz even,

8, if ord2(ABC) = 2 or 3 and xyz odd,

32, if ord2(ABC) = 1 and xyz odd.

We note that both for m = 3 and for m = n, the numbers Nn(E) are closely
related to the conductors of the above curves (cf. [7] and [15]).

Proposition B. Suppose that A, B, C, x, y and z are nonzero integers

with Ax, By and Cz pairwise coprime, xy 6= ±1, satisfying equation (8) with

prime n ≥ 5 and n - ABC. Then there exists a cuspidal newform f =
∑∞

r=1 crq
r

(q := e2πiz) of weight 2, trivial Nebentypus character and level Nn(E) for Nn(E)
given as above. Moreover, if we write Kf for the field of definition of the Fourier

coefficients cr of this form and suppose that p is a prime, coprime to nNn(E),
then

NormKf /Q(cp − ap) ≡ 0 (mod n),

where ap = ±(p + 1) (if p | xy) or ap ∈ Sp,m (if p - xy), with

Sp,3 = {u : |u| < 2
√

p, u ≡ p + 1 (mod 3)}
and

Sp,n = {u : |u| < 2
√

p, u ≡ p + 1 (mod 4)}.
Proof. This is a combination of some deep results of [7] and [15]. (For a

survey on this topic, see also [4]). ¤

Remark. In the proof of Theorem 4, Proposition B will be applied simul-
taneously to certain equations both with signature (n, n, 3) and with signature
(n, n, n).

Proposition C. If A, B and n are nonzero integers and n ≥ 3, then, for

C = 1, equation (5) has at most one solution in positive integers x, y.
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Proof. See [2, Theorem 1.1]. We shall use this Proposition in the special
case B = A + 1. Then x = y = 1 is a solution to (5), hence no further solution
exists. ¤

We recall that for a finite set of primes S, an integer u is an S-unit if all its
prime factors lie in S. The following profound result is due to Bennett, Győry,

Mignotte and Pintér [6].

Proposition D. Let S = {p, q} for p and q primes with 2 ≤ p, q ≤ 13. If

A, B, x, y, n are positive integers with A, B S-units and n ≥ 3, then the only

solutions to equation (5) are those with

n ≥ 3, A ∈ {1, 2, 3, 4, 7, 8}, x = y = 1
and

n = 3, (A, x) = (1, 2), (1, 3), (1, 4), (1, 9), (1, 19), (1, 23), (3, 2), (5, 11),

n = 4, (A, x) = (1, 2), (1, 3), (1, 5), (3, 2),

n = 5, (A, x) = (1, 2), (1, 3),

n = 6, (A, x) = (1, 2).

Proof. This is Theorem 1.1 in [6]. ¤

We now consider equation
xn + yn = B zn, (9)

where n > 3 is a prime, B is a nonzero rational integer and x, y, z are coprime
nonzero rational integers. Let φ(B) denote Euler’s function.

Proposition E. Suppose that n is coprime to Bφ(B), Bn−1 6≡ 2n−1 (mod n2)
and (9) has a solution in pairwise relatively prime nonzero integers x, y and z.

Then either (i) n|z or (ii) n|xy, Bz is odd and rn−1 ≡ 1 (mod n2) for each

divisor r of B.

Proof. Proposition E was proved in [5] (see also [10]). ¤

Assume that in (9) n|B, but n - z. Let n, p1, . . . , pr denote the distinct prime
factors of B. For r ≥ 1, denote by f1, . . . , fr the smallest positive integers for
which

pfi

i ≡ 1 (mod n), i = 1, . . . , r,

and set ordn(B) = N .

Remark. If N = 1, then (9) has no solution x, y, z with n - z. Indeed, in the
opposite case (9) implies n|x + y whence n|xn+yn

x+y , a contradiction.
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In our equation (6), neither the modular approach nor the local arguments
work when n|B. In this case we shall need the following two propositions whose
proofs involved classical algebraic numbertheoretical methods. The next assertion
is due to Maillet [16].

Proposition F. Suppose that the prime n is regular. If N ≥ 1, N ≡ 0 or 1
(mod n) and, for r ≥ 1,

r∑

i=1

1
fi
≤ n− 3

n− 1
, (10)

then (9) has no solution in coprime nonzero rational integers x, y, z not divisible

by n.

Let ζ = e2πi/n. Denote by h0 the class number of the number field K0 =
Q(ζ + ζ−1), and by Bm the m-th Bernoulli number. We recall that B2m+1 = 0
for m ≥ 1. The following result was proved in [6].

Proposition G. Suppose that N = 1 or N ≥ 4, and that the following

conditions hold:

(i) h0 is not divisible by n;

(ii) none of the Bernoulli numbers B2tn, t = 1, . . . , (n− 3)/2, is divisible by n3;

(iii) if r ≥ 1, then
∑r

i=1
1
fi
≤ n−3

2(n−1) and n−1
fi

is odd for i = 1, . . . , r.

Then (9) has no solution in coprime nonzero rational integers x, y, z which are

not divisible by n.

As was mentioned in [6], the conditions (i) and (ii) are satisfied for all primes
n < 350.

Lemma H. If p and q > 0 are rational integers, then we have
∣∣∣∣∣
(

8
7

)1/19

− p

q

∣∣∣∣∣ >
1

5.85 · 1045 q11.85
,

∣∣∣∣∣
(

9
7

)1/19

− p

q

∣∣∣∣∣ >
1

6.22 · 1045 q15.37
,

and
∣∣∣∣∣
(

9
8

)1/19

− p

q

∣∣∣∣∣ >
1

6.64 · 1045 q11.54
.

Proof. These are special cases of a deep result of Bennett [2, Theo-
rem 7.1]. ¤
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3. Proofs of theorems

Proof of Theorem 1. We show that if (2) and (3) hold then, for the pairs
(M1, n1), (M2, n2) occurring in Table 1, equation (1) has no solution with n > n1

if max{A,B, C} ≤ M1, and with n > n2 if C = 1 and max{A,B} ≤ M2. Suppose,
on the contrary, that such solutions (x, y, n) exist. Then in view of (3), |xy| > 1
must hold for each of these putative solutions. Further, in our case Proposition A
applies and gives an upper bound n0(A,B, C) for n. Thus, for fixed A, B, C, it
suffices to deal in (1) with the prime exponents n with n1 < n < n0(A,B, C).
To prove our theorem, we used a short MAGMA program which is based on the
following version of the local method. For each 4-tuple (A,B,C, n) we search for
a local obstruction by considering (1) modulo a prime of the form p = 2kn + 1,
coprime to A, B and C, with k ∈ N. For such a prime, there are at most (2k+1)2

possible residue classes for Axn−Byn. If none of these contains C, then equation
(1) is impossible modulo p. If we do not find such a prime with k ≤ 150, then we
test the solvability of the equation modulo n2. Our MAGMA program proves that
under the assumptions of Theorem 1 the assertions (i) and (ii) hold, except for
the case M1 = 10 and (A,B,C, n) = (1, 2, 8, 31), (1, 8, 2, 31), (1, 8, 6, 31). However
the corresponding equations are impossible modulo 4.

We remark that the number of triples (A,B, C) and the number of pairs
(A,B) under consideration were 293651 and 11834, respectively. We checked
the solvability of (1) for every triple (A, B,C) and for all primes n with n1 <

n < n0(A,B,C). The total CPU time required was about 10 days on a 3.0MHz
personal computer. ¤

To prove our Theorems 2 to 4, it will be enough to solve the corresponding
equations for n = 4 and for odd primes n. As will be seen from the values of the
solutions x, y so obtained, no solutions exist for other values of n ≥ 3.

Proof of Theorem 4. For B = 30, 42, 66 and 70, our equation (6) was
solved in [5] and [20]. In view of Proposition D, it suffices to deal with the cases
when B is different from the above values, and has at least three distinct prime
factors or the greatest prime factor of B is greater than 13; for the remaining
values of B, see Table 2.

Proposition A gives the upper bound n < 3106 log B for each B under con-
sideration. Using PARI we resolved the corresponding Thue equations (6) for
n = 3, 4, 5, 7, 11, 13. We note that this subroutine of PARI is based on theoretical
work of Hanrot [13], and it works without assuming the GRH if the right-hand
side of the Thue equation is 1 or if the conditional class group is trivial.
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In the sequel we may suppose that n ≥ 17. We have to solve equation (6)
for the remaining values of B and for the primes n with 17 ≤ n ≤ 3106 log B.

Case 1) n - B
We consider equation (6) as a ternary equation of the form (8) with C =

±1 and with signature (n, n, 3) or (n, n, n), according as B is odd or even. By
Proposition B there must exist, for each B in question, modular forms with the
properties specified there.

In our proofs we need a great number of data concerning modular forms.
To compute the necessary data, we used the subroutine of MAGMA, developed
by Stein [24]. For the values of B under consideration, the possible levels of
the corresponding modular forms and the CPU time for calculating the basic
arithmetical data of forms (dimension, Fourier coefficients c2, c3, c5, c7 and c11)
on a 3.0MHz PC, see Table 2.

B signature levels CPU time (sec)
p, 17 ≤ p ≤ 67 prime (n, n, 3) 3p, 9p, 27p 2019

2p, p = 17, 19, 23, 29, 31 (n, n, n) 2p, 32p 702
3p, p = 17, 19, 23 (n, n, 3) 3p, 81p 96

4p, p = 17 (n, n, n) 2p, 8p 48

Table 2
We recall that Kf denotes the field generated by the Fourier coefficients of

a modular form f . For every modular form f under consideration, set

A2,3 = NormKf /Q(c2 − 3)NormKf /Q(c2 + 3),

and

Ap,m = NormKf /Q(cp − (p + 1))NormKf /Q(cp + (p + 1))
∏

i∈Sp,m

NormKf /Q(cp − i),

where m ∈ {3, n}, p is a prime, coprime to n and the level, and Sp,m is the set
defined in Proposition B.

For the values B and n in question, we resolved our equation (6) by the way
presented below. To illustrate our method we give detailed examples both in the
odd and in the even cases.

Set B = 53. In the odd case, xy is even. Then, by Proposition B, there exists
at least one modular form f of level N contained in {3 · 53, 9 · 53, 27 · 53} such
that

n| gcd(A2,3, A5,3, A7,3, A11,3). (11)
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We may assume that f is not a rational modular form (so that Kf is a proper
extension of Q), since otherwise the Hasse–Weil bound (see e.g. [23]) gives n ≤
2
√

2 + 3, which is a contradiction. There are 17 non-rational modular forms with
levels under consideration, and checking (11) for each of these modular forms we
infer that n ≤ 13. But this contradicts the assumption that n ≥ 17. The same
argument applies to each pair (B, n) with B odd, except for the pairs occurring
in Table 3 for which (11) holds.

B Levels n

37 111, 333, 999 19
47 141, 423, 1269 23
59 177, 531, 1593 19, 29
61 183, 549, 1647 31
67 201, 603, 1809 17
71 213, 639, 1917 31

Table 3

Apart from the pairs (B, n) = (47, 23) and (59, 29), we apply to the other
pairs Propositions E and F to prove that the corresponding Thue equations of the
form (6) have no solution (x, y) with |xy| > 1. For example, if (B, n) = (61, 31),
it is easy to check that (31, 60 · 61) = 1, 6130 6≡ 230 (312) and 6130 6≡ 1 (312), thus
Proposition E gives that 31 must divide y. Then we can rewrite the equation
x31 − 61y31 = 1 as x31 − 61 · 31N · y31

1 = 1, where 31|N and 31 - y1. With
the notation of Proposition F we have r = 1, f1 = 2 and since 1/2 < 14/15,
Proposition F yields a contradiction.

Consider again the remaining equations x23− 47y23 = ±1 and x29− 59y29 =
±1 as ternary equations. Proposition B with signature (n, n, 3) did not make it
possible to solve these equations. We now apply Proposition B with signature
(n, n, n). Then the levels of the corresponding modular forms are 94 and 118,
respectively. If (x, y) is a solution of the first, resp. second equation, then one
can show by local arguments that 139|xy, resp. 233|xy. In the case |xy| > 1
Proposition B implies that

23|NormKf /Q(c139 − 140)) ·NormKf /Q(c139 + 140)

and
29|NormKf /Q(c233 − 234) ·NormKf /Q(c233 + 234)

for some modular form f of level 94, resp. 118. However, an easy calculation shows
that these relations are impossible for every modular form under consideration.
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The situation is more difficult in the even case. Take for example B = 46.
We recall that then n ≤ 11892. It follows from Proposition B with signature
(n, n, n) that if there exists an associated modular form then its level is 23 · 2 or
23 · 32. There are one rational and 8 non-rational modular forms having these
levels. For the non-rational modular forms Proposition B implies as above the
relation

n| gcd(A3,n, A5,n, A7,n).

It is easy to check that this yields n ≤ 13, which is excluded by assumption.
The level of the rational modular form in question is 23 · 2. In this rational

case Ap,n = 0 for small primes p, so we have to apply another argument. For
every exponent n ≤ 11892 one can calculate a prime p1 = p1(n) with the property
p1 ≡ 1 modulo n such that p1|xy. Then Proposition B implies that

n|NormKf /Q(cp1 − (p1 + 1)) ·NormKf /Q(cp1 + (p1 + 1)). (12)

If this does not hold, then (6) has no solution for this n and B = 46. If (12)
holds then we calculate a new prime p2 = p2(n) with p2 ≡ 1 modulo n and p2|xy,
and we continue this procedure. The exponents n for which we have to calculate
one more localization prime p2 are listed in Table 4. For these second primes p2

the relation corresponding to (12) does not hold, which proves our theorem for
B = 46.

n p1 p2

79 317 1423
233 467 1399
1231 19697 22159
2243 71777 80749
3301 52817 61223
4733 9467 123059
6359 50873 152617
8123 113723 211199
9341 74729 242867

Table 4. N = 2 · 23

Summarizing the above approach (which is developed in [20] for some scat-
tered cases), we have a rather effective sieve for the exponent n, apart from the
case when B is even and the corresponding modular forms are rational. As was
seen above, this case needs a relatively long, but straightforward calculation. Ta-
ble 5 shows the values of these B, the maximum of the (first or, if necessary,
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second) localization primes p, the corresponding levels with the numbers of ratio-
nal modular forms, and the required CPU time on a 3.0MHz PC.

B maximum of p levels CPU time (hour)
34 496747 34(1), 544(6) 3.65
38 496747 38(2), 608(6) 4.01
46 496747 46(1), 736(0) 0.44
58 780583 58(1), 928(2) 2.37
60 496747 30(1), 120(2) 1.42
62 729661 62(1), 992(0) 1.00
68 542599 34(1), 136(2) 1.71

Table 5

Case 2) n|B
In this case n ≥ 17 and B ≤ 70 imply that n||B and n ≤ 67. If now

B = n, it follows from Proposition G that equation (6) has no solution with
|xy| > 1. Suppose that n is a proper divisor of B. Since n = 37 is the smallest
irregular prime and 2 · 37 > 70, n must be regular. It is easy to check that the
condition (10) of Proposition F holds for each pair (B,n) under consideration.
Thus Proposition F proves that for these pairs (B, n) no solution exists with
|xy| > 1, which completes the proof of our theorem. ¤

Proof of Theorem 3. In view of Theorem 4 we may assume that A > 1.
If B − A = 1 then x = y = 1 is a solution of (5), and Proposition C gives that
equation (5) has no solution with |xy| > 1. For n ≤ 7, we resolved (5) by means
of PARI. Hence we may assume that B − A > 1 and n ≥ 11. Then Theorem 1
yields n ≤ 19.

Using first Proposition D and then applying the local method, we solved all
the equations under consideration with 9 exceptions. For the remaining 9 triples
(A,B, n) which are listed in Table 6 below we resolved equations (5) by PARI.

(A,B, n) CPU-time (min) (A,B, n) CPU-time (min)
(3, 14, 13) 1 (5, 18, 13) 3
(3, 19, 11) 1 (6, 17, 13) 3
(4, 19, 13) 1 (10, 13, 13) 3
(5, 14, 13) 2 (17, 19, 13) 48
(5, 17, 11) 1

Table 6 ¤
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Proof of Theorem 2. Let (A,B, C, x, y, n) be a fixed solution to equation
(1) with max{A,B, C} ≤ 10 which satisfies conditions (2) and (4). By Theorem 3
it suffices to consider the case when C > 1. If n = 3, 4, 5, 7 then we can solve
again the corresponding Thue equations by MAGMA for each possible value of
A, B and C, and we obtain the solutions listed in Theorem 2. In the sequel we
assume that n ≥ 11 is a prime and C > 1.

1) First assume that (A− C)(B − C) 6= 0.

In this case, Theorem 1 yields n ≤ 19. Using the local method presented in
the proof of Theorem 1, we showed that for most of the 4-tuples (A,B,C, n) the
corresponding equation (1) has no solution. The local method does not work for
the following exceptional 4-tuples:

(A,B, C, n) ∈ {(1, 2, 10, 17), (1, 4, 7, 19), (1, 8, 10, 17), (1, 8, 10, 19), (1, 10, 2, 17),
(1, 10, 8, 19), (2, 3, 7, 13), (2, 3, 9, 13), (2, 5, 10, 19), (3, 4, 8, 19), (3, 4, 10, 19),
(3, 5, 9, 17), (3, 5, 9, 19), (3, 10, 4, 19), (5, 6, 9, 17), (5, 9, 3, 19), (7, 8, 9, 19),
(7, 9, 3, 13), (7, 9, 8, 19), (8, 9, 6, 11), (8, 9, 7, 19)}.

If (A, B,C, n) ∈ {(1, 8, 10, 17), (1, 8, 10, 19), (1, 10, 8, 19), (3, 4, 8, 19),
(3, 4, 10, 19), (3, 10, 4, 19)} or (A, B,C, n) ∈ {(2, 3, 9, 13), (3, 5, 9, 17), (3, 5, 9, 19),
(5, 6, 9, 17), (5, 9, 3, 19), (8, 9, 6, 11)} then the corresponding equations are impos-
sible mod 2 or mod 3.

If (A,B, C, n) = (1, 2, 10, 17), (1, 10, 2, 17) or (2, 5, 10, 19), then x or y is
even. We consider these equations as ternary equations with signature (n, n, n).
Then by Proposition B the level of the associated modular forms should be 10.
However, there is no modular form of this level.

For (A, B,C, n) = (1, 4, 7, 19), Proposition B shows that the level of the
associated modular forms is 14 or 56. Further, one can see that 191 | xy for every
solution x, y. In view of Proposition B it is enough to check the relation

19 | NormKf /Q(c191 − 192) ·NormKf /Q(c191 + 192), (13)

for every modular form f of level 14 and 56, where c191 is the 191st Fourier
coefficient of f . There are one modular form of level 14 and two modular forms
of level 56, and the corresponding coefficients are c191 = 24 and c191 = −8,−16,
respectively. Thus condition (13) does not hold.

If (A,B, C, n) = (2, 3, 7, 13) and (x, y) is a solution of the equation 2x13 −
3y13 = 7, then it is easy to verify that 53 · 443 | xy. Proposition B implies that
there is at least one modular form f of level 2 · 21 = 42 or 32 · 21 = 672 with

13 | gcd(NormKf /Q(c53 − 54) NormKf /Q(c53 + 54),

NormKf /Q(c443 − 444) NormKf /Q(c443 + 444)).
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There are one, resp. ten modular forms of level 42, resp. 672. An easy MAGMA
program gives that the previous relation does not hold for any modular form of
these levels.

Finally, for the remaining cases (A,B,C, n) = (7, 8, 9, 19), (7, 9, 8, 19) or
(8, 9, 7, 19), one can apply Lemma H to show that equation (1) has no solutions.
For example, if (A, B,C, n) = (7, 8, 9, 19), then (1) implies

(8/7)18/19

∣∣∣∣∣
18∏

i=1

sin i
2π

19

∣∣∣∣∣
∣∣∣(8/7)1/19 − x/y

∣∣∣ ≤ 9
7y19

.

The constant on the left-hand side is 1/12157.56..., thus we obtain by the first
relation of Lemma H that y < 9.72 · 106. Then we used an algorithm developed
by Pethő [19] for finding the small solutions of Thue equations to resolve the
corresponding equation. This completes the first part of the proof.

2) Next consider the case when (A− C)(B − C) = 0.

In this case equation (1) leads to an equation of the form

|xn
1 −B1y

n
1 | = 1 in integers x1, y1, (14)

where B1 is a positive integer not having prime factor greater than 7. Apart from
the cases when in (1)

(A, B) ∈ {(3, 10), (5, 6), (6, 7), (7, 10)}, (15)

in the new equation (14) B1 has at most two distinct prime factors. But then
Proposition D applies and gives the possible solutions.

In the remaining cases listed in (15) we infer that

B1 ∈ {10 · 3n−1, 3 · 10n−1, 6 · 5n−1, 5 · 6n−1, 7 · 6n−1, 6 · 7n−1, 10 · 7n−1, 7 · 10n−1}.

In each case we get an explicit upper bound n0 for n by means of Proposition A.
We note that if (A,B) = (5, 6) or (6, 7), then Theorem 3 of [17] gives the even
better bound n0 = 600 for n. We resolved equation (14) for each of the B1 under
consideration with 11 ≤ n ≤ n0. We now illustrate our method on resolving (14)
for B1 = 6 · 5n−1, which equation comes from (1) with (A,B) = (5, 6), i.e. from
the equation

|5xn − 6yn| = 5. (16)

Applying Proposition B with signature (n, n, n) we infer that if x1, y1 is a solution
to (14) with |x1y1| > 1 then there is at least one modular form of level N = 2 · 15
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or 32 · 15. There are one modular form of level 30 and 8 modular forms of level
480. All these modular forms are one-dimensional. Since n is bounded, we can
apply the same arguments as in the proof of our Theorem 4. Namely, for each
modular form and for each n under consideration we calculate a prime p1 = p1(n)
with p1|x1y1. Then Proposition B implies (12). If (12) does not hold, we are done.
Otherwise we continue the procedure with a second localization prime p2 = p2(n)
with p2|x1y1 and we arrive in each case at a contradiction with (12). The following
Tables 7A and 7B contain those exponents n and primes p1 for which we had to
find a second prime p2.

n p1 p2

37 149 223
73 293 439
97 389 971
157 1571 3769
241 1447 2411
277 1109 1663
313 1879 5009
577 2309 3463

Table 7a. N = 2 · 15

Form n p1 p2

f1 59 709 827
f2 43 173 431
f3 59 709 827
f4 139 557 1669
f5 139 557 1669
f6 67 269 1609

127 509 2287
f7 43 173 431
f8 67 269 1609

127 509 2287

Table 7b. N = 32 · 15 ¤
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