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Factors for generalized absolute
Cesaro summability methods

By HUSEYIN BOR (Kayseri)

Abstract. In this paper a theorem on ¢o—|C, a|; (0 < o < 1) summability factors,
which contains some results on |C,«al, and |C, a;d|x summability factors, has been
proved.

1. Introduction. Let (¢, ) be a sequence of complex numbers and
let " a, be a given infinite series with partial sums (s,). We denote by
ul and t% the n-th Cesaro means of order o (a > —1) of the sequences
(sn) and (na,), respectively, i.e,

1 O o
(1.1) Uy, = Ao Y AnTis,
v=0
1 n
(1.2) o = yr > AN va,,
v=1
where

Ao — (“‘;O‘) —0m®), a> -1,

Ag =1 and A%, =0 for n>0.
The series ) a, is said to be summable ¢—|C, a|x, k > 1, if (see [1])

(1.4) D len(uy —ug_y)|F < oo
n=1

(1.3)
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But since t& = n(ud —ul_;) (see [3]) the condition (1.4) can also be written
as

oo
(1.5) Zn‘kwntmk < 00.
n=1

In the special case when ¢, = n'=/* (resp. ¢, = n®T1=1/F) o |C, alp
summability is the same as |C, | (resp. |C, a;d|i) summability. Also we
know that (see [5]) for k >1and 0 < a <1

% 1 alk __ - |Sn|k
(1.6) Zﬁ|tn| _O{ZW :

n=1 n=1

2. MisHRA and SRIVASTAVA [4] have proved the following theorem
for |C, 1| summability factors of infinite series:

Theorem A. Let (x,) be a positive non-decreasing sequence and let
there be sequences (f3,) and (\,) such that

(2.1) [ANs] < Bn

(2.2) Bn — 0 as n — oo

(2.3) i n|ABy |z, < 0o

(2.4) |An|xi_i O(1) as n — oo.

If

(2.5) )3 sult = O(en) as m— oo,

then the series Y ap A, is summable |C, 1|, k > 1.

3. The aim of this paper is to prove Theorem A for ¢—|C, |y summa-
bility provided that 0 < @ < 1. Now we shall prove the following.

Theorem. Let 0 < a < 1. Let (x,) be a positive non-decreasing
sequence and the sequences (3,) and (\,) such that conditions (2.1)—(2.4)
of Theorem A are satisfied. If there exists an € > 0 such that the sequence
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(n®=*|,|F) is nonincreasing and if the sequence (w<), defined by

[ (a=1)
(3.1) Wn =9 max [t (0<a<1)
1<u<n
satisfies the condition
(3.2) Z " F(|on|w)F = O(2,,) as m — oo,

then the series > a, )\, is summable p—C, o, k > 1.
If we take & = 1, € = 1 and ¢, = n*~/* in this theorem, then we get
Theorem A. In fact, in this case, by (1.6), we have

2 o

Also, is we take € = 1 and ¢, = n' =¥ (resp. ¢ = 1 and ¢, = n®+1-1/k),
then we obtain a result for |C, a|; (resp. |C, a;d|;) summability factors.

m

"1 1
E_:Et nl® = )ZE|Sn|k~

n=1

3I>—‘

4. We need the following lemmas for the proof of our theorem:
Lemma 1 ([2]). If0 < a« <1 and 1 <wv < n, then

i Aa—l
p=1

(4.1) |ZAO‘ 1ap|< max

1<m<w

where A is as in (1.3).

Lemma 2 ([4]). Under the conditions on (x,,), (,) and (\,) as taken
in the statement of Theorem A, the following conditions hold, when (2.3)
is satisfied:

(4.2) nBpxy, =o(l) as n — oo
(4.3) > Buan < 0.
n=1

5. PROOF OF THE THEOREM. Let (7)) be the n-th (C,a) means,
with 0 < o < 1, of the sequence (na,\,). Then, by (1.2), we have

(51) :—ZA?{ 11; Uav v
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Applying Abel’s transformation, we get

n

:—ZA)\ ZAn pPap + jlaZAo‘ Lva,,

”vl noy=1

so that making use of Lemma 1, we have

An
|T°‘\<—Z\AMIZA pay| + 221

n

n

E A% ya,

v=1

1 n—1
< o D ASWE AN+ Dl = Tg, + Ty, say.

n op=1

To complete the proof of the theorem, by Minkowski’s inequality for & > 1,

it is sufficient to show that

oo
Zn‘k|gonT;ir|k < oo for r=1,2,

by (1.5). Now, when k& > 1, applying Hoélder’s inequality with indices k

and k' where + + & = 1, we get

m—+1 m—+1

k
St at < 3t w'f{zm a@,}
n:fn—i—l n— k-1
<5t HonlE S Azt x{zm}

v=1

m—+1
—ak k 1
(1) 35 n o S
m m—+1 |90n|]€ m N m—+1 ne_k’@n
a _ a a
O MO DI elt)) UL g
v=1 n=v+1 v=1 n=v+1
m 0 m
O v @) B f [ 2 = 0(1) Y vgeF (w e,
— vV v pate — v v |Fv

v

m—1 m
1) Aws,) Zr wiler)F + O(W)mBr > v (wseu])®
v=1 =

v=1
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m—1 m—1

(1) > 1A@WBY)|xy + O(L)mBram = O(1) Y v|ABy|z,
v=1 v=1

m—1

|Bv+1|xe + O(1)mBrzym = O(1) as m — oo,

[y

v=

by virtue of the hypotheses and Lemma 2.
Again, since |\, | = O(1/z,) = O(1), by (2.4) we have

m m
Zn_kwnTgﬁﬂk = Zn_k|90n|k [ An| |)‘n|k_1(wg)k
n—1

n=1

1>Z|An|n— wen|)F = ZAIMZU w? o)

S:
)—\»—A

|>‘m|z a|90v )" =0(1) |AN, |27 + O(1)[Am |Tm
1

n

1) Z Butn + O(1)Am|zm = O(1) as m — oo,
n=1

by virtue of the hypotheses and Lemma 2.
Therefore, we get that

Zn *lonT, ,4|]€ O(1) as m — o0, for r=1,2.

This completes the proof of the theorem.
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