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Almost everywhere convergence of a subsequence
of the logarithmic means of quadratical partial sums
of double Walsh—Fourier series

By GYORGY GAT (Nyiregyhaza) and USHANGI GOGINAVA (Thilisi)

Abstract. The main aim of this paper is to prove that the maximal operator of
the logarithmic means of quadratical partial sums of double Walsh—Fourier series is of
weak type (1,1) provided that the supremum in the maximal operator is taken over
special indicies. The set of Walsh polynomials is dense in Li (I x I), so by the well-
known density argument we have that ton f (:tcl7 mz) — f (m17 mz) a.e. for all integrable
two-variable functions f.

1. Introduction

The partial sums Sy, (f) of the Walsh-Fourier series of a function f € L(I),
I =10, 1] converges in measure on I ([8], Ch. 5). The condition f € LIn L(I x I)
provides convergence in measure on I x I of the rectangular partial sums Sy, ., (f)
of double Fourier-Walsh series ([13], Ch. 3.) The first example of a function from
classes wider than Lln L(I x I) with S,, ,,(f) divergent in measure on I x I was
obtained in [3]. Moreover, in each Orlicz space wider than Lln L(I x I) the set
of functions which quadratic Walsh—Fourier sums converge in measure on I x I is
of first Baire category [11]. In [2] we proved that similar proposition is true also
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for logarithmic means of quadratical partial sums

n—1
tnf (l’l, {E2) — % Z SZ,lT(LfL:E; y)

i=1
of double Walsh—Fourier series. We proved that for any Orlicz space, which is not
a subspace of L1n L(I x I), the set of the functions that these means converges in
measure is of first Baire category. From this result follows that in classes wider
than Lln L(I x I) there exists functions f for which logarithmic means ¢, (f) of
quadratical partial sums of double Walsh—Fourier series diverges in measure.

Besides, it is surprising that the two cases (the logarithmic means of quadrat-
ical and the two-dimensional partial sums) are not different in this point of
view. Namely, for instance in the case of (C,1) means we have a quite dif-
ferent situation. That is, it is well-known [13] that the Marcinkiewicz means
on(f) =2 > i=1 55,5 (f), that is the (C,1) means of quadratical partial sums of
double trigonometric Fourier series of a function f € L converges in L-norm and
a.e. to f. Analogical questions with respect to the Walsh, Vilenkin systems are
discussed by WEIsz [12], GoGINAVA [5] and GAT [1].

Thus, in question of convergence in measure logarithmic means of quadratical
partial sums of double Walsh—Fourier series differs from Marcinkiewicz means and
like the usual quadratical partial sums of double Walsh—Fourier series. In spite
of this in [7] it is proved the difference between Norlund logarithmic summability
and the usual convergence for Walsh—Fourier series.

The main aim of this paper is to prove that the maximal operator of the
logarithmic means of quadratical partial sums of double Walsh—Fourier series is
of weak type (1,1) provided that the supremum in the maximal operator is taken
over special indicies. The set of Walsh polynomials is dense in Ly (I x I) , so by
the well-known density argument we have that ton f (xl, x2) — f (:1:1,:1:2) a.e. for
all integrable two-variable function f.

2. Definitions and notation

Let P denote the set of positive integers, N := P U {0}. Denote Z5 the
discrete cyclic group of order 2, that is Z3 = {0, 1}, where the group operation is
the modulo 2 addition and every subset is open. The Haar measure on Zs is given
such a way that the measure of a singleton is 1/2. Let I be the complete direct
product of the countable infinite copies of the compact groups Z,. The elements
of I are of the form = = (zg,x1,...,Tk,...) with z; € {0,1}(k € N). The group
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operation on [ is the coordinate-wise addition, the measure (denoted by p) and
the topology are the product measure and topology. The compact Abelian group
1 is called the Walsh group. A base for the neighborhoods of I can be given in
the following way:
In(z) =1, I.(z):={yel:y=(Toy. - sTn-1,Yn,Ynt1s---)}s
(x eI, neN).
These sets are called the dyadic intervals. Let 0 = (0 : i € N) € I denote the null

element of I, I, := I,,(0) (n € N). Set I,, := I\I,.
For k € N and « € I denote

r (z) == (=1)"* (x €I,k eN)

the k-th Rademacher function. If n € N, then n = .2 n;2%, where n; € {0,1}
(i € N), i.e. n is expressed in the number system of base 2. Denote |n| := max{j €
N:n; # 0}, that is, 2"l <n < 21+,

The Walsh—Paley system is defined as the sequence of Walsh—Paley functions:

[nl—1

wn (@) = [ 0 @)™ = g (@) (~)E ™ (weLneP).
k=0

The Walsh—Dirichlet kernel is defined by

D, (z) = i wy, () .
k=0

Recall that

Dy () {2 T2 E D "
n (X)) = —
? 0, ifzeT,

The rectangular partial sums of the 2-dimensional Walsh—Fourier series are
defined as follows:

Sun(fra!a?) = F gy wi (2*) wy (2?),

where the number

f(z,j) = /le f (3:1,:1:2) w; (a:l) wj (3:2) du (a:l,:zzQ)
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is said to be the (7, j)th Walsh-Fourier coefficient of the function f.
The norm of the space L, (I x I) is defined by

11l == </M |f («t,2®)[" du (xl,xQ))l/p (1<p<oo),

and || f|leo := esssup|f(z',2?)|. The space weak-Ly (I x I) consists of all mea-
surable functions f for which

”f”weak—Ll(IXI) = ?\1;% A ([f] > A) < +oo.

The logarithmic means of cubical partial sums of the double Walsh—Fourier
series are defined as follows

iy S“ f,x xz)

nf xt x = ,
ln ; n—1
=1
where
n—1
RS
n — k'
k=1
Denote
1 2 Dy (2)
k
Fn =7 )
@ =2 T
k=1

Dk (wl) Dk ($2) .
For the function f we consider the maximal operators

tyf = sup |ton f|.
neN
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3. Formulation of the main results

Theorem 1. Let f € Ly (I x I). Then
c
pltyf > A << IflL-
Corollary 1. Let f € Ly (I x I). Then

ton f (a:l,a:Q) — f (xl,xz) a.e. asn — o0.

4. Auxiliary propositions

Lemma 1 (Calderon-Zygmund decomposition [10]). Let f € Ly (I x I),
A > ||fll,- Then there exists (u(V), u®?) e I x I, k; € N(i =1,2,...,) and a
decomposition

f=f+> f
i=1
where
1) [folly <A lfolly < cllflli:
2) supp fi C I, (u”) x I, (u’2) , fi=0,1=1,2,...;
IxI

3) L ([j (I, (u') x I, (u”))) <c||flli/A

i=1

Lemma 2. [6] Let A > k, A,k € N. Then

A-Fk+1
[ sup 1 @) due (o) < S

T, n>24

Lemma 3. [1] Let k € N. Then

/ sup ‘Kn (wl,x2)‘d,u (161,302) <c < o0.
T x Iy n>2F
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5. Proof of the main results
ProoOF oF THEOREM 1. Since
Don_j = Dan —wan 1Dy,

we can write

1 2] Dgn_‘ Jfl Dgn_‘ (E2
R

= Don (xl) Don (xg) _ Dsn (xl) Wan 1 (172) Z— D, (:172)

I T
Di () s () 3 2, (0)
lon = J
. Won_1 (:vl) Wyn 1 (:c2) 2"2—:1 D; (xl)pj (;52)
lQn X J
Jj=1
— F”S‘l) (II,I2) _ F1§2) (II,I2) _ F,,S‘B) (I17x2) + F7§4) (x17x2) . (2)

Denote
10 f = fxFY, i=1,234.

Since the operator

sup 22"
neN

/ f (ul, u2) du (ul, u2)
Ly (xV) x I, (z2)

is of weak type (1,1) and

)

tg)f = sup ‘tg)f} = sup 22"
neN

/ f (ul, u2) du (ul, u2)
neN Iy (V)X I, (22)

we obtain that
|5

<clfly- 3)

weak—Ly(IxI)

We prove that

/ sup |F@W (2, 2%) dp (a:l,xz)‘ <c < oo. 4)
InxIy n2N
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Using Abel’s transformation we can write that

2"—1 1y (1 (2 2" -2 g (1 2

s 26 S ).
j=1 J Jj=1 i+

Then we have

/ sup F7§4) (xl, x2) du (a:l, xQ)‘
T

NXIny n>N

UG @)
S/I sup — Zl j+1 ,u(x,x)

~XIn n>N lzn o

—|—/ sup }Kgn_l (xl,x2)’ du ($1,$2) =1+1I.
T

NXxIny n>N
Since [4]

sup/ |Kn (a:l, x2) | du (xl,xz) < 00,
IxI

n

from Lemma 3 we get
Il <c< oo,

and also

‘K ! 2’ ’ 1,2
I</1 sup—;1 Tl u(a:,:z:)

NXIny n>N 2"

—I—/ sup — 22_2 ’K x 2 ‘d,u(xl xz)
T ]+1 ’

~xIn n>N lon Pt
<i2il / :1: L2 |d,u(x1 xz)
T Iv o T

+sup Z]+1/ sup ’K :C x)’du(w x)§c<oo.

InxIn j>2N

Combining (5)—(7) we obtain the proof of (4).
Hence, we can write that (see GAT [1])

4
|4 s Il fll

weak— L1(1><I)

179
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Finally, we prove that

2 }
t < . 9
H wf weak—L1(IxI) — cllfly )
Since

21 2n_2

D, (u K (u

PRI L )

j:l '7 J:l '7
we have

1 1 2 2\ 2"=1 1 ( 2 2
:/1 If(Il,:EQ) Dan (w +y );2“2”—1 (w +y ) Z D; (w '—i-y )du (1171,$2)
>< n

j=1
Don (2! + y) won 1 (2% + 9?) K (2% +y?)
_ 1,2 j du (2! 22
g ) = iy
1,1 2,2
+/ f (x1,x2) Don (w +y )wzn—l (w +y )K2n71 (x2 +y2) du (x17x2)
IxI lon
=tEVf (' y?) + 2 f (v P (10)
Denote (use the notation of Lemma 1)
N i) N K@)
=3 e =3 S
Let
(v'9%) € U (s (uih) x I, (ui?)), (11)
i=1
Since [ f; =0 we have
t2 f; (y',y*) =0 forn<k:. (12)

Let y' € Iy, (u®!). Then from (1) we can write that 120y, (y',y?) = 0 for
n > k;. Hence tg’l)fi (yl,yz) # 0 implies that y* € Iy, (u“) Consequently,
from (11) we can suppose that

y® € () I, (u??).

i=1
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Then we write

D:= u{(yl,zf) elx (ﬂ I, (uw)) PV (yhe?) > cA}

=1

< /ﬂm - u{yl el:¢GY (Z ﬁ) (v',y%) > c/\} du(y?).  (13)
=1 Ly (uh? i=1

From (12), we have

(2 (Z fz> Z / ml)xzk.(ui,z)fi (!, 2?)

o Do (a! +y!) wan 1 (% +47) ij(?“yQ)
lon Jj+1

dp (xl,x2)

j=1

/</Z‘fl o Z & nyjy ‘d“(x2)>D2" (« +y") dp (2")

[ ([ ) £ @+ 2) i )) Do 407 i ).

The one-dimensional operator sup,,cy |San f| is of weak type (1,1). We apply
this fact for the one-dimensional function h(z') := [} g(«', 2?)L(2* 4 y*)du(z?)
for every fixed y? € I. Consequently, from (13) and by the above we can write

D< / u{yl Gfrsgp/ (/9(3317332)13(1?”1/2) dp (172))
iy

M52 Ly (u® LM

- Do» (:cl—i—y) (z') > eA} du(y®

= %Zi / / / |fizt, 2?)|dp(ae)| L@+ y?)dp(a®)| dp(y?)

o Gui?) LIk, (ui2) \I, (uint)
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= L B I B I AP

I,, (u?) Iy, (u®?) k; (ub1)

221 M—+y)‘du(x2)] dp (y°)

Tt T () i, (uwirh)
® K (22 4 02
. Z ’J(,I——i_y)’du (172) dpu (yz) =5+ M. (14)
j=2F i+l
Since [10]

we have

. 1 .2 1

Ky (uh?) [‘/lkl(ul,l) ’fl (LL' T )‘ dluf ($ )
2’%71 K xz ,

/Ii by, (92)] dy (a)

;ZIIlell < 171, (15)

Using Lemma 2 for M we have

wety L _[/ 1 @) (o)
5 i J Iy, (ub2) | I, (ubl)

/ i K (5172 +92)‘du @2)] dp (z2)

*; (u?:2) fuwys J +1

=1
<€ L (2, 22| d 1
1
—L_J&w+ﬁmwﬂww>
J I, (w?)
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Eoo - r—kij+1 12 1,2
AZ(Z or—k; >/Iki(ui'2)/lki(uiv1)|f1(x7x)}du(x,$)

=1 ’I":ki

IN

§ZNﬁMs§wmy (16)

Combining (14)—(16) we obtain

—

" {(yl,y2) c (I, (uh) x I, (ui2)) : t;fvl)f (yl,y2) > c)\} < ; Ifll, - (A7)

=1

From Lemma 1, we get

u{(ylaf) e U (1 () x I, (62)) 1877 (4.09) > CA}
i=1

<pu <[j (I, (u™') x I, (U”))> < ; £y, (18)
i=1

and consequently from (17) and (18) we have

u{(yl,zﬁ) e Ix1:t5Vf (v 92 > cA} < E £l - (19)
Analogously, we can prove that

p {0 ?) e Tx 1321 (007 > A} < Sl (20)

Combining (10), (19) and (20) we obtain
u{(yl,yz’) eIxI:t9f(yly?) > cA} < ; £l - (21)

The estimation of u{(y*,y?) € I x I : ti)f(yl, y?) > cA} is analogous to the
estimation of p{(y*,y?) € I x I : tsz)f(yl,yQ) > cA} and we have
c
u{(yl,yz’) eIxI:t9f(yly?) > cA} < 5 Il (22)

Combining (2), (3), (8), (21) and (22) we complete the proof of Theorem 1.

By making use of the well-known density argument due to MARCINKIEWICZ
and ZYGMUND [9] we can show that Corollary 1 follows from Theorem 1.
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