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Some results on the geometry of tangent bundle

of Finsler manifolds

By BING YE WU (Fuzhou)

Abstract. In this paper we study the geometry of tangent bundle of a Finsler

manifold endowed with Sasaki metric and obtain some results. We characterize the

Riemannian manifold as the Finsler manifold such that the vertical lift of any vector

field is divergence-free or equivalently, such that the horizontal distribution is minimal

in the tangent bundle of the slit tangent bundle, and prove that the almost complex

structure on the slit tangent bundle is integrable if and only if the base manifold has

zero flag curvature. In that case, the slit tangent bundle is Kählerian. We also prove

that the slit tangent bundle is locally symmetric if and only if the base manifold is

locally Euclidean. Our results generalize the corresponding results for the Riemannian

setting in the literature.

1. Introduction

The geometry of tangent bundle or tangent sphere bundle of a Riemannian

manifold has been well developed. In the general case, however, the geometry of

tangent bundle or the indicatrix bundle of a Finsler manifold has not been studied

at the same pace. Several people have made some fundamental contributions to

this subject from various points of view. For instance, Hasegawa, Yamauchi,

and Shimada proved that the indicatrix bundle of a Finsler manifold (M, F ) with

the induced almost contact metric structure is Sasakian if and only if (M, F ) is of

constant flag curvature 1 [8], while Bejancu and Farran obtained that (M, F )
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is of constant flag curvature 1 if and only if the unit horizontal Liouville vector

field is a Killing vector field on the indicatrix bundle [3]. For other relative results

on the geometry of tangent bundle or indicatrix bundle one is referred to see [1],

[7], [10].

The purpose of this paper is to study the slit tangent bundle of a Finsler

manifold further. As is well-known, the slit tangent bundle with the Sasaki metric

is a Riemannian manifold, and moreover, it is also an almost complex manifold.

We characterize the Riemannian manifold as the Finsler manifold such that the

vertical lift of any vector field is divergence-free or equivalently, the horizontal

distribution is minimal in the tangent bundle of the slit tangent bundle, and

prove that the almost complex structure on the slit tangent bundle is integrable

if and only if the base manifold has zero flag curvature. In that case, the slit

tangent bundle is Kählerian. We also prove that the slit tangent bundle is locally

symmetric if and only if the base manifold is locally Euclidean. Our results

generalize the corresponding results for the Riemannian setting in the literature.

2. Finsler geometry

In this Section, we give a brief description of several geometric quantities

in Finsler geometry, For more details one is referred to see [2]. Throughout this

paper, we shall use the Einstein convention, that is, repeated indices with one

upper index and one lower index denotes summation over their range.

Let (M, F ) be a Finsler n-manifold with Finsler metric F : TM → [0,∞).

Let (x, y) = (xi, yi) be the local coordinates on TM , and π : TM\0 → M the

natural projection. Unlike in the Riemannian case, most Finsler quantities are

functions of TM rather than M . Some fundamental quantities and relations:

gij(x, y) :=
1

2

∂2F 2(x, y)

∂yi∂yj
, (positive definite fundamental tensor)

Cijk(x, y) :=
1

4

∂3F 2(x, y)

∂yi∂yj∂yk
, (Cartan tensor)

(gij) := (gij)
−1, Ci

jk = gilCljk,

γk
ij :=

1

2
gkm

(
∂gmj

∂xi
+

∂gim

∂xj
−

∂gij

∂xm

)
,

N i
j := γi

jkyk − Ci
jkγk

rsy
rys.
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According to [4], the pulled-back bundle π∗TM admits a unique linear connec-

tion, called the Chern connection. Its connection forms are characterized by the

structure equations:

• Torsion freeness:

dxj ∧ ωi
j = 0;

• Almost g-compatibility:

dgij − gkjω
k
i − gikωk

j = 2Cijk(dyk + Nk
l dxl).

It is easy to know that torsion freeness is equivalent to the absence of dyk terms

in ωi
j ; namely,

ωi
j = Γi

jkdxk,

together with the symmetry

Γi
jk = Γi

kj .

Let
δ

δxi
=

∂

∂xi
− Nk

i

∂

∂yk
.

The Riemannian curvature tensor Rj
i
kl and the Landsberg curvature tensor Li

jk

can be expressed by

Rj
i
kl =

δΓi
jl

δxk
−

δΓi
jk

δxl
+ Γi

ksΓ
s
jl − Γs

jkΓi
ls (2.1)

and

Li
jk = yl ∂Γi

lk

∂yj
, (2.2)

respectively. Obviously, Rj
i
kl = −Rj

i
lk. The following Euler’s lemma is very

useful.

Lemma 2.1. Suppose a real-valued function H on R
n of positively homo-

geneous of degree r is differentiable away from the origin of R
n, then

yi ∂

∂yi
H(y) = rH(y).

Let Lijk = gilL
l
jk, then both Cijk and Lijk are symmetric on all their indices,

and by Lemma 2.1 we have

yiCijk = yiLijk = 0. (2.3)

Let Rijkl = gjsRi
s
kl, Ri

kl = yjRj
i
kl, Ri

j = ykRi
jk and Rij = gikRk

j , then

Rklji − Rjikl = CjisR
s
kl − CklsR

s
ji − CkisR

s
lj

− CljsR
s
ki − CilsR

s
jk − CjksR

s
il, (2.4)
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Rij = Rji, (2.5)

Ri
kl =

1

3

{
∂Ri

k

∂yl
−

∂Ri
l

∂yk

}
. (2.6)

Thus, Ri
k = 0 if and only if Ri

kl = 0, and this is just the condition for (M, F ) to

have zero flag curvature.

3. The Sasaki metric on slit tangent bundle

For a given Finsler manifold (M, F ), we can endow its slit tangent bundle

T̃M = TM\0 with a Riemannian metric, known as the Sasaki metric. It can

be described in local coordinates as following. Let (x, y) = (xi, yi) be the local

coordinates on T̃M . It is well known that the tangent space to T̃M at (x, y)

splits into the direct sum of the vertical subspace VT̃M(x,y) = span
{

∂
∂yi

}
and the

horizontal subspace HT̃M(x,y) = span
{

δ
δxi

}
:

T(x,y)T̃M = VT̃M(x,y) ⊕HT̃M(x,y).

The Sasaki metric G̃ on T̃M is defined by

G̃

(
δ

δxi
,

δ

δxj

)
= G̃

(
∂

∂yi
,

∂

∂yj

)
= gij(x, y), G̃

(
δ

δxi
,

∂

∂yj

)
= 0. (3.1)

For X = X i ∂
∂xi ∈ X(M), its horizontal lift Xh and vertical lift Xv are defined by

Xh =
(
X i ◦ π

) δ

δxi

and

Xv =
(
X i ◦ π

) ∂

∂yi
,

respectively. The Levi–Civita connection ∇̃ on T̃M with respect to G̃ is given by

the Koszul formula

2G̃
(
∇̃ eX Ỹ , Z̃

)
= X̃G̃

(
Ỹ , Z̃

)
+ Ỹ G̃

(
Z̃, X̃

)
− Z̃G̃

(
X̃, Ỹ

)

+ G̃
(
[X̃, Ỹ ], Z̃

)
− G̃

(
[Ỹ , Z̃], X̃

)
+ G̃

(
[Z̃, X̃], Ỹ

)
, (3.2)
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for any X̃, Ỹ , Z̃ ∈ X(T̃M). By (2.1) and (2.2), we easily get

[
δ

δxi
,

δ

δxj

]
= −Rk

ij

∂

∂yk
, (3.3)

[
∂

∂yi
,

∂

∂yj

]
= 0, (3.4)

[
δ

δxi
,

∂

∂yj

]
=

(
Γk

ij + Lk
ij

) ∂

∂yk
, (3.5)

which together with (3.1) and (3.2) yields

∇̃ ∂

∂yi

∂

∂yj
= Lk

ij

δ

δxk
+ Ck

ij

∂

∂yk
, (3.6)

∇̃ ∂

∂yi

δ

δxj
= −Lk

ij

∂

∂yk
+

(
Ck

ij +
1

2
ylRlij

k

)
δ

δxk
, (3.7)

∇̃ δ

δxi

∂

∂yj
= Γk

ij

∂

∂yk
+

(
Ck

ij +
1

2
ylRlji

k

)
δ

δxk
, (3.8)

∇̃ δ

δxi

δ

δxj
=

(
−Ck

ij −
1

2
Rk

ij

)
∂

∂yk
+ Γk

ij

δ

δxk
, (3.9)

where Rlij
k = gisg

ktRl
s
jt and Ck

ij = gklClij . Like in the submanifold case,

we say that the vertical distribution VT̃M is totally geodesic (resp. minimal) in

T T̃M if H∇̃ ∂
∂yi

∂
∂yj

= 0 (resp. gijH∇̃ ∂
∂yi

∂
∂yj

= 0), where H denotes the horizontal

projection. Similarly, if we denote by V the vertical projection, then we say that

the horizontal distribution HT̃M is totally geodesic (resp. minimal) in T T̃M if

V∇̃ δ
δyi

δ
δyj

= 0 (resp. gijV∇̃ δ
δyi

δ
δyj

= 0). From (3.3) and (3.6) we have

Proposition 3.1. Let (M, F ) be a Finsler manifold. Then

(i) (M, F ) is a Landsberg manifold, that is, Li
jk = 0 if and only if the vertical

distribution VT̃M is totally geodesic in T T̃M [1];

(ii) (M, F ) is a weak Landsberg manifold, that is, Li
jkgjk = 0 if and only if the

vertical distribution VT̃M is minimal in T T̃M [11];

(iii) The horizontal distribution HT̃M is integrable if and only if (M, F ) has zero

flag curvature [10].
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4. The main results

It follows from the definition of Cartan tensor that a Finsler manifold (M, F )

is Riemannian if and only if Cijk = 0. According to [5], the condition Cijk = 0

can be weakened to Cijkgjk = 0. Our first result characterize the Riemannian

manifolds among Finsler manifolds from the viewpoint of the geometry of tangent

bundle.

Theorem 4.1. Let (M, F ) be a Finsler manifold. Then the following state-

ments are mutually equivalent:

(i) (M, F ) is Riemannian;

(ii) d̃iv(Xv) = 0 for any X ∈ X(M), where d̃iv denotes the divergence operator

of (T̃M, G̃);

(iii) the horizontal distribution HT̃M is minimal in T T̃M .

Proof. The equivalence of (i) and (iii) follows from (3.9) and the Deicke’s

result [5]. By (3.6) and (3.8) we have

d̃iv

(
∂

∂yi

)
= 2Cijkgjk,

which implies that

d̃iv(Xv) = 2CijkX igjk

for X = X i ∂
∂xi ∈ X(M). Thus again by Deicke’s result (ii) is equivalent to (i). �

On the slit tangent bundle (T̃M, G̃), we can define an almost complex struc-

ture J̃ as following:

J̃
δ

δxi
=

∂

∂yi
, J̃

∂

∂yi
= −

δ

δxi
. (4.1)

Then (T̃M, G̃, J̃) is an almost Hermitian manifold. When (M, F ) is Riemannian,

it is known that J̃ is integrable if and only if (M, F ) is locally Euclidean [6], and

in that case, (T̃M, G̃, J̃) is Kählerian. We have the following theorem which is

the analogue of Finsler setting.

Theorem 4.2. Let (M, F ) be a Finsler manifold. Then the following state-

ments are mutually equivalent:

(i) (M, F ) has zero flag curvature;

(ii) J̃ is integrable;

(iii) ∇̃J̃ = 0;
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(iv) (T̃M, G̃, J̃) is Kählerian.

Proof. By definition, the Nijenhuis torsion [J̃ , J̃ ] of J̃ is given by

[J̃ , J̃ ](X̃, Ỹ ) = [J̃X̃, J̃Ỹ ] − [X̃, Ỹ ] − J̃ [J̃X̃, Ỹ ] − J̃ [X̃, J̃ Ỹ ], (4.2)

for X̃, Ỹ ∈ X(T̃M), which together with (3.3)-(3.5) and (4.1) yields

[J̃ , J̃ ]

(
δ

δxi
,

δ

δxj

)
= Rk

ij

∂

∂yk
= −[J̃ , J̃]

(
∂

∂yi
,

∂

∂yj

)
= J̃

(
[J̃ , J̃ ]

(
δ

δxi
,

∂

∂yj

))
.

Consequently, (i) is equivalent to (ii). If (M, F ) has zero flag curvature, it is

easy to verify that the Kähler form of (T̃M, G̃, J̃) is closed, and hence (i) is also

equivalent to (iv). Finally, combining (3.6)–(3.9) and (4.1) we get

(
∇̃ δ

δxi
J̃
) (

δ

δxj

)
=

1

2
yl

(
Rlji

k + Rl
k

ij

) δ

δxk
= J̃

((
∇̃ δ

δxi
J̃
)(

∂

∂yj

))
,

(
∇̃ ∂

∂yi
J̃
)(

∂

∂yj

)
= −

1

2
ylRlij

k δ

δxk
= −J̃

((
∇̃ ∂

∂yi
J̃
)(

δ

δxj

))
,

and consequently, (i) is equivalent to (iii). �

In 1971, Kowalski [9] proved that that the tangent bundle of a Riemannian

manifold with Sasaki metric is locally symmetric if and only if the base manifold

is locally Euclidean. The following theorem indicates that this result still holds

for Finsler manifold.

Theorem 4.3. Let (M, F ) be a Finsler manifold. Then (T̃M, G̃) is locally

symmetric if and only if (M, F ) is locally Euclidean.

Proof. We need only to prove the necessity. Using (3.6) and (3.7), a direct

computation shows that

R̃

(
∂

∂yi
,

∂

∂yj

)
∂

∂yk
= ∇̃ ∂

∂yi
∇̃ ∂

∂yj

∂

∂yk
− ∇̃ ∂

∂yj
∇̃ ∂

∂yi

∂

∂yk
− ∇̃[ ∂

∂yi , ∂

∂yj ]

∂

∂yk

=

(
∂Ll

jk

∂yi
−

∂Ll
ik

∂yj
+ Ls

jkCl
si + Cs

jkLl
si − Ls

ikCl
sj − Cs

ikLl
sj

+
1

2
Lt

jkysRsit
l −

1

2
Lt

ikysRsjt
l

)
δ

δxl
+

(
Ls

ikLl
js − Ls

jkLl
si

) ∂

∂yl
,

(4.3)

where R̃ denotes the Riemannian curvature of (T̃M, G̃). Let η ∈ X(T̃M) such

that η(x,y) = yv = yi ∂
∂yi , then it is easy to see that

∇̃η

∂

∂yi
= ∇̃η

δ

δxi
= 0. (4.4)
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Assume that ∇̃R̃ = 0, then by (2.3), (4.3), (4.4) and Lemma 2.1 we have

0 = yj
(
∇̃ηR̃

)(
∂

∂yi
,

∂

∂yj

)
∂

∂yk
= yj∇̃η

(
R̃

(
∂

∂yi
,

∂

∂yj

)
∂

∂yk

)

= −yj
∂Ll

jk

∂yi

δ

δxl
= Ll

ik

δ

δxl
,

and hence, Li
jk = 0, which together with (4.3) yields R̃

(
∂

∂yi ,
∂

∂yj

)
∂

∂yk = 0.

Now let ξ ∈ X(T̃M) such that ξ(x,y) = yh = yi δ
δxi , then

∇̃ξ

∂

∂yi
= N

j
i

∂

∂yj
−

1

2
Rj

i

δ

δxj
. (4.5)

We have by (4.5),

0 =
(
∇̃ξR̃

)(
η,

∂

∂yi

)
∂

∂yj
= −R̃

(
η, ∇̃ξ

∂

∂yi

)
∂

∂yj
− R̃

(
η,

∂

∂yi

)
∇̃ξ

∂

∂yj

=
1

2
Rk

iR̃

(
η,

δ

δxk

)
∂

∂yj
+

1

2
Rk

jR̃

(
η,

∂

∂yi

)
δ

δxk
.

(4.6)

It can be directly verified that

R̃

(
η,

δ

δxk

)
∂

∂yj
=

(
−Cl

kj +
1

2
ysRsjk

l

)
δ

δxl
, (4.7)

R̃

(
η,

∂

∂yi

)
δ

δxk
= ysRsik

l δ

δxl
. (4.8)

Combining (4.6)–(4.8) it follows that

Rk
i

(
−Cl

kj +
1

2
ysRsjk

l

)
+ Rk

jy
sRsik

l = 0. (4.9)

Multiply (4.9) by yl = gliy
i and then sum up, we get

1

2
Rk

iRjk + Rk
jRik = 0. (4.10)

It is easy to deduce from (4.10) that Rij = 0, or equivalently, Rk
ij = 0. Since

Lk
ij = Rk

ij = 0, it follows that

0 =
(
∇̃ δ

δxk
R̃

) (
η,

∂

∂yi

)
∂

∂yj
= −R̃

(
η, ∇̃ δ

δxk

∂

∂yi

)
∂

∂yj
= Cl

kiC
s
lj

δ

δxs
. (4.11)

Therefore, Cl
kiC

s
lj = 0 or equivalently, CiklCsjtg

lt = 0 for any i, k, s, j. Since

(gij) is positive definite, we get Cijk = 0 and consequently, (M, F ) is Riemannian.

Since Rk
ij = 0, (M, F ) is a flat Riemannian manifold, thus it is locally Euclidean,

and the theorem is proved. �



Some results on the geometry of tangent bundle. . . 193

References

[1] T. Aikou, Some remarks on the geometry of tangent bundles of Finsler spaces, Tensor

N. S. 52 (1993), 234–242.

[2] D. Bao, S. S. Chern and Z. Shen, An Introduction to Riemannian-Finsler Geometry,
Springer-Verlag, New York, 2000.

[3] A. Bejancu and H. R. Farran, A geometric characterization of Finsler manifolds of con-
stant curvature K = 1, Inter. J. Math. & Math. Sci. 23 (2000), 399–407.

[4] S. S. Chern, Local equivlence and Euclidean connections in Finsler spaces, Sci. Rep. Nat.

Tsing Hua Univ. A5 (1948), 95–121.
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