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Some results on the geometry of tangent bundle
of Finsler manifolds

By BING YE WU (Fuzhou)

Abstract. In this paper we study the geometry of tangent bundle of a Finsler
manifold endowed with Sasaki metric and obtain some results. We characterize the
Riemannian manifold as the Finsler manifold such that the vertical lift of any vector
field is divergence-free or equivalently, such that the horizontal distribution is minimal
in the tangent bundle of the slit tangent bundle, and prove that the almost complex
structure on the slit tangent bundle is integrable if and only if the base manifold has
zero flag curvature. In that case, the slit tangent bundle is Kéhlerian. We also prove
that the slit tangent bundle is locally symmetric if and only if the base manifold is
locally Euclidean. Our results generalize the corresponding results for the Riemannian
setting in the literature.

1. Introduction

The geometry of tangent bundle or tangent sphere bundle of a Riemannian
manifold has been well developed. In the general case, however, the geometry of
tangent bundle or the indicatrix bundle of a Finsler manifold has not been studied
at the same pace. Several people have made some fundamental contributions to
this subject from various points of view. For instance, HASEGAWA, YAMAUCHI,
and SHIMADA proved that the indicatrix bundle of a Finsler manifold (M, F') with
the induced almost contact metric structure is Sasakian if and only if (M, F) is of
constant flag curvature 1 [8], while BEJANCU and FARRAN obtained that (M, F)
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is of constant flag curvature 1 if and only if the unit horizontal Liouville vector
field is a Killing vector field on the indicatrix bundle [3]. For other relative results
on the geometry of tangent bundle or indicatrix bundle one is referred to see [1],
7], [10].

The purpose of this paper is to study the slit tangent bundle of a Finsler
manifold further. Asis well-known, the slit tangent bundle with the Sasaki metric
is a Riemannian manifold, and moreover, it is also an almost complex manifold.
We characterize the Riemannian manifold as the Finsler manifold such that the
vertical lift of any vector field is divergence-free or equivalently, the horizontal
distribution is minimal in the tangent bundle of the slit tangent bundle, and
prove that the almost complex structure on the slit tangent bundle is integrable
if and only if the base manifold has zero flag curvature. In that case, the slit
tangent bundle is Kahlerian. We also prove that the slit tangent bundle is locally
symmetric if and only if the base manifold is locally Euclidean. Our results
generalize the corresponding results for the Riemannian setting in the literature.

2. Finsler geometry

In this Section, we give a brief description of several geometric quantities
in Finsler geometry, For more details one is referred to see [2]. Throughout this
paper, we shall use the Einstein convention, that is, repeated indices with one
upper index and one lower index denotes summation over their range.

Let (M, F) be a Finsler n-manifold with Finsler metric F' : TM — [0, 0).
Let (x,y) = (z°,y") be the local coordinates on TM, and 7 : TM\0 — M the
natural projection. Unlike in the Riemannian case, most Finsler quantities are
functions of T'M rather than M. Some fundamental quantities and relations:

19%°F2%(z,y)
i, y) = = ——— 2 itive definite fund tal t
9ij(z,y) > oyi0y (positive definite fundamental tensor)
103F?(x,y)
Cijk(x,y) := ——=——~=, (Cartan t
ik (T, y) 10705704" (Cartan tensor)

(97) = (955)"",  Chp = g"Cujr,
l km (agﬂw + agzm agij) 7

k .__
Vij 7= x| 0z oz

29

Ni= ik — Chnkyy.
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According to [4], the pulled-back bundle 7*T'M admits a unique linear connec-
tion, called the Chern connection. Its connection forms are characterized by the
structure equations:
e Torsion freeness:
dz? A w;» = 0;
e Almost g-compatibility:
dgi; — gkjwf — gikw;? = 2C5k (dy* + N}dat).

It is easy to know that torsion freeness is equivalent to the absence of dy* terms
in wé-; namely,
. _—

wj = I da”,
together with the symmetry
Let
0 = 9 — N.ki
Szt Oxt b oyk”

The Riemannian curvature tensor Rjikl and the Landsberg curvature tensor Lék

can be expressed by
6T, 6T,

lekl = W - Sz ;cs ;l - F;kr‘;s (21)
and o
. T
i _ 1900
respectively. Obviously, R;'x; = —R,;%. The following Euler’s lemma is very
useful.

Lemma 2.1. Suppose a real-valued function H on R™ of positively homo-
geneous of degree r is differentiable away from the origin of R", then

5o H0) = rH ()

Let L, = guLé-k, then both Cj;, and L;j;, are symmetric on all their indices,

yi

and by Lemma 2.1 we have
Y Ciji = y'Liji, = 0. (2.3)
Let Rijri = gjs Ri®ki, Rl = ¥/ Rj'p, RY; = y* R, and R;; = gi, R¥;, then
Ryji — Rjirt = Cjis R — Cras R ji — Cris Ry
— CljsR°ki — Cis R ji — Cips R4, (2.4)
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Rij = Ry, (2:5)

1 [0R, 0R|
3 oy oyt |-

R (2.6)
Thus, R%, = 0 if and only if R%; = 0, and this is just the condition for (M, F) to
have zero flag curvature.

3. The Sasaki metric on slit tangent bundle

For a given Finsler manifold (M, F'), we can endow its slit tangent bundle
TM = TM \0 with a Riemannian metric, known as the Sasaki metric. It can
be described in local coordinates as following. Let (z,y) = (2%, 4") be the local
coordinates on TM. It is well known that the tangent space to TM at (z,y)
splits into the direct sum of the vertical subspace vﬁ\?(w) = span {%} and the

horizontal subspace HW(W) = span { %}:
T(w)u)m = Vm(w)u) D Hm(LU)

The Sasaki metric G on TM is defined by

~ /65 & ~( 0 0 ~( 6 0
(5:0“5:03) (8y“8y1) 9is(@,y) (5CCZ 8y3> (3:1)
For X = X! 821- € X(M), its horizontal lift X" and vertical lift XV are defined by
; 4]
XM= (X' :
( °© 7T) 51.7,
and
X* = (Xiom) L
oy’

respectively. The Levi—-Civita connection V on TM with respect to G is given by
the Koszul formula

2G (%5(17, Z) = XG (f/, Z) +YG (Z )?) - ZG ()? ?)

+G ([)?,17], Z) -G ([?,Z],X) +G ([Z, )Z],?) . (3.2)
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for any X,Y,Z € %(m) By (2.1) and (2.2), we easily get

[52 % = —Rkijaiyk, (3.3)
| - T ) 39
which together with (3.1) and (3.2) yields
6%% :ij%Jrcfjaiyk, (3.6)
6331' 5% = —ijaiyk + (CZ + %lelijk) 5:%, 3.7)
6%8;; = Ffjaiyk + <C'zk] + %leljik> %, (3.8)
%ﬁ% - (-c{g - %R%) 8% + r;.fj&%, (3.9)

where Rlijk = gisgktRlSjt and ij = glelij. Like in the submanifold case,

we _say thaﬁ the vertical distributiog VT M is totally geodesic (resp. minimal) in

TTM if HV% aiyj =0 (resp. ginVB%i aiyj = 0), where H denotes the horizontal

projection. Similarly, if we dezli)fe by V the vertical projection, then we sayAt/hat

the horizontal distribution HT M is totally geodesic (resp. minimal) in TTM if

V%%% =0 (resp. giﬂﬁ%% =0). From (3.3) and (3.6) we have
Proposition 3.1. Let (M, F') be a Finsler manifold. Then

(i) (M, F) is a Landsberg manifold, that is, L%; = 0 if and only if the vertical
distribution VI'M is totally geodesic in TTM [1];

(ii) (M, F) is a weak Landsberg manifold, that is, L%, g7 = 0 if and only if the
vertical distribution VT'M is minimal in TTM [11];

(iii) The horizontal distribution HTM is integrable if and only if (M, F) has zero
flag curvature [10].
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4. The main results

It follows from the definition of Cartan tensor that a Finsler manifold (M, F')
is Riemannian if and only if Cjj; = 0. According to [5], the condition Cjjr = 0
can be weakened to Cijkgjk = 0. Our first result characterize the Riemannian
manifolds among Finsler manifolds from the viewpoint of the geometry of tangent

bundle.

Theorem 4.1. Let (M, F) be a Finsler manifold. Then the following state-
ments are mutually equivalent:

(i) (M, F) is Riemannian;
(i) dﬁgf(z(i) =0 for any X € X(M), where div denotes the divergence operator
of (TM,G);
(iii) the horizontal distribution HT M is minimal in TT M.

PROOF. The equivalence of (i) and (iii) follows from (3.9) and the DEICKE’s
result [5]. By (3.6) and (3.8) we have

~ (2 :
div ((?yZ) = QCijkgjk,

which implies that
div(X"?) = 2C;x X 'g?*

for X = X! 6‘21» € X(M). Thus again by Deicke’s result (ii) is equivalent to (i). O

On the slit tangent bundle (m, é), we can define an almost complex struc-
ture J as following:

~0 0 ~0 0

Then (TM,G,J) is an almost Hermitian manifold. When (M, F) is Riemannian,
it is known that .J is integrable if and only if (M, F') is locally Euclidean [6], and
in that case, (f}\?, C~7', J ) is Kéhlerian. We have the following theorem which is
the analogue of Finsler setting.

Theorem 4.2. Let (M, F) be a Finsler manifold. Then the following state-
ments are mutually equivalent:

(i) (M, F) has zero flag curvature;
(i) J is integrable;
(iii) VJ = 0;
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(iv) (TM,G,J) is Kéhlerian.
ProOOF. By definition, the Nijenhuis torsion [j, j] of J is given by
[J,J)(X,Y)=[JX,JY] - [X,Y]-J[JX,Y] - JX,JY], (4.2)
for X,Y € X(TM), which together with (3.3)-(3.5) and (4.1) yields

Consequently, (i) is equivalent to (ii). If (M, F) has zero flag curvature, it is
easy to verify that the Kéhler form of (TM, G, J) is closed, and hence (i) is also
equivalent to (iv). Finally, combining (3.6)—(3.9) and (4.1) we get

(%5;’ j) ((;%) - %yl (leik + leij) ({% - j((%aii j) (%)) ’
(29 (55) =g musm =T (T 2.9 (55 ).

and consequently, (i) is equivalent to (iii). O

In 1971, KOWALSKI [9] proved that that the tangent bundle of a Riemannian
manifold with Sasaki metric is locally symmetric if and only if the base manifold
is locally Euclidean. The following theorem indicates that this result still holds
for Finsler manifold.

Theorem 4.3. Let (M, F) be a Finsler manifold. Then (m, G) is locally
symmetric if and only if (M, F) is locally Euclidean.

PROOF. We need only to prove the necessity. Using (3.6) and (3.7), a direct
computation shows that

ﬁ(a 5) 0 _¢,%,0 s,v,9% ¢, ., %

By Oyl ) oyt T Vo e dyF e o Oy Lo o, ByF
oLy, oL
1 t s l 1 t s 1 6 s I R . 6
+ §ijy Rgit — §Liky Rt 5 + (L3, LY, — L3 LL) it

where R denotes the Riemannian curvature of (m, G). Letn € %(m) such

that 1) =y" = Y 8?;“ then it is easy to see that

~ 0 ~ 0
Yoy = Vg

=0. (4.4)
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Assume that VR = 0, then by (2.3), (4.3), (4.4) and Lemma 2.1 we have

i~ o~ 0 0 0 ~ ~/( 0 0 0
g g 9N 9 _ i I N
0=y (9,F) (ayi’ayﬂ') agF YV (R<ayi’ayﬂ‘> ayk)

jaLé’ki _

oyt dxl TRl

and hence, L;k j/O, which together with (4.3) yields }Ni(a‘?ﬂ, Biyj) % =0.
Now let ¢ € X(T'M) such that £, ) = y" = 4’52, then

~ 0 0 1_. 9

= N/ — _RI,—. 4.
SOy’ t Oy 2R dxd (45)

We have by (4.5),

= = o\ ~( = a9 ([ 0\ 0
0= (%68) (n:555) 3 =R (#9555 ) 35~ 7 (735) Ve

1 s\ 9 1 )\ ¢ (“5)
_tpkp 0oy 9 Lo 5 0
B 2R o (777 51‘k) OyJ + 2R it <n’ (’“)yi> Sk’
It can be directly verified that
~ 1) 0 1 0
R — | =— = -CL. + Zy*Rys' | — 4.7
<na 6(Ek) ay] ( kj + 2y jk > 6£Cl, ( )
~ 0 1) R . 0
Combining (4.6)—(4.8) it follows that
1
Rki (—C;lgj + gysstkl> + RkijRSikl =0. (4.9)
Multiply (4.9) by y; = gi;y° and then sum up, we get
1
iR’szk +R*;Ry, = 0. (4.10)

It is easy to deduce from (4.10) that R;; = 0, or equivalently, R¥;; = 0. Since
ij = RF,; =0, it follows that

~ o~ 0 0 ~ ~ 0 0 I s O
0= (9 F) (13 =R (¥ ey gy — iz @10
Thgrefore, C,lcinj = 0 or equivalently, CixCsjeg't = 0 for any i, k, s, j. Since
(%) is positive definite, we get C;;1 = 0 and consequently, (M, F) is Riemannian.
Since R¥;; = 0, (M, F) is a flat Riemannian manifold, thus it is locally Euclidean,
and the theorem is proved. (I
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