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On a class of projectively flat (a, 3)-metrics

By XINYUE CHENG (Chongging) and MING LI (Chongqing)

Abstract. In this paper, we find a sufficient and necessary condition for an im-
portant class of (a, 8)- metrics in the form F' = a¢(8/a) to be locally projectively flat,
where ¢ = ¢(s) is a positive C* function satisfying certain conditions, characterized by
a polynomial or a power series of s, a is a Riemannian metric and 3 is a 1-form.

1. Introduction

Hilbert’s Fourth Problem in the regular case requires to study and character-
ize Finsler metrics F' = F(x,y) on an open domain U C R™ whose geodesics are
straight lines [4]. Finsler metrics on U with this property are called projectively
flat metrics. In [3], G. HAMEL first found a simple system of partial differential
equations that characterizes projectively flat Finsler metrics on an open domain
U C R™. That is F = F(z,y) on U is projectively flat if and only if the following
PDE’s hold:

It is one of the important problems in Finsler geometry to characterize projec-
tively flat metrics. According to Beltrami’s Theorem, a Riemannian metric is
projectively flat if and only if it is of constant sectional curvature[7], [8]. Further,
it is known that a Randers metric F' = a + 3 is projectively flat if and only if «
is projectively flat and g is closed [1], where a = y/a;;(z)y'y’ is a Riemannian
metric and 3 = b;y’ is a 1-form with b := ||3,|| < 1 for z € M.
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In this paper, we are going to consider a class of Finsler metrics on a mani-
fold M which are expressed in the following form:
B

F:a¢(8)7 SZE,

where ¢ = ¢(s) is a C* function on (—bg, by) satisfying

$0) =1, &(s) >0, ¢(s) —s¢'(s) + (b* = )" (s) > 0, (2)

where s and b are arbitrary numbers with |s| < b < by. It is known that F' =
a¢(s),s = B/« is a Finsler metric if and only if the condition (2) holds. Finsler
metrics in the above form are called (o, 8)-metrics. The class of («, 8)-metrics
contains all Riemannian metrics (¢ = 1) and all Randers metrics (¢ = 1+ s). In
the past several years, various curvatures in Finsler geometry have been studied
and their geometric meaning is better understood. This is partially due to the
study of («, B)-metrics. Thus, this motivates people to study («, 3)-metrics more
deeply.

From now on, we are going to consider a special class of («,3)-metrics F =
ap(s), where ¢ = ¢(s) is a function satisfying (2) and

¢ —s¢' = (p+r5”)d"(s), 3)
where p,r are constants. Recently, Z. SHEN has proved the following
Theorem 1.1. ([11]) Assume that ¢ = ¢(s) satisfies (2) and (3). Let F =
a¢(f/a) be an (a, 3)-metric on a manifold M. If
bijj = 27{(p+ b*)ai; + (r — 1)b;b; } (4)
and the spray coefficients G, of a are of the form:
G = & — 7o, (5)

where b := /a"b;b;, b;; denote the coefficients of the covariant derivative of (3
with respect to o, T = 7(z) is a scalar function and ¢ = &;(x)y’ is a 1-form on M,
then F is locally projectively flat.

Unfortunately, we are not sure that the conditions (4) and (5) are necessary.
A key step is to prove that g is closed. However, some progress has been made
for certain types of functions ¢ recently. In [12], Z. SHEN and G. C. YILDIRIM
first showed that F' = (o + (3)?/a is projectively flat if and only if the conditions
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(4) and (5) hold with p = 1/2 and r = —1/2. Then they proved that the (o, 3)-
metrics F = o+ ¢ + k3% /a are projectively flat if and only if the conditions (4)
and (5) hold with p = 1/(2k) and r = —1/2, where € and k # 0 are constants.
Further, Y. SHEN and L. ZHAO have shown that ¢ = 1 +es+2ks? — %84 satisfies
(2) and (3) with p = 1/(4k) and r = —1/4, and the Finsler metrics in the form
F = a¢(B/a) are projectively flat if and only if (4) and (5) hold [6]. In this paper
we will show that, for a larger class of Finsler metrics F' = a¢(s) satisfying (2)
and (3), they are projectively flat if and only if (4) and (5) hold.

We will firstly show that, if p = 0 then the solutions of (3) will not satisfy
(2). Hence, we always assume that p # 0 in this paper. In this case, the solutions
of (3) are analytic near the origin and the power series of the solutions are of the
form

¢(s) = Co+ C1s+ Cas” + Cys* + -+ + Cops® + -+, (6)
where Cy and C; are arbitrary constants and the coefficients of ¢ satisfy
1\ 2n—1)(2nr+1)
02n+2 =\
(2n+2)(2n+1)

2n-

p
By a simple analysis, we can see that ¢(s) satisfies (2) and (3) if and only if
Cop=1and b e (0, \/H) is sufficiently small. In particular, if we take r = —i
and k is a positive integer, then the ¢(s) in (6) are polynomials of the following
form

¢(s) = Co + Cy5 + Cos® + Cyst + - + Cops?*. (7)

Furthermore, if we take k = 1 and then k = 2, then the (a, 8)-metrics F' = a¢(s),
s = /a, given by (7) have the form

132
= -7
a+C’16+2pa, (8)

and L g g
1
F=a+Cp+-—" - — 2 9
at 1ﬁ+2pa 48p? a3 )
respectively. These are just the («, 5)-metrics discussed in [12] and [6] respec-
tively.
By using the form (6) of ¢, we have the following main

Theorem 1.2. Assume that ¢ = ¢(s) is a function in the form (6) satisfying
(2) and (3). If C; #0 and r # 1 or C; = 0 but r = —1/(2k), where k is any
positive integer, then the («, 3)-metric F = a¢(3/«a) is projectively flat if and
only if (4) and (5) hold.

According to the discussion above, Theorem 1.2 generalizes the results in [12]

and [6].



198 Xinyue Cheng and Ming Li
2. The analysis of the solutions

In this section, we will study the second order linear ODE (3) by the power
series method. If p = 0, then equation (3) has explicit solutions as follows:

Cs ifr=0
$(s) =< Cs+Cslns ifr=—1
Cs+Cs™r  ifr#0,-1.

In this case, ¢(0) # 1. Now, the resulting ¢(s) does not satisfy (2) and the
F = a¢(fB/«a) defined by these ¢(s) are not Finsler metrics. Therefore, we always
assume that p # 0.

By a theorem on the power series method of ODE, we know that the solutions
of (3) are analytic near the origin. Let the power series expressions of ¢(s) be

@(s) = Z Cps™.
n=0

The first and the second order derivatives of ¢(s) are

¢(s) =Y (n+1)Crprs”", ¢"(s) =) (n+2)(n+1)Crias".
n=0 n=0

Plugging them into (3) yields

(2pCy — Cy) + 6pCiss + Z {p(n+4)(n+3)Crsa

n=0

+(m+1)[r(n+2)+1]Cpia}s"™ =0. (10)

From (10) we know that the coefficients of ¢(s) must satisfy

02n+1 = O7 n > 1, (11)
1\ (2n —1)(2nr +1)
= _— > .
Cont2 ( p> 2n+2)2n+1) Con, 120 (12)

Hence the power series expression of ¢(s) is

(]5(5) :00+C1S+0282+C4S4+"'+02n82n+"'- (13)
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We assert that the F' = a¢(3/«) defined by ¢(s) in the form (13) are Finsler
metrics if and only if Cy = 1 and b € (0,+/|p|) is sufficiently small. Because of
#(0) = Cp and (2), we know that Cy = 1. Then ¢(s) > 0 in a sufficiently small

neighborhood of the origin. Note that
b2
606) — 59/8) + (7 — N/ ()omo = 22

Thus, if b € (0, /|p|) is sufficiently small and |s| < b, then
#(s) — ¢/ (s) + (b — 5%)¢"(s) > 0.

This proves our assertion. In this case,

Cs # 0.

1
=5

3. (o, B)-metrics

In this section, for a function ¢ = ¢(s) satisfying (2), we will recall some
well-known properties of an («, 8)-metric F' = a¢([/a). Let bi|jd:ri ®dz? denote

covariant derivatives of 8 with respect to a. Let

1 1
rij 1= 5 (bigj + bjja), sij 1= 5 (bil; = bjja),
sij = a“slj, 55 1= bisij

and
roo = Trijy'y,  so = sy, st = sijyj7 s10 = 8197
Clearly, 3 is closed if and only if s;; = 0.
The geodesic coefficients G* of F' = a¢(3/«) are given by

G' =G}, + aQs'y + H(—2aQso + 7o0) {xya + bi} :

where
N
: QSCZ)N )
__ ¢
Q= ey
H :: ¢)//

2((¢ — 5¢') + (b* — s%)¢"]"

(15)

The formula (15) is given in [2], [10], [11]. Further, by (1) and (15) we have

the following
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Lemma 3.1 ([12]). An (o, 8)-metric F = a¢(8/a) is projectively flat on an
open domain U C R" if and only if

(am10® = Ymy) G + @ Qsi0 + H(—2aQsg + o0 ) (hio® — Byr) = 0, (16)

where y; 1= a;y’.

4. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2 using Lemma 3.1.
From (3) and (15) we have

¥ _ 1
O T oo De an)

If (4) holds, then 3 is closed and rog = 27{(p + b%)a® + (r — 1)3?}. Hence (15)
reduces to

G'=Gi+7 {Xya + bi} o’
In addition, if (5) holds, we may obtain
G' = (§+xa)y"

Therefore F' is projectively flat.

Conversely, assume that ¢ = ¢(s) is a function satisfying (2) and (3) and the
(a,8)-metric F = a¢p(B/a) is projectively flat.

If 3 is closed, i.e. s;; = 0, (16) reduces to

Oé2T00
p+b%)a? + (r —1)57]

(amla2 - ymyl)G;n + 2[( (bla2 - ﬁyl) =0,
that is,
2(am1® = Ymyi) [(p +bvH)a? 4 (r — 1)62} G™ = —a’roo(bia® — By). (18)

Contracting (18) with b, we get

2[(p+b*)a® + (r — 1)3%] (bma® — ymB)Ga = —a*(b*a® — 5*)rgo.
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Note that the polynomial (p+b?)a?+ (r—1)3? is not divisible by a? and b?a? — 32
as r # 1. Thus (b,0® — y,,8)G™ is divisible by a?(b2a? — 32). Therefore, there
is a function 7 = 7(z) such that

roo = 27{(p + b%)a” + (r — 1)5%}. (19)

Note that (19) is equivalent to (4) since s;; = 0. Now the formula (15) for G* can
be simplified to

G' =G + txay’ + Ta’b'. (20)
On the other hand, it is well-known that F' is projectively flat if and only if there

is a scalar function P(z,y) satisfying P(z,A\y) = AP(z,y) for A > 0, such that
G' = Py’. Thus, by (20), we have
G = (P - Txa)yi — 72,

(03

Because both of G%, and Ta?b® are quadratic forms of (y%), we assert that £ :=
P — 7xay® must be a 1-form and we get (5). Thus the key step of the proof is to
prove that 3 is closed.

It is easy to see by (17) that (16) can be rewritten as

2(p+ ) + (r = D)s*(p + rs°) (@ma® = ymy1) G ¢"
+2[(p+0%) + (r = Ds’Ja’sind’ — 2aso(bia® — Byr)¢’
+ roo(p + %) (hia® — By)¢” = 0. (21)
Contracting (21) with ' yields
2[(p +0°) + (r = 1)s*)(p + %) (bna® — ynf)GL'¢"
+2[(p+0°) + (r — Dsa’sod’ — 2aso(b*a” — §%)¢’
+ 700(p + r5?) (b%a? — %)¢" = 0. (22)
Then we have
{2[(p+ ) + (r — 1)%] (bna® — yB)G + roo(b?a® — %)} (p + 15%)¢"
+ 2aso(pa® +rp%)¢ = 0. (23)
Case 1: C1# 0 and r # 1. In this case, we have
¢(s) =1+ C15+ Cos® + Oys* + -+ + Ogpys™ + -+,
#'(s) = Oy +2C9s + 4Cy8° + -+ + 2nC04y, s L -+ |

¢"(s) =20y +4-3Cy8% + - +2n-(2n — 1)Cp, ™" 2 4 - -+
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Let
1/’(8) = 2C2 + 40432 4+ 27102”82“72 4

Then ¢'(s) = Cy + s¢(s) and (23) becomes
{2[(p+6*) + (r = 1)s*] (p + 75%) (bma® — ymB) G
+roo(p + rs?) (0%0” — %) }¢" + 2850 (pa® + %)
+ 2aso(pa® 4+ r3*)Cy = 0. (24)

Note that, when we change y into —y in (24), only 2as(pa® + r3%)C; changes
its sign. Hence
2as0(pa® +r3*)CL = 0. (25)

Because of p # 0, we assert that pa® + 32 # 0. Thus
S0 = 0.

Substituting it back into (21), by a similar discussion and by paying attention to
@' (—s) = C1 — s9p(s), we get C15;0 = 0. By assumption, we obtain

s10 = 0.

That is, § is closed.

Case 2: C;1 =0 but r = —ﬁ , where k is a positive integer.

When k = 1, the metrics are just those of the form (8). In [12], Z. SHEN and
G. C. YIDIRIM have proved that such metrics are projectively flat if and only if
(4) and (5) hold. So, in the following, we will always assume that & > 2. In this
case, we have

B(s) =1+ Cos* + Cys* + -+ + Cops?*,
@' (5) = 2055 4+ 408> + - - - + 2kCyps2F 1,
(b//(s) = 202 +4- 30482 + .-+ 2k (21{/’ _ 1)02k82k_2_

Let
'(/)(S) = 202 + 40452 + .o+ 2k02k82k_2_

Then ¢'(s) = s(s) and (23) can be rewritten as

{2[(p+b°) + (r = 1)s°[ (bn@® — ymB)GY + roo(b*a® — 5%) } (p + 757)¢"
+ 28s0(pa® +rB*)Y = 0. (26)
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Multiplying (26) by a?**2 yields
{2[(p +bv%)a? + (r — 1)62] (b ? = Y B)G™ + 1o (b*a® — ﬁz)}n
+ 206500 =0, (27)
where
n=2C2a* "2 4 4.3C,0* 3% 4o 4 2k - (2k — 1)Cox 5772,
0 = 2050”72 + 40,0 1% + -+ 4 2kCoy, 772

When k > 2, it is clear that 6 and 7 are relatively prime polynomials of (3%).
Hence a*Bsy must be divisible by 7. Because both of o? and 3 are irreducible
polynomials of (), a*3 and 7 are obviously relatively prime polynomials of (y°).
Then sy must be divisible by 7, which implies that

So = 0.
Substituting this back into (21) yields that
{2[(p+ b)) + (r— 1)52] (ami10® = Yymy))G™ + roo (bia® — By)}(p + rs®)¢”
+2[(p + %) + (r — 1)s*]a’sy0¢’ = 0,
that is,
{2[(p+ b)) + (r — 1)32] (Ami0® — Ymy))G™ + oo (bja® — Buyi) }(p + rs?) ¢
+2[(p+b%) + (r — 1)s%a?Bsipp = 0. (28)
Multiplying (28) by a?**2 yields
{2[(1) + bz)oz2 +(r— 1)@2] (amloz2 — Ymy1)Go'

+ oo (bie® — Byr) F(pa® +18%)n
+2[(p + b*)a? + (r — 1)3%*a*Bsi00 = 0. (29)

Hence [(p + b%)a? + (r — 1)3%]s;0 must be divisible by 7.
If k = 2, we know from (12) and (14) that

_]‘ 2 1 2
77p2(P04 125)7

P+’ + (r—1)8* =15 [(p Y;ﬁ) o — 11252] .
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It is clear that (p+b%)a?+ (r—1)3? and 7 are relatively prime polynomials of (y*).
Hence sjp must be divisible by n. This yields that s;g = 0.

If k > 3, the degrees of [(p + b?)a? + (r — 1)3?%]s;p and 7 show that s;9 = 0.

Thus we may conclude that [ is closed when k > 2. This completes the proof
of Theorem 1.2.

From Theorem 1.2 and (12), (14) and the discussion in section 2, we have
the following

Corollary 4.1. Assume that

1
¢(S):1+018+%82+-~+02n82n+-“

and b € (0,+/|p|) is sufficiently small, where

S 7 A Y A
02n+2 = (71) W H(Q'LT + 1), n Z 1.
i=1

IfCy #0 and r # 1 or C; = 0 but r = —1/(2k) where k is any positive integer,
then the («, 3)-metric F = a¢(8/a) is projectively flat if and only if (4) and (5)
hold.
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