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Linearizable 3-webs and the Gronwall conjecture

By JOSEPH GRIFONE (Toulouse), ZOLTAN MUZSNAY (Debrecen)
and JIHAD SAAB (Jounieh)

Abstract. In the article [11], we studied the linearizability problem for 3-webs on
2-dimensional manifolds. Presenting in [12] the elements of the theory and the results,
we announced a forthcoming paper with all the computations and explicit formulas.
Four years after the publication of our article V. V. GOLDBERG and V. V. LYCHAGIN
obtained similar results by a different method in [7] and [8]. However, they obtained
incorrect results on the linearizability of a certain web, as it was shown in [16]. Now, as
it was announced in [12], we present the complete version of [11] with computations and
explicit formulas, because this theory shows effectiveness and correctness in concrete
examples.

1. Introduction

In the article [12] published in 2001 in the journal “Nonlinear Analysis”,
we studied the linearizability problem for 3-webs on a 2-dimensional manifold.
Using the integrability theory of over-determined partial differential systems, we
computed the obstructions to linearizability and we produced an effective method
to test the linearizability of 3-webs in the (real or complex) plane. We showed
that, in the non-parallelizable case, there exists an algebraic submanifold A of
the space of vector valued symmetric tensors (S?7T* @ T'), which can be expressed
in terms of the curvature of the Chern connection and its covariant derivatives
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up to order 6, such that the affine deformation tensor is a section of S?T* ® T
with values in 4. In particular, we proved that a web is linearizable if and only
if A # 0, and there exists at most 15 projectively nonequivalent linearizations
of a nonparallelizable 3-web. In order to give a coordinate free and intrinsic
presentation of the results we used tensors and covariant derivatives to find the
obstructions to the linearization.

Four years after the publication of our article, V. V. GOLDBERG and
V. V. LYCHACIN in [7] and [8] obtained similar results by a different method.
They criticized our article by qualifying the proofs incomplete, without giving any
justification or reason for their claim. They claim that “...the main and only
example of a linearizable (in their approach) 3-web .. . is not linearizable at all . ..”
(see [8], pp. 171). In order to prove their statement they apply their theory to this
particular web and find that the corresponding algebraic submanifold is empty.
However, in the article [16] Z. MUZSNAY proves that, in complete accordance with
the claim of [12], this particular web is indeed linearizable, by producing explicit
linearizations. This shows that some of the calculations in [7] and [8] must be
incorrect.

As it was announced in [12], we present here the detailed version of the theory
with computations and explicit formulas, because this theory shows effectiveness
in concrete examples, and we deem that the opinion of V. V. GOLDBERG and
V. V. LYCHAGIN in [8] concerning our work is unjustified.

2. Introduction to the linearizability problem of 3-webs

Let M be a two-dimensional real or complex differentiable manifold. A 3-web
is given in an open domain D of M by three foliations of smooth curves in general
position. Two webs W and W are locally equivalent at p € M, if there exists a
local diffeomorphism on a neighborhood of p which exchanges them.

A 3-web is called linear (resp. parallel) if it is given by 3 foliations of straight
lines (resp. of parallel lines). A 3-web which equivalent to a linear (resp. parallel)
web is called linearizable (resp. parallelizable).

A linear connection, called Chern connection and denoted by V, can be
associated to a 3-web. V preserves the web, i.e. the leaves are auto-parallel curves.
It is not difficult to see that a 3-web is parallelizable if and only if the curvature
of the Chern connection, called also Blaschke curvature, vanishes.

Basic examples of planar 3-webs comes from complex projective algebraic
geometry. If C' C P? is a reduced algebraic curve of degree 3, by duality in P2,
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one can obtain a 3-web called the algebraic web associated with C' C P? (cf. for
instance [15]). Graf and Sauer proved in 1924 a theorem, which in web geometry
language, can be stated as follows: a linear web is parallelizable if and only if it is
associated to an algebraic curve of degree 3, i.e. its leaves are tangent lines to an
algebraic curve of degree 3 ([2], page 24). This theorem is a special case of Niels
Henrik Abel’s theorem and its converse, the general LIE-DARBOUX—GRIFFITHS
theorem [9].

The problem to give linearizability criterion is a very natural one. Such crite-
rion is important in nomography (cf. [13]): determining whether some nomogram
can be reduced to an alignment chart is equivalent to the problem of determining
whether a web is linearizable. The most significant works on this subject are due
to BoL ([3], [4]). In [3] he suggested how to find a criterion of linearizability,
although he is unable to carry out the computation, which really need the use
of computer. He shows that the number of projectively different linear 3-webs in
the plane to which a non-hexagonal 3-web is equivalent is finite and less that 17.
Bol’s proof consists in to associate to a real 3-web two complex vector fields which
play an essential role, so his proof cannot be translated in the complex case. In
our computation the web can be real as well as complex.

The formulation of the linearizability problem in terms of Chern connection
was suggested by Akivis in a lecture given in Moscow in 1973. Following Akivis
idea GOLDBERG in [6] found all affine connection T'* relative to which the web
leaves are geodesic lines and distinguished a linearizable 3-webs by claiming that
the connection I'* is flat. In this paper we are using this approach to solve the
problem.

Denoting by T" and T™ the tangent and the cotangent bundle of M, a section
L of the bundle S?T* ® T on M is called pre-linearization, if the connection V¥
defined by

VLY =VxY + L(X,Y)

preserves the web, that is the three families of leaves are auto-parallels curves with
respect to V. A pre-linearization L is called linearization if the connection V7 is
flat i.e. the curvature of the connection V¥ given by equation (1) vanishes. This
equation gives us a first order partial differential system on L. Two lineariza-
tions L and L’ are projectively equivalent if the connections V¥ and VL are
projectively related. The equivalences classes are called classes of linearizations.
They are in one-to-one correspondence with the bases of the linearization which
is a simple projective invariant, noted by s. The linearizability condition can be
reformulate with this object by a second order partial differential system. We
show that the system is of finite type, and the obstruction to the linearizability
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can be expressed in terms of polynomials of s, whose coefficients depends only on
the curvature tensor of the Chern connection. Our main result is the following:

Theorem 2.1. Let W be an analytical 3-web on a 2-dimensional real or
complex manifold M, whose Chern curvature does not vanish at p € M. Then,
there exists an algebraic sub-manifold A of E over a neighborhood of p, expressed
in terms of the curvature of the Chern connection and its covariant derivatives
up to order 6, so that the linearizations of W are sections of E with values in A.
In particular:

(1) The web is linearizable if and only if A # ();
(2) There exists at most 15 classes of linearizations.

The explicit expression of the polynomials and its coefficients which define A can
be found in Chapter 6 and 7.

3. Notations and definitions

Let W be a differential 3-web on a manifold M given by a triplet of mutually
transversal foliations {F7, Fa, F3}. From the definitions it follows that M is even
dimensional and that the dimension of the tangent distributions of the foliations
F1, Fo, F3 is the half of the dimension of M. The foliations {Fi, F2, F3} are
called horizontal, vertical and transversal and their tangent space are denoted by
Th, TV and T*.

The following theorem proved by NAGY [17] gives an elegant infinitesimal
characterization of 3-webs and their Chern connection.

Theorem. A 3-web is equivalent to a pair {h,j} of (1,1)-tensor fields on
the manifold, satisfying the following conditions:
(1) h® = h, j° = id,
(2) jh =vj, where v =1id — h,
(3) Kerh, Im h and Ker(h + id) are integrable distributions.
For any 3-web, there exists a unique linear connection V on M which satisfies
(1) Vh =0,
(2) Vj =0,
(3) T(hX,vY)=0, VX,Y € TM, T being the torsion tensor of V.

V is called Chern connection.

In the sequel, we suppose that the dimension of M is two.
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Definition 3.1. Let W be a 3-web and V its Chern connection. A symmetrical
(1,2)-tensor field L is called pre-linearization if the connection

VLY =VxY + L(X,Y)

preserves the web, that is the leaves are auto-parallel curves with respect to
VE. A pre-linearization is a linearization if the connection V% is flat i.e. its
curvature vanishes. Two pre-linearizations L and L’ are projectively equivalent
if the connections V% and V' are projectively related, that is there exists w €
AY(M), such that
VLY = VEY + w(X)Y +w(Y)X
Proposition 3.2. A tensor field L in S?T* ® T is a linearization if and
only if
1) vL(hX,hY) =0,
2) hL(vX,vY) =0,
3) L(hX,hY)+ jL(jhX,jhY) — hL(jhX,hY)
—hL(hX,jhY)— juL(jhX,hY) — juL(hX,jhY) = 0,
4) VxL(Y,Z)-VyL(X,Z)+ L(X,L(Y,Z))— L(Y,L(X,Z))+ R(X,Y)Z =0
holds, for any X,Y,Z € T, where R denotes the curvature of the Chern connec-
tion.

The proof is a straightforward verification. Properties 1), 2) and 3) means
that L is a pre-linearization and follows from the fact that V¥ preserves the web,
while properties 4) expresses, that the curvature of V¥ vanishes.

Definition 3.3. Let M be a 2-dimensional manifold, W a web on M and
{e1,e2} a frame at p € M adapted to the web, i.e. e; € TZ?, ex =jer €T,. Let L
be a pre-linearization at p, whose components are ij, that is: L(e;,e;) = ijek,
and let us set the tensor-field s represented by the components 2L}, — L3,. The
tensor s will be called the base of L.

The following proposition is elementary, but it is the key for the proof of our
main theorem.

Proposition 3.4. Two pre-linearizations L and L' are projectively equiva-
lent if and only if they have the same base, i.e. s = s'.

Indeed, if L and L' are two projectively equivalent pre-linearizations, then
there exists w € T* such that L' = L + w ®id, i.e. in the frame {e1,e2}:

1 2 1
L'y, =L, + 2w, L'5 = L3y + 2wy, L'y =L, +ws
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where w; and wy are the components of w. This system is consistent if and only
if '}y — Li, = L(L/3, — L%,), ie. s = 5.

4. The linearization operator

Let M be a 2-dimensional real or complex manifold and W a 3-web on M.
A*T* and S*T* are the bundles of the k-skew-symmetric and symmetric forms.
If B — M is a vector bundle on M, then Sec(B) will denote the sheaf of the
sections of B and Ji(B) the vector bundle of k-jets of the sections of B. The k-th
order jet of a section s € Sec(B) at a point p € M will be denoted by j ps.

In the sequel E will denote the bundle of the pre-linearizations and F' :=
A%2T* @ T. In order to study the linearizability of W, we will consider the differ-
ential operator P, : E — F and study the integrability of the differential system
Py (L) =0, where

(PU(D))(X,Y,Z) = (VxL)(Y, Z) — (Vy L)(X, Z)
+ L(X,L(Y, Z)) — L(Y, L(X, Z)) + R(X,Y)Z (1)

for every X, Y, Z €T.

We will use the theory of the formal integrability of Spencer ([5], [10]). The
notations are those of [10], where is given also an accessible introduction to this
theory. In particular, if P is a quasi-linear operator of order k and p € M, then
Ry is the bundle of the formal solutions of order k at p, ogy¢(P) or simply
Ok+¢ 1s the symbol of the ¢-th order prolongation py(P) of P. We also denote
gk+¢ = Kerop4¢ and K = Coker oy 1.

Let L € E a pre-linearization. We introduce the tensors
T,Y, 2 ThoTh - Th

defined by
x(hX,hY) := L(hX,hY)
y(hX,hY) := jL(jhX, jhY) (2)
z(hX,hY) := hL(hX, jhY)

One denotes 22 the (1,3) tensor defined by

22(hX,hY,hZ) = z(x(hX,hY), hZ).
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Similarly, we define the product zy, x® (which is a (1,4) tensor field), etc.

The space of pre-linearizations, F is a 3-dimensional vector bundle over M,
and z, y, z can be used to parameterize it. However, taking into account some
symmetries of the problem and the Proposition 3.4, it is better to introduce the
tensors s,t : Th @ T" — T" defined by

s:=2z—y

3
t::%(:c—i-y—Zz) ®)

and parameterize E by s, ¢, z where s is the base of the web (see Definition 3.3).

In order to simplify the notation, we denote by C; and Cs the tensor fields
(Q"'T"") @ T" defined by

Cy(hX,hX1, ... hX,) = (VuxC)(hX1,. .. hX,)

(4)
Co(hX,hX1, ... hX,) = (VuxC)(hX1, ... hX,)

where C' is a tensor field in (®p Th*) ® T". By recursion, we introduce the
successive covariant derivatives with the convention that Cj,;, := (Ci, )i, . Thus,

T, ,..i, is the (1,p 4 2) tensor defined in an adapted frame by
$i17,,,)ip (61, .o, €1, hX, hY) = (VV e V:v) (eil yoe ,€ip, hX, hY)
p times p times

We denote R the tensor R : T" & T" @ T" — T" defined by
R(hX,hY)hZ = R(jhX,hY)hZ (5)

where R is the curvature of the Chern connection. With the above notation we

have
(Viijél,...,im) - (VjviLél,...,im) = RéjkLZ,...,im - Rfjingc,...,im
k l
=R Ly g
In particular
Ci2—Co=(p—-1)RC (6)

for a tensor field C € (@"T"") @ T".
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Using these notations, and resolving two equations in z; and 2 the system
Pi(L) = 0 can be written as:
t1 = st + 12,

1 2 1
tQZ 581 —§SQ+2t— gR,

2 1 1
Z1 = gsl — 532 + zt + §R’

29 = —28+ 22.

Note that P; is regular because the symbol and its prolongation are regular maps.
The system (7) can be seen as a Frobenius system on the variables ¢ and z, and
s being a parameter. By the formula (6), the integrability conditions are

212 — 221 = Rz,
t12 — t21 = R,

s12 — 821 = R,

and thus from (7) we can arrive at the system

= 2891 — 2 Rs+ Ra,
PZ—{SQQ S21 — 882 + 2851 + ' Rs + 'R 8)

S§11 = 2891 — 2889 + 881 + Rs + R4,

(see also [14], equation “(* bis)”). The operator P, : Sec (E2) — F3 is a quasi-
linear second order differential operator, where Fo = TV @ TV @ Th and F, :=
F' & F' with F' := T"" @ T"" ® E,. The linearizability of the web is equivalent
to the integrability of the operator P». In the sequel we will consider this one and
examine its integrability.

Proposition 4.1. At every p € M all 2*®-order solution at p of Py can be
lifted into a 3""-order solution.

Indeed, fixing an adapted base {ey, e = je1}, the symbol of P» is the map
02 : S°T @ By — F, 02(A) = (A2 — 2421, A1 — 2421),
where A;; = A(e;,ej). So go := Ker o is defined by the equations
Agg — 2451 =0 and A1 —2A49 =0.

Since these equations are independent, we have rankoy = 2, dimgs = 1. On the
other hand, for the symbol of the first prolongation

03:S3T* @ Ey — T* @ Fy, 03(B) = (Biaa — 2Ba1, Bri1 — 2Bk21)  (9)
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where B;ji = Bl(e;, ej, ex), we find that g3 = Keros is defined by the equations
Bz —2Bk21 =0,  Bgi1 — 2Bga1 = 0,

k =1,2. It is easy to verify that these equations are also independent. Therefore
rankos = 4 = dim(7T* ® F») and dimgs = 0, thus o3 is an isomorphism and
Coker o3 = 0. We have the following exact diagram:

S?T* @ By —2— T*® F ——— Cokeros =0
‘| ‘|
Ry ——  J3(E») LALIR 2
S

Ry ——  Jy(By) 2 g

Now, using homological algebraic argument it can be shown, that 73 is onto, i.e.
every 2"%-order solution of P, can be lifted into a 3"%-order solution. (I

Proposition 4.2. The operator P is not 2-acyclic, i.e. there is a higher
order obstruction which arises for the integrability of Ps.

Indeed, the sequence

7 5
0 — gra1(Py) —— g(P) @ T* 2T g, (Py) ® A2T" — 0

is not exact for all [ > 2, where §; denotes the skew-symmetrization in the corre-
sponding variables: for £ = 3 we have

rankds =0 < dim(ge ® A*T*) = 1. O

5. The first obstruction obstructions to linearizability

In order to find the higher order obstruction we consider the prolongation of
Py, i.e. the operator Ps := (Py, VP,), where VP : T* ® Ey — T* ® Fy is the
covariant derivative of P, with respect to the Chern connection. Explicitly, this



216 Joseph Grifone, Zoltdn Muzsnay and Jihad Saab

system is formed by the system (8) and by the following four equations:

1 4
S212 = $521 — gs152 + gsg — gs% + gRSg + 25253
2 1
+Rs* + (2Rz — R1)s — §R21 - §R12

1 2 4 )
8211 = —8521 + 58182 + gsg - 58% + <§R—|— 252) S2
2

1
—10R51 + (RQ - 2R1)S - —Rzl - —Rlz
4 4 53 103 5 (10)
s111 = — 28891 — 35152+ gsé - 55% —|—(§R—|— 252> 8o — (gR— 52)51
2 4
—Rs* 4 (2R2 — 2R1)s — §R21 - §R12 +Ru
4 5 4 5 10
8222 = 28821 + 58182 + gsg - §S§ + <§R—|— 52> So — <§R - 2$2> S1
4 2
+Rs* + (2R2 — 2Ry1)s — 3Ra1t = 3Rz + Ry

Since (10) can be solved with respect to the 3"-order derivatives, the existence
of a 2"order formal solution implies the existence of 37%-order solutions.

In the sequel, we will use the notion of involutivity of a differential system
in the sense used in monograph [5], p. 121 (cf. the discussion of this notion on
page 2)!. We have then

Lemma 5.1. The symbol of P is involutive. Moreover, any 3"?-order solu-

4th

tion of P3 can be lifted into a 4'"—order solution if and only if ¢ = 0, where

(p(S) = —24Rso1 — (24RS + 12Rq — 6R2)81 + (24RS +6R1 — 8R2)82
+3Rs% + (—4Ry — 3Ran + Ray + 2R1s — 13R? — 3R11)s (11)
+ 2R129 — Roo1 — Ri12 — BRR1 — 2R121 — 11RR,

PROOF. The symbol of P is just o3(P3) : S3T*® Ey — T*® Fy introduced

in (9). On the other hand, o4(P3) : S*T* ® By — S?T* ® F, and g4 := Keroy
is defined by the equations

Dj; = Cijoa — 2Cijor = 0, D3 := Cijun —2Ci01 =0, 4,5 =1,2.

)

ISometimes there is a confusion between different terminologies. The involutivity here (and
also in the mentioned [5] and [10]) means the involutivity of the symbol i.e. that the Cartan’s
test for involutivity holds. It does not mean the integrability, which is the case in some another
terminologies.
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There is one relation between these equations: D}, — 2D}, — D3, + 2D%, = 0.
Therefore the rank of this system is 5, so if K5 denotes the cokernel of o4 i.e.
Ky = (SQT*®F2)/Ima4, then dim K> = 1. If we define a map 7 : S2T*@ F, — C
by 7(D) = Di, — 2D1, + 2D%, — D3,, then, the sequence

0— S T*"QE, —2— S?T*"®F, —— Ky —0

is exact. We can deduce that the obstruction to the integrability of Ps is given
by ¢, =0, where ¢ : R3 — K> is defined by

(s) = [V(Ps(s))]11 — 2[V(P3(s)]ia + 2[V (Ps(5))] T2 — [V(Ps(5))]3s-
Using the equations (8) and (10), we obtain
©(s) = V11[2821 — s92 — s82 + 2551 + Rs + Ra]
— 2V 12[2891 — 892 — 882 + 2581 + Rs + Ra]
+2V12[2821 — 811 — 2882 + 851 + Rs + Ri]
— V22[2821 — 811 — 2882 + 881 + Rs + R4]

By the formula (6) we can eliminate the 4t"-order derivatives and find (11). More-
over, we can remark that dim g3, = 0 and therefore dim g, = 0 for every k > 3.
It follows that Pj is involutive. [l

Remark. If R = 0, then ¢ = 0, therefore, all 3"%order solution of P; can
be lifted into a 4*"-solution. Since Pj is involutive Ps is formally integrable and
consequently, it is integrable in the analytical case. We have the following result:

Corollary 5.2. If W is a parallelizable 3-web on the plane, then for all
Ly € E, there exists a germ of linearizations L which prolongs Lg.

In accord of the Graf-Sauer Theorem, one can deduce that for a parallelizable
web, there exist non projectively equivalent linearizations. Indeed, it is sufficient
to consider Lo, Ly € Ej, with s, # s}, and to prolong them in germs of linearization
to obtain two non projectively equivalent germs of linearization.

6. Second obstruction to linearizability

In the sequel we will suppose that R # 0. In this case the compatibility
condition (11) is not satisfied, so we have to introduce into our differential system
and consider the second order quasi-linear system P, = 0:

P%? = (PQaQD)v
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where P is defined by (8) and ¢ is given by (11). The commutative diagram
associated to P, is:

a3(Py) T3
—5

Ks 0

S3T* ® Foy (T* 2 F) @ (T* ® K»)

I+ J+

Ry ——  J3E, ), J1 Fy ® J1 K>

S -
ZDO(Psa) F2 e K2

Lemma 6.1. A 2"%-order formal solution js s of P, at p € M, can be lifted
into a 3"¢-order solution if and only if:

Ry ——  Ja By

Vs = 24R(s2)* — 48Rs152 + a(s)s1 + B(s)s2 + y(s) =0
V2s = —24R(s1)* + 48Rs159 + @(s)s1 + B(s)s2 +4(s) = 0.

where «, (3, &, B are polynomials in s of degree 2 with coefficients R and its
derivatives up to order 2, v and 4 are polynomials in s of degree 3 with coeffi-
cients R and its derivatives up to order 4. Their explicit expressions are given in

Appendix.

ProOOF. The symbol of differential operator ¢ and its prolongation are
given by

0'2(90) . §27* ® Fy— Ko, UQ(QD)(A) = —24R A

o3(p) : S3T* @ By—T* @ Ka,  03(0)(B)(e;) = —24RBig1, i=1,2
where Ay := A(eg,e1) and Bja1 = B(e;, ea,e1) are the components of the corre-
sponding tensors with respect to the adapted basis {e, ea}.

Note, that we have g2(P,) = g2(P2) NKer o2(¢) = 0, therefore for every ¢ > 2
we obtain that go(P,) = 0, and so the symbol of P, is involutive.

The kernel of the symbol of the first prolongation of P, is g3(P,) defined by
the system
Af := Bias — 2B112 =0,
Aj := Bagy — 2B1as =0,
A? := Bi11 — 2B112 = 0,
A3 := Bi1s — 2B132 = 0,
C) = —24RByys = 0,
Cs := —24R B3 = 0.
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There are two relations in this system (12). Namely
24RA} —2C, +Cy =0,  24RA3+Cy —2Cy = 0.
So ranko3(P,) = 4, and
dim K3 = dim ((T* @ F2) & (T* @ K3)/Imog)= 2.
Moreover, if we define

T3 : (T*®F2)@(T*®K2) — K32(C2
(4,0) — (D', D?)

by the components as
D' :=24RA; —2C; +Cy,  and  D? :=24RA3 + C1 — 20y,

then the sequence

0— SBT*QE, —— (T*"0FR) & (T" 9 Ky) —— K3 —0
is exact. We can deduce that a 2"? order solution (j2s), of P, can be lifted into
a 3"¢ order solution if and only if [r3V(P,(s))], = 0. Let

(¢17¢2)p = T3V(Psa(5))p
We have:

Pt = 4RIV (Py(s))]] + [V(©)]2 — 2[V(2)11
Wy = 24R[V(Py(3))]3 + [V(0)h — 2[V(9)]2

Using the equations Ps(s), = 0 and ¢(s), = 0 and the permutation formula (6),
we find that ' (p) and 1/?(p) can be written as a function of s and its derivatives at
p € M, up to order 3. Nevertheless, using the formula (6) we can also eliminate
the 3" order derivatives of s az p. On the other hand, with the help of the
equation P, = 0 and ¢ = 0 we can express the 2" order derivatives of s too with
the 15¢ order derivatives of s. The calculation carried out with MAPLE gives the
formulas. (|
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7. The linearization theorem

Since the compatibility conditions ¢ = 0 and 12 = 0 found in the previous
section are not identically satisfied, we have to introduce them into the system P, .
We arrive at the system:

Py = (Pa, o, 0", ).

Differentiating the equations ' = 0 and 12 = 0 with respect to e; and ey we
find 4 equations: ¢§' =0, 4,7 =1,2, where

Yl = 24R 153 + fBs12 — 48R1s152 + (@ — 48Rs2)s11 + @151 + Prsa + 71

V) = 24R583 + 592 — 48Rgs159 + (o — 48Rs3)s91 + 251 + 252 + Y2

Y2 = —24R15% + ds1y + 48Ry 5150 + (48Rs1 + B)s12 + dusy + Pisa + 1

3 = —24Ros? + (is91 + 48Ras182 + (48Rs1 + 3)522 + G5y + 6252 + 92
In this expression, we can eliminate the second order derivatives using the equa-
tion P, = 0 and ¢ = 0, and with the help of the equation ¢! = 0 and ¥? = 0,

we can express the terms s% and s% as a function of s, sy and the product s1ss.
Therefore the system

Py=0, VPu =0, VPp=0

is equivalent to the system formed by the equation Py = 0 and the four linear
equations in s1, so and s1S9:

alsy + blsy + clsysy = db,

a?sy + b%sy + 25159 = d?,

ads1 + b3sy + 35150 = &2,

a*sy + btsy + ctsis9 = d*,
where af, b*, 5 = 1,...,4 are polynomials in s of degree 3, whose coefficients are
R and its derivatives up to order 3, ¢! and c¢* are polynomials in s of degree 1
with coefficients R, R1 and Ro, ¢ and ¢ can be expressed as a function of R,
Ry and Ro, and d*, d* (resp. d? and d®) are polynomials in s of degree 5 (resp. 4),

with coefficients R and its derivatives up to order 5. Its explicit expressions will
be given in Appendix.
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The direct computation by MAPLE shows us that the determinant

CLl bl Cl dl
a> v & &P
ad ¥ 3 B
at bt & dt

is identically null, so that the system S is compatible. On the other hand, the
374_order minors of the system S are polynomials in s of degree 7 which are not

identically zero. There is a open dense I C C? on which,

at bl !
D(s)=|a® b 2 |#0
a® b A

Solving on U the system S for s1, s2 and s;s2 we obtain:

5 =P =3 =6 = (14)
and
_ e = C6)
s189 = H(s) = D(s)’ (15)

where A = A(s), B = B(s) and C' = C(s) are polynomials in s of degrees 8, 8,
and 11 respectively:

—dt pl al —=db ! a' b —=d!
A=| —d®> ¥ 2|, B=|a®> —-d® 2|, C=|d® v -
-3 v A3 a® —-d3 a® b =3

By (15) we must find F(s) - G(s) = H(s). Thus, the solution of s for the lin-
earization system must be in the algebraic manifold defined by

Q1(s):=AB—-CD =0. (16)
On the other hand, the compatibility condition of the system (14) is
§12 — S91 = Rs.

Computing it explicitly we find that s must be in the algebraic manifold defined
by

Q2(s) =0,
where @2 is polynomial in s of degree 15. Indeed, if A(s) = Z§:1 A;st, B(s) =
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Zle B;st, and D(s) = 21‘7:1 D;s' where A;, B; and C; are function on M, then
using (14) we obtain

Qx5 = (3ow280+) (3 D) (32 B ) (w05
8 7 8 7
— (;(Vlflz)sl) (; Dzsi) — (; Azsi) (;(VlDi)si)
8 8 8
+ (lz stzfl) (; Azsi) — (; Blsl) (; Aisifl) —RsD?

Moreover, we must impose that s; and so given by (14) verify the 5 equations
of Py, this implies 5 polynomial equations Q; = 0, ¢ = 3,...,7. Finally, we arrive
at the conclusion that if the web is linearizable then s must be in the algebraic
manifold A, where A is defined by the equations Q; =0,i=1,...,T:

A={Qi=0]i=1,...,7}.

So the compatibility system (therefore the linearization system) has a solu-
tion in the neighborhood of a point p € M if and only if the algebraic variety
A is not empty. If A # ), then for all smooth point so € A, there exists a
neighborhood U of sy so that all s € U can be prolonged in a germ 5 as a basis
of linearization. The explicit expression of the polynomials @; can be computed
with the help of MAPLE. The degree of these polynomials @;, i =1...7 are 18,
15, 23, 23, 24, 17 and 17 respectively. One obtains the following results:

Theorem 7.1. A non-parallelizable 3-web W is linearizable if and only if
there is an open set U of M on which the polynomials Q1, ..., Q7 have common
zeros. Moreover, if this condition is satisfied, then for all p € U and all pre-
linearization Ly € E,, whose base isin A={Q; =0]|i=1,...,7}, there exists a
unique linearization L so that L, = Ly.

Since the lowest degree of the polynomials defining A is 15 we arrive at the

Theorem 7.2. For a non parallelizable 3-web, there exists at most 15 pro-
jectively non equivalent linearizations.

An old problem related to the linearizability of webs is the following conjec-
ture:
Gronwall Conjecture (1912) [13]: If a non-parallelizable 3-web W in the
(real or complex) plane is linearizable, then, up to a projective transforma-
tion, there is a unique diffeomorphism which maps W into a linear 3-web.
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Using Theorem 7.2, the Gronwall conjecture can be expressed in the following

way: for any non parallelizable 3-web in the (real or complex) plane

deg{ng(le SERE) Q7)}§ 17

where gcd denotes the greatest common divisor of the corresponding polynomials

and deg is its degree.

Examples

(1) Consider the web W defined by = = cte, y = cte, f(z,y) = cte, where

f(z,y) :== (x + y)e ™. This web is not parallelizable in a neighborhood of
(0,0) because the Chern connection is not flat. Indeed, the component of
the curvature tensor R at (0,0) can be computed directly from the function
f by the formula

R = _
faty (

fa fy - f2 12 )

(cf. [1], p. 24). In this example we have Ry = —1. The computation
gives that Rad(Q1,---,Q7) = s+ 1 on a neighborhood of (0,0). Thus the
web is linearizable in a neighborhood of (0,0) and all the linearizations are
projectively equivalent.

(2) Let W be the web defined by z = cte, y = cte, f(z,y) = cte, where

2 2

_ 1 "ty Y
f—log(a:)+210g< o )+arctg(x).

We have R(1,0) = 2, so W is not parallelizable at (1,0). On the other hand
the resultant of the polynomials Q2, Qg is not zero at (1,0). So this web is
not linearizable at (1,0).

8. Appendix

a = —;2(14R3 — 16RRs; — 40R® — 56R1 Ry + 40RR12 + 56R; — 40RR11) + 30Rs”

— 18Rzs,

B =18(R2 — R1)s — 15Rs” — ;= (T0R1 Rz — 44RR12 + 20RR11 + 20RR2; — 28R}
— 28R — 60R?),

v = —%(3R2 — 6R1)83 — %(7R2R12 + 12RR112 — 14R1 R12 — TR2R2s + 14R1 R11
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— 8RRi11 +4RR222 — 47R2R2 4+ 14R1R22 — TR11 R2 — 3OR1R2 —12RR122)s
— 3 (TRyRiss — TRaRu12 + 35R1 RaR — 38R3R — 2R3R + 12R112: R — 8R112 R
—4R1992 R — 48R2R12 + 8R2R11 + 40R2R22 + 8R4 — 14R1 R122 + 14R1R112).

18(R2 — R1)s — 15Rs” — 325 (20RRa2 + TOR1 Ry — 28R + 60R” — 28R5 — 44RRo

Qs
Il

+20RR11),
30Rs” + 18R1s — 5 (40R® — 16RR11 — 56R1R> + 56R3 + 14RT + 40RR»:

\Q)
Il

— 40RR32),
—%(3R1 — 6R2)S3 - %(12RR221 — TR1Ro2 — 14R2 Ro1 + 14R11 R2 + TR1 Roq

— 12RR211 — 8RR222 + 14R3Ra2 — TR1R11 + 4RR111 + 30R2R® + 47TR1 R*)s
- %(35R132R — TR1R211 + TR1R221 + 8R2221 R+ 4R2111 R — 12R2211 R
+ 8R’Roz —2RIR+40R*Ry1 — 48R*Ro1 — 38R5R — 8R' + 14Ry Ro11 — 14R2 Ra1),

>
I

48R sy — 48Rs1 + &

f = 48Rs; — 48Rs1 + 3
83 Ris — T Rs® + (41 R — T2R1)s” + 72 (3L R} — 22 Ri Ry + 22 R1R3 — 8 R3)

a =
+ (52R; — 102R1) R+ 36Ri11 + (5L Roz + 132 R — YL Ri2) Ro
+ £(114R12 — 36R22 — 147TR11)R1 + (5 (322 R} — 198 R\ R, + 96R3)
— B®R?_ 28Ry — 12 Ryy)s + 15R122 — 33R112 — 3Ra22
+ 7z (3R} - 2 RiR: + 22 RiR; — R)),
a2 = —%RSS —+ (18R2 — 4—25R1)82 —+ (%R2 — 3R22 — %Rm —+ %Rll
+ %(42R1R2 — S—JR% — 2—81Rg))5 + (%Rz — %RQR — 42R122 + 12R222
+42R112 + £ ((24R22 — £ R11 — ¥ Ri2) R + (3 Riz — 2 Roo — 22 Ri1) Ry)
+ 22 (SR - 2 RIR, — X8RRS5 + 2L R)),
a®> = —3Rs* + (4T Ry — 18R1) s + (92 R* = 22 Ris + 2 Ros + 2 Ry
bR~ T - )+ (2R 2R
+ 48R112 4 6R222 — 30R122 — 18R111 + & ((§R22 + 2Rt — 352 Riz2) Ra
+ (2R — LR11 + 2 Ri2)Ro) + %(%R%Rz — 2R+ %RlRE — 2R3,
b' = 144Rs” + (22 Ry — 63R2)s” + (120R? + 156 Rz — 156R12 + 57R1

®RiRo — 132 R} — 219R3))s + (—99R2 + 22 R1)R + 39R112 — 21 R12»

46
%R12)R1 + (60R12 — 75R11 — 27R22)R2)

1
+ E( 2
—15R111 + & (22 Ruy + 22 Ryp —
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+ 2 (%2 RiR, — LR — BTR R} + £ RY),

b = IRs® + (LT R;y — 18R2)s” + (ML R* — 39 R11 — 39Roo + 129 R1o + 5 (1R}

SRR SR+ (SR PR)R 18R 0~ 15
+6R111 + £ ((2R11 +3%R12 — L Ro2) R+ ($R11 — 332 Ri2 + 2 Ry2) Ro)
+ = (2 RiR — 2R} + 2 RiR — 2 R),

b= %ng + (18R1 — %Rz)sz + (3R11 — %RQS + %Rm — %Rzz

L(ZR? —42Ri Ry + L R3))s + (22 Ry + 3R1) R — 42R112 + 42R122
+12R111 + & (R (2 Ri2 — £ Riy — 2 Ra) + (24R11 — & Ria — L Ra2) R2)
+ 2z (3R — 3BRIR, — 2 RiR; + £R3),

¢' = 234Rs + 18R, + 18Ry,

2
C

= 36R1 — 18R,

2 = 18R1 — 36Ra,

d'=2Rs’ + (LR, — 2 R1)s" + (3R — SRa2 + 5 (- LR+ £ R1R, — L RY))s®

&> =

+ (33Ra22 — (B2 Rz + 411R1)R — 22 Rygp + 222 Ry1p — 2 Riny

+ £ (=3 (R11 + Roa + 222 (R — Ri2 + Ru) R + 111312)R2))

+ (R(&F’Rzz — % Rip + %Rn — 5 Ry) — 2R’ - 3B RY+ 2P RiRy — 4R}

— @ Rin12 — 36R1222 + 22 Ri122 + 6R1111 + % (3 (Rui2 — Rizz) + 2 Roao

— 2 Ri11)R1 + (63R122 — 63R112 — S Ro2o + 3R111) Ro — 129Ru

+(2R12— L Rao)Rii+ 2 RiaRoo — %Rgz - %Riz) + % ((R22 — Ri2 + Ri1) &R%

+ ﬁ(Rlz — Rzz — R11)R2R1 + @(Rzz — Ri2 + R11)R§))s+(37?R2 — 303R )R2
+ (=6R111 + 12 Ri1a — 22 Rig0) R+ ({8 Rz + B R1y — 22 Ry — 63Ra1 ) Ry

+ (21R12 — %Rzz — ZLR11 + 25 Ro1) R + 6R11112 — 9Ri1122 + 3R11222

+ %(%Rﬁ%z - %RS (24R1122 — 2 Ri112 — §R2 - 1—531222)R1 + gRg

+ (3R1112 + %R1222 —R1122)Rz + = 12 (Ri22 — Ri12)R11 + & (R112 — Ri22)Ri2

+ %Rzz(Rmz - Ruz)) + ng (231R (R112 — R122)

+ %(Rmz — Ri12) + RS (Ri12 — Rlzz)),

(§R1— g5R2)s" + (9Ri2 —9R* — SRy + 3 (§R3) — T RI — g R1R2)s” + (% Ra
+ 5176332)R — B Ri1o — LRoso + L Rigy + LRt + %(%(Rm — Ri1 — %9322)
+ (?—an + %Rzz — %Rm)Rz))SQ + (( 1§5Ru —36R22) R — 1%33
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— 38R} + ZLR1Ro + 2L RS — 3Ro202 + Z Rut12 + 2L Rioos — 8 Rinao
+ £ ((2R222 + Z Ri22 — Z Riia — 3Ri11) R1 + (2 Raze — 2L Rioo + 1L Ruio
— 2R111) Rz + R11 (2 Rz — 15R12) + 15R3, — 22 R12Rox + 2 R3,)

63R?

+ Rlz( (R22 — Ri2 + R11) + %(Rzz — Ri2 + R11)

+ 2 (Ryy — Ry — Ra)))s + (128 Ry — 174Ry) R? + (111Ry25 — T2Ru12

— 45R222) R + (78R22 — 96R12 + 2R11) R1 + (42R12 — 2 R11 — 45R2) Ra

— 9R11222 + 6Ri1122 + 3Ri2222 + & (=122 RY + 22 RIRy + (2 Ru122 — 3 Rioo

— 2Ri112 + 3R3) Ry — 3RS + (3R1122 — S Ri222 — £ Ri112) Ro

+ 15(Ri22 — R112)Ri2 + 15};22 (Rui2 — Riz2)) + Rlz (63R (Ri12 — Ri22)
2
+ 211%121 (Ri12 — Ri22) + %(Rlzz — Ru12)),

d* = (% R1 — 3R2)s* + (9R12 — 9R* — JRu1 + (IR} — 2 RiR> — ZR3))s’

+ ((82R) — 22 Ry)R — 2 Roso + L Riso — L Riia + L2 Riny

£((6%Ri2 — B Ry — 62 Ri1)R1 + 2 (Ri2 + Rz + Ri1)Rz))s?

(%2 R1z — BT Ry —36R22)R—36R3 — 8T RI+ 19 R Ry + 29 RS — 3Ruin
— S Ri12 + F Rizzo + F Rinnz + £ (52 (Rizz — Rirz) + 2(Rinn — Raze)) Ry

+ (2 Ri12 — 2Ra22 — ¥ Rizz + 3R ) Re + B RY + Rt (2 Ra2 — £ Ria)

+15R%, — 15R12R22) Rlz (211?1 (Ri2 — R11 — Ra2) + 211%121 (R22 — Ri2 + Ri1)

+
+

+ 82 (Roy — Ris + Ri1)))s + (147Ra + 6R1) R + R(36R122 — 66R112 + 3R111)
+ (30R22 — 2TR12 — 39R11) Ry + (2 Ri2 — 45R22 — L2 Ri1) Ro 4+ 9R11122 — 6R11222
—3Rui2 + & (°7R1 +3 R1R2 + (15R5 — 3R1122 + 3 Ri112 + S Ri222) R1 + 2R3
+ (2R1222 — —R1122 + _R1112)R2 + %(an — Ri22) + 15R12(R122 — R112))
+ 7z ((3 Riaz2 — 2L R112) R + (& Rirz — 2 Riso) RoRy +(— L Rioa + £ Ri12) R3)
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