Publ. Math. Debrecen
71/1-2 (2007), 229-243

Isometric actions of compact connected Lie groups
on globally hyperbolic Lorentz manifolds

By DAVID SZEGHY (Budapest)

Abstract. Let G be a compact connected Lie group acting isometrically on a
globally hyperbolic Lorentz manifold L. We will show that there are no isolated singular
orbits in L. We will also show that if there is an orbit of co-dimension 1 then every
orbit is principal moreover L is diffeomorphic to G/G. X (a, 3) where z € L is arbitrary
and G is the isotropy subgroup of z, and «,8 € R U {£oo} furthermore every orbit
is a Cauchy hypersurface. Moreover a Lorentzian analogue of a theorem of J. Szenthe
is given, namely we prove that: If L and G are as above and G(z) is a principal orbit
for which along the causal rays orthogonal to G(z) a curvature property holds, then the
singular orbits in the causal future of G(z) correspond to first focal points along some
causal geodesics orthogonal to G(z). Finally the correspondence between the singular
orbits and the focal points of maximal dimensional orbits is considered in a special
situation.

1. Definitions, low dimensional cases

There are several well-known results about isometric actions of compact con-
nected Lie groups on compact Riemannian manifolds, e.g. see S. KOBAYASHI [K].
Isometric actions of compact Lie groups on Lorentz manifolds were also studied
by S. ApaMS [A]. In a compact time oriented Lorentz manifold the causality
relations are not well-defined since there is always a time-like geodesic loop. Yet,
in a globally hyperbolic Lorentz manifold the future and the past of a point are
separated; moreover there is a compactness property included in the definition
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of global hyperbolicity which helps to get results analogous to the compact Rie-

mannian case.

We will consider a Lorentzian manifold (L, (,)) which will be always time-

oriented and a compact Lie group G acting isometrically on L, where we assume
that the action G x L — L is smooth. It is well known that in this case the orbits

are smooth compact submanifolds of L. The following definitions will be used:

It(x), J*(x) (respectively I~ (x), J~ (z)) will denote the time-like, causal
future (respectively past) of the point z, see [B-E-E] p. 5.;

L is globally hyperbolic if for every z,y € L the set J¥(z) N J~(y) is com-
pact and L is strongly causal, i.e. every point has an arbitrary small open
neighbourhood U such that there is no causal curve intersecting U in a dis-
connected set.

The above definition and concerning facts about global hyperbolicity can be

found in [B-E-E] p. 65. By a neighbourhood we will mean always an open one.

The following notations and definitions will be used throughout this paper:

G(z) is the orbit of the point  under the action of the group G;

G, is the isotropy subgroup of x that is G, ={g€ G |g-x =xa};

N.G(z) is the normal space of z € G(z) i.e.
N.G(z)={veT.L|gw)=0, Vwe T,G(x)};

NG(z) is the normal bundle of G(z) that is

NG(z) = |{N.G(z) | z € G(z)};

F(NZG(I)), ﬁ(NZG(LE)) will denote the set of future time-like, respectively
causal vectors in N,G(z) C T, L

F(NG(QC)) is the time-like future of the zero section in the normal bundle

that is IT(NG(z)) = U {TH(N.G(2)) | » € G(x)}

¢ is the exponential map, exp : TLN D — L, restricted to NG(x) N D, where
D is the domain of the exponential map. For the sake of simplicity &|y, ()
will mean €|y, G(z)nD;

ry 1 [0,0) = ToL, v € T, L, x € L is the ray in the direction of v that is

ry(t) =1t - v;

¢y i [0,0) = L, v € T, L, x € L is the geodesic in the direction of v i.e.

co(t) = expory(t);

L : Q) — R is the length function on the set of piecewise smooth curves, i.e.
o 1

if o : [0,a] — R is such a curve then L(o) = [; [{o'(t), o’ (t))|? dt;
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e d:LxL— RU{co} is the Lorentzian distance function, also called time
separation, i.e. if Q¥ is the set of picewise smooth future directed causal
curves from z to y then d(z,y) = sup{L(0) | ¢ € QY}, where we define
sup 0 := 0;

o if v : [0,a] — L is a geodesic between v(0) and v(«) which is causal and
d(7(0),v()) = L(7) holds then ~ is called mazimal.

e v € NG(z) is a focal point if Te is not injective on T, NG(x), thus
ker T'e|7, NG(z) # 10v}. This definition is equivalent to the following: v €
NG(z) is a focal point if in every neighbourhood of v the mapping ¢ fails to
be a diffeomorphism. The focal locus is the set of the focal points in NG(z).
The image of a focal point under the mapping € will be called focal point
also.

Lemma 1. Let L be a globally hyperbolic Lorentz manifold and G x L — L
a smooth isometric action of the compact connected Lie group G then every orbit
G(x),x € L is a compact connected Riemannian submanifold of L.

PROOF. Let us take an orbit G(x). First we prove that there are no causally
related points in the orbit. If there are y1,y2 € G(z), such that y; S yo, where
y1 S y2 means that there is a future directed non trivial causal geodesic from
Y1 to Yo, then for every g € G, g-y1 S ¢ - y2. The transitivity of G on G(z)
gives that for every y € G(z) we have a z € G(x) such that y S z, by the global
hyperbolicity y = z is not allowed, because there can not be causal loops in the
manifold. The manifold L is globally hyperbolic so we have a partial ordering on
G(z) where every chain has an upper bound, because let y1 S y2 Sys3 S ... bea
chain. Since G acts transitively on G(x) we can write this chain in the following
form: y1 S ¢1-y1 S 92-y1 S ... . Then the compactness of G yields that there is
a subsequence n; — oo such that g,, — ¢ € G. This yields that g,, -y1 — ¢ - v1-
Since

I (1) D T (gny - 91) D T (gny -91) D -

are closed sets in L, by the global hyperbolicity, and for every i € Z™* there is a
k € Z* such that

T (Gne - y1) DI (i) D T (Gneyy - 91)

this gives with the fact g,,-y1 — g-v1 that g-y; € JT(y;) for every i € Z*, because
if g - y1 is not in the closed set ();=; J ¥ (yn,) then g -y must be in the open set
L—{N;2; J"(yn;)}. But since gn,-y1 — g-y1, for every point p € It (g-y1) which
is suitably near to g - y; there is an index n; such that p € J* (g, - y1) for every
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n; < ng. This gives that p € (22, J™(yn,), but p can be chosen arbitrary near
to g - y1 which contradicts to that g - y; is in the open set L — {(;2; J ¥ (yn,)}-
So every chain has an upper bound and the Zorn lemma gives that there is a
maximal element w of G(z) at this partial ordering. But such an element can
not exist, because as we showed at the beginning of this proof, by the assumption
that there are causally related points in G(x), there is an element v € G(x) such
that w S v, v # w which contradicts the maximality of w.

Now we prove that the space T, G(x) is space-like. If there would be a time-
like vector in the tangent space T,G(x) then there would be a point y € G(z)
near to « for which < y but this can not be as we have seen. Otherwise there
is a unique light-like vector in T, G(x), up to multiplying by a non-zero constant.
So only one light-like line can be in the tangent space in this case. Then by the
transitivity of G on G(z), in every T,G(x), y € G(x) there is a unique light-
like line. The smoothness yields that we can take a light-like curve in G(z), an
“integral curve”, which would give causal related points in G(x) but such points
can not exist. So we have that for every point y € G(z) the tangent space of the
orbit T,,G(z) is space-like which proves the lemma. O

The above lemma can be proved without the axiom of choise.
The assumption of global hyperbolicity in the above lemma is necessary as
the following not globally hyperbolic example shows.

Example 2. Let L = R x S} be the product of the the real line R, as a
Riemannian manifold, and the 1-dimensional Lorentz space Si. If we take the
canonical action of the Lie group S' on S! we get an action on L for which the
orbits are time-like circles.

Corollary 3. Let L be as in Lemma 1 and let G be a compact Lie group
which acts isometrically on L then every orbit is a finite union of compact con-
nected Riemannian submanifolds of L.

PRrROOF. We use the proof of the above lemma for each connected component
of G. Since G is compact the number of the components of G is finite. O

Next we will prove the following geometric fact: To every point y in the time-
like, (causal) future of an orbit we can find a time-like, (causal) curve starting
orthogonally to the orbit and ending at y.

__Lemma 4. If G and L are as above then E(F(NG(x))) = IT(G(x)) and
e(JT(NG(2))) = JH(G(x)).
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Proor. It is clear that
(IF(NG(@) == (({TF(N.G@) | 2 € G()}) € I*(G(@)).

For the inclusion (It (NG(z))) D I*(G(z)) let y € I*(G(x)) then there is a
time-like curve from a point in G(x) to y, we can assume that this is from x to y.
The global hyperbolicity of L gives a maximal future directed time-like geodesic
from z to y, see [B-E-E], Theorem 6.1 p. 200. If this is also a maximal time-like
geodesic from G(z) to y then this must start orthogonally to G(z), otherwise it
cannot be a maximal one. If there is a sequence of time-like geodesics, v1,7a, . ..
from G(z) to y whose Lorentzian length is increasing and

L(vi) — sup{d(z,y) | z € G(z)}

then by the compactness of G(z) we can assume that G(z) 3 7;(0) — w € G(z).
This yields with the fact that J~(y) is closed that w € J~(y). So we have a
causal geodesic v from w to y such that v,, — = holds, for a suitable subsequence
ny <mng < ..., (see [B-E-E] Corollary 3.32) for which £(v,,) — £(7). But then

and this would give a maximal causal geodesic from G(z) to y. So we proved the
first equality of this lemma since 71,72, ... are time-like geodesics so, by

0<L(m) < Ly) <--- < L(),

v is also time-like. In order to prove the second one consider an element y &
JT(G(x)) — I'"(G(x)). Then there is a light-like geodesic v : [0,1] — L, with
~v(0) € G(x),v(1) = y. If v is not orthogonal to L then by taking a sufficiently
small geodesically convex neighbourhood U of v(0), the orbit G(x) would intersect
I~ (y(e)) NU for a suitable small € € [0, 1], which shows that we can replace v by
such a causal curve from y to G(x) which is not geodesic. But this contradicts
y € JY(G(z)) — IT(G(x)). So v is orthogonal to G(z) but then this shows that
y € e(U{TT(N.G(z)) | = € G(z)}). This proves J*(G(z)) C e(J*(NG(x))).
Since the inclusion J*(G(z)) D s(ﬁ(NG(x))) is trivial the equality follows. [

Definition 5. A subset S C L is called Cauchy hypersurface if every inex-
tendible causal curve intersects it exactly once.

The above definition can be found in [B-E-E] p. 65.
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Corollary 6. If G and L are as above moreover L and G are connected and
there exists an orbit G(x) of co-dimension 1 then G(z) is a Cauchy hypersurface
and every orbit is a Cauchy hypersurface.

PROOF. Since G(z) is of co-dimension 1 the normal space N,G(x) is a time-
like line for every z € G(z) thus It (N,G(x)) = Jt(N.G(x)) holds for every
z € G(z). Moreover I*(G(x)) = J"(G(z)) UG(x). So we have

e(NG(z)) = (I (NG(z))) Ue(I~ (NG(x)))

= I*(G(2)) U I~ (G(z)) = J*(G(x)) UJ ™ (G(x)) UG(x)
—E(U{J+NG( )| z€Glx })UE(U{J (N,G(x)) |zeG(x)}>UG(w)
:E(U{H(NZG( )|z €Gla })Ue(U{I (N.G(x |z€G(:c)})UG(x)
— ¢(I*(NG(z))) Ue(I-(NG(z))) UG(z) = e(NG()).

But here the left hand side is closed and the right hand side is open so
e(NG(z)) = L.

Since the orbit G(z) is of co-dimension 1 the future set ﬁ(NzG(x)) is a
time-like line for every z € G(z). But by our first lemma G, acts trivial on this

line. So if we take the unique future time-like unit vector in I+ (N.G(z)) then by
the action of G this extends to a unique future time-like unit vector field W on
G(x) which is G-invariant.

By our first lemma follows that from a point y € L there can be only future
or only past directed causal curves to G(z). The first two steps in this proof
give that for every point y € L there is, let us assume, a past directed time-like
geodesic 1 : [0,a] — L,71(0) = y, v1(a) € G(z) in unit speed parametrization
which is orthogonal to G(x). If there is an other one 75 : [0, 5] — L,72(0) =y,
v2(B) € G(x) in unit speed parametrization which is orthogonal to G(z) then
a = f3; In fact, let us assume that o < ( then there is an element g € G such
that g - y1(a) = 72(8). By the second step of this proof g -v1lj0,a] = V2li3=a.g;
for the above g € G. But then v2|jp 3_n) would be a past directed non-trivial
time-like geodesic from y to y which is a contradiction. So for every ¢ € R the set
e(t-W) is an orbit and for every orbit there is a unique ¢ € R such that the orbit
is e(t - W). We can say we have constructed a time function fe(,) : L — R such
that the orbits are the constant levels of this function. And this function gives
the maximal Lorentzian distance between a point and G(z).

If there is an orbit G(y) = e(to - W) then by our function fg (s it is easy to
see that the sets {y € L | fa)(y) < to} and {y € L | fa)(y) > to} are disjoint
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and
{yeL|fowmy) <t} U{yeL| fouwly) >t} =L—Gy).

But if dimG(y) < dimL — 1 then L — G(y) is connected. So every orbit is a
hypersurface.

Let us take an inextendible causal curve ¢ : (a, ) — L. By our first lemma
fa@ oy : (a,8) = fa@ (L) C Ris injective. So we can assume that fg(,) o ¢
is a strictly monotone increasing function. We must only show that fg(,) o ¢ is
surjective this gives that ¢ intersects every orbit exactly once. If lim; .5 fg () ©
(p(t) =1ty € fG(w) (L), ie. limt_ﬁ fG(w) o (p(t) ?é sup fG’(w) (L), then since the orbit
fggr)(to) is a hypersurface which is a smooth compact Riemannian submanifold
it is easy to see that lim, g (t) exists, because ¢ is causal and L is globally
hyperbolic. But then we can continue the curve ¢ from the point lim;_. g ¢(¢)
which contradicts to the inextandiblity of ¢. The same argument shows that

inf fo(a) 0 w((a, B)) = inf fgz)(L). U

Corollary 7. Let G and L be as above. If there is an orbit of co-dimension 2
then this is a maximal dimensional orbit.

The above two corollaries show that there is a difference between the Rie-
mannian and the Lorentz case. Because if we take the unit sphere, S2, in R3 and
the rotations around an axis which goes through the origin we get an action of
the Lie group S' on the compact Riemannian manifold S?. In this example there
are orbits with co-dimension 1 and 2.

There is a canonical partial ordering on the set of the orbits of a compact
Lie group action. The orbit G(z) has greater orbit type than the orbit G(y),
in notation G(z) = G(y), iff G, < g- G, - g~ ' for some g € G. According
to the Principal orbit type theorem there is a unique maximal orbit type under
this partial ordering which is called principal orbit. An orbit which has maximal
dimension but which is not principal is called exceptional orbit and an orbit which
is not of maximal dimension is called singular. (see [B])

It is known that a globally hyperbolic space-time is diffeomorphic to R x .S,
where S is a Cauchy hypersurface, see [B-S]. But the proof in our case is much
more simpler, as the following short outlined proof shows.

Proposition 8. Let G, L be as above if there is an orbit G(x) of co-
dimension 1 then L is diffeomorphic to G/G, x («, 3), where x € L is arbitrary
and —oo < a < (< oo.

PRrROOF. From Corollary 6 we know that every orbit is a Cauchy hypersurface,
so there are no singular orbits, and that the orbits are the level sets of the time
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function fg(,), for this function see also Corollary 6. From the properties of fg(,)
it can be shown that ¢ : NG(x) — L is a homeomorphism. Since it can be proved
that in our case the images by ¢ of the focal points in NG(x) correspond to singular
orbits, we have that there are no focal points in NG(z) thus € : NG(z) — L is
the desired diffeomorphism. O

From the above proof it is easy to see that every curve (a,b) > t — 2z X t,
z € G/Gy is a time-like geodesic on which the metric is the canonical metric
multiplied by (—1) of (a,b). If an isometric action of a compact connected Lie
group has an orbit of co-dimension 1 then in the Riemannian case the structure
of the manifold can be more complicated, see [A-A].

2. Singular orbits

Definition 9. Let (M", (,)) be the n-dimensional Minkowski space and Opn
be its origin. Then the semi-orthogonal group of this space is:

MO (n) :={¢ € Iso(M",(,)) | ¢ (Opsn) = Opar } ,

where I'so (M™, (,)) is the group of isometries of the Minkowski space. The group
of those orthogonal isometries which preserve the time orientation is denoted by
MSO (n) and it is called the special semi-orthogonal group.

Lemma 10. For every compact Lie group G C M SO (n) there is a non-zero
time-like vector v € M™ which is fixed under the action of G.

PROOF. Let us consider the submanifold H C M", given by the end points
of the future directed timelike vectors w defined by (w,w) = —1. The compact
group G acts isometrically on the Riemannian manifold H C M"™. Moreover it
is well-known that H is a model of the hyperbolic space so it has non-positive
curvature. According to a theorem of E. CARTAN (see [K-N] p. 111.) H has a
fixed point v under the action of G which yields that v € H C M" remains fixed
under the action of G. |

In the following lemma the Lorentz manifold is not necessary globally hyper-
bolic.

Lemma 11. Let L be a Lorentz manifold and G a compact Lie group which
acts isometrically on L. Assume that G(x) is a singular orbit which is space-
like, that is its tangent space T,G(x) is space-like. Then the orbit G(x) is not
an isolated singular orbit, i.e. in every neighbourhood of G(x) there is an other
singular orbit.
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PRrOOF. Consider the isotropy subgroup G, of the point z and let G be its
unit component. The group G acts isometrically on the normal space N,G ()
which dimension n > 2, because G(z) is a singular orbit. Since the orbit G (z)
is space-like the normal space N,G (z) can be considered as a Minkowski space
where the metric on N, G (z) is the metric induced by the semi-Euclidean metric
(,)IN,G(z) in the following way: Let A. : T.N,G (z) — N,G (x) be the canon-
ical isomorphism where z € N,G (x); this extends the semi-Euclidean metric
(,)IN,G(2) to a semi-Riemannian metric z,v> on N,G (z) such that (NIG (), <A:>)
is a Minkowski space. On this Minkowski space the compact connected Lie group
GY acts isometrically so G2 € M SO (n). By the above lemma we have a non-zero
future directed time-like vector v € N,G (x) which is fixed under the action of
GY. Since N,G (z) C NG(z) and the exponential mapping € on NG (z) is a
diffeomorphism in a neighbourhood of the zero section G (z) C NG (x) we have
that the geodesic ¢, is fixed under the action of G%. This means that for every
§ € R we have GY < G, (5) for the isotropy subgroups. Since G (z) ~ G/G; and
G (cy (9)) = G/G., (5 we have that

dim (G (z)) = dim (G/G,)
= dim (G/GY) > dim (G/G.,(s) = dim (G (¢, (6))) -

So the orbit G (¢, (0)) is singular. O

The lemma is not necessarily true for exceptional orbits as the following
example shows.

Example 12. Let S' := {a € C | ||a|| = 1} be the unit circle endowed with the
canonical Riemannian metric and Ri the real line with the canonical Riemannian
metric multiplied by —1. Furthermore let G = S} U'S}; be the disjoint union of
two unit circles, the elements of the unit circles are labelled by oy and aj;. Let
consider the product manifold

L:=S! xR}

which is a globally hyperbolcic Lorentz manifold on which the action of the group
0 : G x L — L is the following: «a; x (a,x) — (ay-a,z) and arr X (a,z) —
(arr - a, —x). Here the principal orbits are S' x {x}US! x {—z} where 2 € Ri —{0}
and the only exceptional orbit is the isolated S' x {0}.

Theorem 13. Let L be a globally hyperbolic Lorentz manifold and G a
compact connected Lie group which acts isometrically on L. Then there are no
isolated singular orbits.
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PROOF. Since in a globally hyperbolic Lorentz manifolds all the orbits are
space-like we can apply the above lemma. O

3. Singular orbits and focal points
of maximal dimensional orbits

If we want to prove the Lorentzian analogue of Riemannian Theorem 1 in [Sz]
we have to define the Lorentzian analogues of the cut points and of a special set in
NG(z) which were used in the Riemannian case in the above paper of SZENTHE.

Let us fix an orbit G(z). By the definition of the global hyperbolicity and the
fact that the mapping € : NG(z) — L is a diffeomorphism in a neighbourhood of
the zero section it is easy to prove, that if we take a causal ray r,, v € NG(z)
then its image is locally maximal, that is there is a ty > 0 for which the geodesic
segment ¢, |[o,+,] is maximal. For every future directed ray there is also a maximal
value t, such that the geodesic cv|[07tv] is maximal, where t, = oo is also allowed.
The point r,(t,) is a future causal cut point. More precisely we have the following
definition, which is a natural generalization of Definition 9.9 [B-E-E], p. 302, see
also [B-E-E], Definition 9.3 p. 299. and p. 305.

Definition 14. Let TL(—1) be the set of time-like vectors in T'L which have
length —1. We define the function sg(y) : TL(—1) N NG(x) — RU {occ} as

5G(z)(v) == sup{t > 0| d(G(z),cy(t)) = t}.

A point v € NG(x) is a future time-like cut point if Sg(w)(ﬁ) = |lv|| and v is
future directed, where ||v|| = |(v, v)]|=.
Let TL(0) be the set of the light-like vectors in T'L. Moreover let lg (s :

TL(0) N NG(z) — RU {oo} be defined for a light-like vector v € NG(x) as
Lo (v) = sup{t > 0 | d(G(x),£(t - v)) = O}.

A point v € NG(z) is a future light-like cut point if lg(,)(v) = 1 and v is future
directed.

So if the meaning of ¢, is such as above, that is for a point v € NG(z) the
geodesic ¢,([0,t,]) is maximal and if ¢ > ¢, then the geodesic ¢,([0,t]) is not
maximal, where ¢, = oo is also allowed, then we can consider the following set:

U {ro(0,20)) | v € IF(NG(x))}.
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The image of this set under the mapping € roughly covers the timelike future of
the orbit G(x), see Lemma 17, so we will call this set, the reqular time-like future
of the orbit G(x). This set can be given by the above functions in the following
form:

Definition 15. The regular time-like future is

= v
T4(6() = {v € F(NGI@) |sao) (717 ) > Dol -
The regular light-like future is

N (G(x) = {v € TH(V.G(x)) — F(N.G(x)) | 2 € Glx), Loy (v) > 1},

reg

and the reqular causal future is

+ ot +
TNreg(G(x)) T Treg(G(:E)) U Nreg(G(m))'

First let us show some elementary properties of the regular future and cut
points of an orbit G ().

Lemma 16. If L is a globally hyperbolic Lorentz manifold and the compact
connected Lie group G is acting on it isometrically, then for every orbit G(x)
there is a future (and a past) directed inextendible causal geodesic v : [0,a) — L,
with 7(0) € G(x) such that d(vy(t), G(x)) = L(7j0,4)), for every t € [0, o)

PROOF. The proof goes along the lines of the proof of Theorem 8.10 [B-E-E]
which is a special case of this lemma considering the trivial action of G on L, thus
G(z) = {z}. In the proof of Theorem 8.10 [B-E-E] it was shown that we can take
such a sequence of causal geodesics for which the length of their maximal segments
is monotone increasing, and this sequence is converging to an inextedible maximal
geodesic. Now the difference is only that there the initial points of the geodesics
were fixed, but now, if we use the technique of [B-E-E] for choosing a geodesic
sequence as above, with monotone increasing length of maximal segments, then
the initial point can vary, but it remains on G(x) which is compact. So by the
compactness this sequence will also converge to a maximal inextendible geodesic
which starts from G(z). We will also need in this analogous proof that if ¢ €
It (G(x)) then there is a geodesic ¢ : [0,1] — L, with ¢(0) € G(z), ¢(1) = q such
that £(c) = d(c(0),¢(1)). O

The above lemma gives that there is a causal ray in N,G(x) for every x € L
which does not have cut points, because there is such a ray in NG(z) and by the
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transitivity of G on G(z) and by the isometry, we can assume that this ray is
starting at 0, € N;G(x), thus it is in N,G(z). The following lemma yields that
for every point in the causal future of an orbit there is a maximal causal geodesic
joining the orbit and the point.

Lemma 17. The following equalities are true

IT(G(x)) = e (I (NG(2))) = e(Tik(G(x)) N TH(NG(x))),

TH(G(2) UG(r) = £(JF(NG())) UG() = (TN(G ().

PrOOF. The first equality is Lemma 4. For the second one we must only
prove that E(ﬁ(NG(x))) C e(Tite(G(z)) N I/J\F(NG(QC))) If we take an element
y € E(ﬁ(NG(x))) then there is a geodesic v : [0,a] — L, such that v(0) €
G(z),v(a) = y,7 (0) L Ty0)G(x), L(7y) = d(y,G(x)). This gives that r., (o) () €
Tits(G(z)). The equalities for J* can be proved the same way. O

Theorem 18. Let L be a globally hyperbolic Lorentz manifold with non-
positive sectional curvature along the non-space-like geodesics, that is
(R(Z,v'(t))¥'(t), Z) < 0 for every v non-space-like geodesic and for every (non-
time-like) vector Z € T~ (t) orthogonal to v at ~(t). Moreover let G be a
compact connected Lie group whose elements are isometries of L and such that
its action is smooth. Let G(z) be a principal orbit such that the isotropy subgroup
G, is of maximal rank. Then the orbit G(z) of a point z € J(G(x)) is singular
if and only if z is a first focal point of G(x) along a causal geodesic.

PROOF. The proof goes along the lines of the proof of [Sz] Theorem 1, where
the preparatory propositions can be proved for J*(G(z)). O

In a special situation we can prove something similar without assuming that
the isotropy subgroup G, is of maximal rank.

Theorem 19. Let L be a globally hyperbolic Lorentz manifold and G a
compact connected Lie group. Moreover let G(x) be an orbit with co-dimension 2.
Furthermore let ¢, : [0,a) — L, v € NG(x), be a light-like geodesic for which
¢v(0) = . If ¢, (o) is a focal point along ¢, then the orbit G(c,(ty)) is singular.

PROOF. Let v € NG(z) then the geodesic ¢, starts orthogonal to the orbit
G(z). First we prove that this geodesic remains orthogonal to the other orbits,
that is ¢, (t) L G(cy(t)). Let X € g be a Lie algebra element and X, the vector
field along ¢, generated by the infinitesimal isometry of X. This vector field is a
G(z)-Jacobi field. From the well-known equality for Jacobi fields

(YY), Xy) = (), X{ﬁ = const
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we have that —(7/, X,) = const since (y')" = 0. But

const = —(”y',X{Q = (7/7AX¢ ),

where Ay, is the constant tensor field of X;,. Since the vector field X, was gener-
ated by an infinitesimal isometry this is a Killing field, but then the constant ten-
sor field Ay, is antisymmetric with respect to the metric, that is (', Ax, (7)) =
—(Ax, (7"),7") which gives that the constant in the above equality is zero. So we
have that

d
0= <7,7Xz/p> = a<’}/,X¢>,

which yields that (7', X,;) = const. Since (7/(0), X (0)) = 0 this constant is 0.
But {Xy(t),| X € g} =T, )G (cy(t)) gives that the geodesic ¢, is orthogonal to
the orbits.

Assume that ¢, () is a focal point of G(x). In this case there is a vector
w € Tyy.o NG(z),w # 0 for which Te(w) = 0. Note that on the normal bundle
NG(z) there is an action of the group G, and since the orbit G(x) has maximal
dimension all the orbits in NG(z) are of maximal dimension under the action of
G. So the space T,.,NG(x) has a canonical decomposition

Tto.vNG(l') = TtU.UNIG(x) D Tto.vG(tQ . 7}).

So we can write w = wy + wg, where wy € Ty, ., NoG(2), wg € Ty oG (to - v). If
wy = const -7, (tg) then Te(wy) = const - ¢, (tg). If wn # const -7 (tg) then by
applying the Gauss lemma, (see [B-E-E] p. 338,) to 7, (t9) and wx we have that
(c,(to), Te(wn)) # 0 because the space N, G(z) is of dimension 2 which gives that
the lightlike vector r/ (¢9) is not orthogonal to any wy # const -7/ (tg), also note
that if wy # const -7/ (tp) then Te(wy) # 0 so Te(wy) = 0 iff wy = 0. Since
T, (t0)G(cu(to)) L c,(to) we have that Te(wy) ¢ Te,(1,)G(co(to)) if wn # 0.
Since ¢ is G equivariant we have Te(wg) € Ty (;,)G(7(to)) which yields that if
Te(w) = 0 then wy = 0. So there is an element A of the Lie algebra g such that
the vector w = wg is generated by the infinitesimal isometry corresponding to A.
This gives that A ¢ g., A € g.,(s,) holds because w # 0 but Te(w) = 0. Since
gz C ge, (t,) in our case this involves that the dimension of G(x) is greater than
that of G(c,(to)) which proves the theorem. O

Corollary 20. If the terms L,G,G(x) are as above then an orbit G(z) in
JT(G(x))—I*(G(x)) is singular if and only if z is a first focal point of G(x) along
a light-like geodesic which is orthogonal to G(x).
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PROOF. If z is a first focal point along a light-like geodesic which is orthog-
onal to G(z) then G(z) is singular, by the above theorem.

If G(z) is a singular orbit in J*(G(x)) — I (G(x)) then using Lemma 14 we
have that there is a light-like geodesic v : [0,1] — L such that v(0) € G(z),
¥(1) = z, v L G(x), moreover let 7. be the ray defined by ~'(0) then
700, 1) C Ny (G(x)), where NE,(G(z)) is the regular light-like future. As
we have seen in the proof of Theorem 29, 7|[o.1) is orthogonal to each of the orbits
G(v(t)),t € [0,1] and the orbit G(y(1)) is singular. In this case since G(z) is max-
imal and G((to)) is singular, there is an element A € g-(;,), A ¢ g+(0) for which
the infinitesimal deformation corresponding to this element gives vector fields
X(t) along 7, (t) in TNG(z) and Y (¢) along y(¢) in T'L such that Te(X (t)) = Y (¢)
and Y is a G(x)-Jacobi-field along . Moreover the properties of G and the maxi-
mality of the dimension of G(x) show that X (¢9) # 0 but Te(X (to)) = Y (to) = 0.
(G(x)) there are no
focal points on e(r.(g)lj0,1))- O

Thus 7(to) is a focal point of G(z) since 7 (g)lj0,1) € Ny,

reg

The following example shows that if the isotropy subgroup G, of a principal
orbit is not of maximal rank then the first focal point along a time-like or light-
like geodesic, corresponding to a time-like or light-like ray in N,G(z), does not
give necessarily a singular orbit.

Example 21. We take the unit sphere S? in R? and the unit circle S' in R?
endowed with the canonical Riemannian metric. We also take the real line R}
with the canonical Riemannian metric multiplied by —1. If we take the product
space

S? x St x Ry,

where we take the canonical action of S! on itself then all the orbits are principal
but for each orbit there are time-like and light-like rays in the normal bundle on
which there are focal points, also conjugate points.

The next example shows that a cut point is not necessarily corresponding to
a singular orbit, it can correspond to an exceptional orbit.

Example 22. Let us take R x [0, 1] endowed with the canonical Riemannian
metric and glue R x {0} and R! x {1} together such that we get a Mobius strip
and {0} x [0, 1] is a closed circle. This Riemannian manifold will be denoted by M.
If we take the real line Rl with the canonical Riemannian metric multiplied by
—1 and the product space

M x R!
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we have the wanted manifold. The Lie group will be S and the action will be the
canonical action on M. In M the principal orbits are {a} x [0, 1JU{—a} x[0,1], a €
R — {0} and there is only one exceptional orbit {0} x [0,1]. If we take a past
directed light-like geodesic in R! x {0} x R} from 0 x 0 x 0 and a point z on it
different from {0} x {0} x {0} this will correspond to a principal orbit for which
on a future directed light-like geodesic, the above light-like geodesic in the other
direction, there will be a cut point, {0} x {0} x {0}, which corresponds to an
exceptional orbit. It is easy to see that there will be time-like rays in N,G(z) on
which there is a cut point which corresponds to an exceptional orbit.
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