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Edge-counting vectors, Fibonacci cubes,
and Fibonacci triangle

By SANDI KLAVZAR (Maribor) and IZTOK PETERIN (Maribor)

Abstract. Edge-counting vectors of subgraphs of Cartesian products are intro-
duced as the counting vectors of the edges that project onto the factors. For several
standard constructions their edge-counting vectors are computed. It is proved that the
edge-counting vectors of Fibonacci cubes are precisely the rows of the Fibonacci trian-
gle and that the edge-counting vectors of Lucas cubes are Fj,_1-constant vectors. Some
problems are listed along the way.

1. Introduction

The Cartesian product of graphs is the central graph product [13]. It has nu-
merous appealing algebraic properties and is applicable in a variety of situations.
Its fundamental graph property goes back to SABIDUSSI [24] and VizING [28]:
every connected graph has a unique prime factor decomposition with respect to
the Cartesian product. From the algorithmic point of view it took about 20 years
of intensive developments to finally prove that the prime factor decomposition
can be obtained in linear time [14].

The structure of subgraphs of Cartesian products has been extensively stud-
ied as well. There are many classes of graphs that are naturally defined as (metric)
subgraphs of Cartesian products, see [1], [4], [6], [17], [26] for a sample of such

Mathematics Subject Classification: 05C75, 11B39.

Key words and phrases: Cartesian product of graphs, Fibonacci cubes, Lucas cubes, Fibonacci
triangle, partial cubes.

The authors are also with the Institute of Mathematics, Physics and Mechanics, Jadranska
19, 1000 Ljubljana, Slovenia. This work was supported in part by the Ministry of Science of
Slovenia under the grant P1-0297.



268 Sandi Klavzar and Iztok Peterin

references. Graphs that are subgraphs of general Cartesian products has been
studied as well, see [2], [16], [19], [23] where several characterizations of these
graphs are proved.

In this paper we introduce edge-counting vectors for subgraphs of Cartesian
products as the vectors that count the edges that project onto the factors. This
gives only a partial information about such subgraphs but nevertheless some
interesting information can be obtained from these vectors. We demonstrate this
fact by Fibonacci cubes and Lucas cubes by considering their natural embedding
into hypercubes.

Fibonacci cubes were introduced in [11], [12] as a model for interconnection
network and extensively studied afterward, see [15], [18], [20], [22]. An O(mn)
algorithm for recognition of Fibonacci cubes is given in [27], while in [25] the
complexity has been improved to O(mlogn). (As usual, n stands for the number
of vertices and m for the number of edges of a given graph.) A closely related
class of graphs is formed by Lucas cubes, see [15], [21].

The paper is organized as follows. In the next section definitions and concepts
needed in this paper are given. In the subsequent section we define the edge-
counting vectors and give several examples of such vectors. In particular we
determine the edge-counting vectors for products of subgraphs, for amalgamations
of graphs, and for the canonical metric representation of a graph. In Section 4
we consider the edge-counting vectors of the Fibonacci cubes as subgraphs of
hypercubes. This enables us to give a new interpretation to the Fibonacci triangle:
the edge-counting vectors of the Fibonacci cubes are just the rows of the triangle.
The edge-counting vectors of the extended Fibonacci cubes are also obtained.
In the last section we prove that the edge-counting vectors of Lucas cubes are
F,,_1-constant vectors. We also search for other classes of graphs with constant
edge-counting vectors and find some more interesting examples.

2. Preliminaries

The Cartesian product GO H of graphs G and H is the graph with the vertex
set V(G) x V(H) where vertices (g, h) and (¢, h’) are adjacent if g¢’ € E(G) and
h="n,or g=g and hh' € E(H). On Figure 1 the Cartesian product of the
complete bipartite graph K 3 with the path on four vertices Py is shown.

Note that the Cartesian product of two edges (that is, of complete graphs on
two vertices) is the 4-cycle Cy. Therefore the notation [J has now been adopted
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Figure 1. Cartesian product K 30 Pa.

by most authors in the “product graph community”. From the same reason some
authors also use the name box product for the Cartesian product, see [5].

The Cartesian product graph operation is associative, commutative, and the
one vertex graph K7 is the unit. By the associativity we can write [J leGi for the
Cartesian product of factors G1,Go,...,Gy. Let v = (v1,v2,...,v;) be a vertex
of G = O}_,G;. A subgraph of G in which we fixed all coordinates except v; of
vertex v is isomorphic to G; and is called G;-fiber.

The simplest Cartesian product graphs are hypercubes. The k-cube or a
hypercube @y is the Cartesian product of k factors K,. Hence the vertices of Qg
can be identified with all binary strings of length &, two vertices being adjacent
if they differ in precisely one position.

A graph H is an isometric subgraph of G if dgy(u,v) = dg(u,v) for any
vertices u,v € H, where d is the distance function between vertices. Isometric
subgraphs of hypercubes are called partial cubes, see [3], [7], [8], [13]. In this paper
we always assume that a partial cube G is embedded in the smallest possible
hypercube @, that is, n is the so-called isometric dimension of G. It is well-
known that such an embedding is unique. Hence all the edge-counting vectors of
partial cubes considered will be unique (modulo permutations of coordinates).

A Fibonacci string is a binary string ajas . . . a, such that a; - a;41 = 0 holds
for i = 1,2,...,n — 1. In other words, a Fibonacci string is a binary string of
length n with no two consecutive ones. The Fibonacci cube T',,, has the Fibonacci
strings as vertices, two vertices being adjacent whenever they differ in exactly
one coordinate. The Lucas cube A, is the graph with those Fibonacci strings of
length n as vertices in which the first and the last bit are not both 1, where two
vertices are again adjacent if they differ in exactly one bit. Note that Ay = K7,
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Ay = P53, and A3 = K 3. On Figure 2 the Fibonacci cube I'y and the Lucas
cube Aj are given together with the corresponding labelings of their vertices with
Fibonacci strings.

00001
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010lo———00100 01001 0 00101
01000 00100
0000
0001 0010
01010Q ©10100
10000
1000 000100

1001¢ 1010

10010

Figure 2. Fibonacci cube I'y and Lucas cube As.

3. Edge-counting vectors

We now introduce our central concept, the edge-counting vectors, and give
several examples of such vectors.

Let H be a subgraph of the Cartesian product G = szlGl-, k > 1. Let
e = hh/ be an edge of H, where h = (hi,ha,...,hi) and b’ = (h, RS, ... h}).
Then there exists exactly one i such that h;h; € E(G;), while h; = h for j # i.
We will say that the edge e is of type i. For i =1,2,... k let

E,(H;G) ={e € E(H) | eis of type i},
set e;(H; G) = |E;(H;G)|, and let
v(H;G) = (e1(H; G) e2(H;G), ... ex(H; G))

be the edge-counting vector of the subgraph H of the Cartesian product G.
Note that v(H; G) is well-defined since H is a fixed subgraph of a given Carte-
sian product G. In general, however, a graph H can have different embeddings
into a Cartesian product G, and a given graph G can have different representa-
tions as Cartesian product. For instance, let G = P3O Ps;. Then v(Ps;G) can
be any of the vectors (2,0), (1,1), and (0,2), depending which subgraph P; of
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G we select. Also, let the n-cube @, be represented as usual: G = O} Ko.
Then the edge-counting vector v(Q,;G) = (2"71,...,2"71) is a vector of length
n. However, if we set G = K[ Q,—1 then the edge-counting vector becomes
0(Qni G) = (2771, (n — 1)277).

Unless stated otherwise, for a connected Cartesian product G we will as-
sume that its representation as a Cartesian product is the unique prime factor
decomposition of G. In particular, the n-cube @, will be always represented as
a7, Kos.

Let H be a subgraph of G = 0¥ | G; and H' a subgraph of G’ = O¢_,G’.
Then the natural product embedding of H (] H' as a subgraph into G 0 G’ is defined
as follows. Let h € V(H) and h' € V(H') correspond to (g1,-..,9x) € V(G) and
(91,---,9;) € V(G), respectively. Map the vertex (h,h') of HOH’ into the
vertex (g1,.--,9%,91,---,9;) of GOG'.

Proposition 3.1. Let H be a subgraph of G = 0¥ ,G; and H' a subgraph
of G’ = O%_,G!. Then for the natural product embedding of H O H' into GO G,
the edge-counting vector v(H O H'; GOG') equals to

(n'e1(H;G),...,n'ex(H;G),ne1(H';G'),...,nes(H'; G')),

where n = |V (G)| and n' = |V(G")].

PRroOF. Consider e;(HOH'; GOG’), where 1 <1i < k+{. Let e be an edge
of HO H' of type ¢ and assume for simplicity that ¢ = 1. Then

€= (917927"'7gkugllu'"792)(1:7927'"79/67917"'792)7

where g1z € E(G1). Now, for any edge (g1, 92, - -, 9x) (%, 92, ..., 9x) from By (H; G),
the last ¢ coordinates g1, ..., g; can be arbitrarily selected. In other words,

eir(HOH;GOG) = e1(H; G)|V(G)).

The same argument applies to the other coordinates, hence the result. (I

Let H and H' be isomorphic subgraphs of graphs G and G’, respectively.
Then the amalgamation of G and G’ along H and H’ is the graph obtained from
the disjoint union of G and G’ by identifying (in view of an isomorphism H — H’)
the subgraphs H and H’. For our purposes, the following special amalgamations
will be useful.

Let H and H' be subgraphs of Cartesian products G and G’, respectively. Let
A(H, H') be the graph that is obtained by amalgamating an arbitrary vertex of H
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with an arbitrary vertex of H’'. (Sometimes this is called a vertex-amalgamation.)
A natural amalgamation embedding of A(H,H') as a subgraph into GOG’ is
defined as follows. Embed H in any G-fiber and let u be the vertex of GOG’
into which the amalgamated vertex of H is mapped. Clearly, the amalgamated
vertex of H' is also mapped into w. Then embed H' in the unique G’-fiber that
intersects u. The following result, stated for further reference, follows easily.

Proposition 3.2. Let H and H' be subgraphs of the Cartesian products
G and G’, respectively. Let v(H;G) = (a1,...,ax) and v(H"; G') = (4}, ..., a}).
Then
v(AH,H"); GOG) = (a1,...,ax,a},...,ap)
for the natural amalgamation embedding of A(H, H') into GOG’.

For the final example in this section consider the Graham—-Winkler’s canon-
ical metric representation from [9]. So let

a:G@—G/E,0---0G/Ey

be the canonical metric representation of the graph G, see [9] or [13] for its
definition. Then by the definition of the embedding,

0(G:G/GLT - OG/Gr) = ([Edl,..., | Exl).

We note that with a similar method induced subgraphs of Hamming graphs in
particular [17] and induced subgraphs of Cartesian graphs in general [23] can be
treated.

4. Fibonacci cubes and Fibonacci triangle

In this section we consider the edge-counting vectors of Fibonacci cubes as
subgraphs of hypercubes. Clearly, I',, is a subgraph of @,, just identify the
vertices of I',, with the corresponding vertices of @,. Call this embedding the
natural embedding of I';, into @,,.

In the rest we will often use the well-known fact that I';, contains Fj, ;o
vertices, cf. [12].

Theorem 4.1. Let n > 1. Then for the natural embedding of T';, into @,

U(Fn7Qn) = (Fan7F2Fn—17-"7FnFl)-
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PROOF. Observe that e1(I'y; Qn) = [{1003...b,}|, where bs...b, is an ar-
bitrary Fibonacci string. Therefore, e1(T'y;Qn) = F, = F1F,. We similarly
get that e,(Ty; Qn) = |[{b1...bn—201}|, hence e, (T'y; Q) = F, = F,F1. Let
2 <i<n-—1, then

ei(l"n; Qn) = |{b1 e bi_2010bi+2 .. bn}|

Since by ...b;_o is an arbitrary Fibonacci string of length ¢ —2 and b;12 ... b, is an
arbitrary Fibonacci string of length n —i — 1, we conclude that for 2 <¢ <mn—1,
ei(Tn; Qn) = F;F,_;41 and the proof is complete. O

Theorem 4.1 immediately implies the following result, cf. [15]:
Corollary 4.2. For anyn > 1, |[E(I,)| =Y | FiFn_it1.

The Fibonacci triangle is defined with
Fn,m:Fanferla 1§m§n7

where n denotes the row and m the position in the n-th row of the entry F, ., [10].
It follows immediately from the definition that it is centrally symmetric, that is,

Eym = Fon—m+1. The first several rows of the Fibonacci triangle are shown in
Table 1.
1
1 1
2 1 2
3 2 2 3
5 3 4 3 5
8 5 6 6 5 8
13 8 10 9 10 8 13
21 13 16 15 15 16 13 21

Table 1. The first few rows of the Fibonacci triangle

Theorem 4.1 gives the following reinterpretation of the Fibonacci triangle.

Corollary 4.3. For any n > 1, the vector v(I'y; Qy) coincides with the n-th
row of the Fibonacci triangle.

Let us write V; for V(I';). Then it is clear that V12 = 0V;41 U 10V;. With
this property it is natural to define the extended Fibonacci cube of order n, T'%,
0 < i < n, as follows. The vertex set V! of I'; is defined recursively by Vi, , =
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0V, U 10V, where V; is the set of all binary strings of length i and V}’,; the
set of all binary strings of length i + 1. Note that T = Q;, 1"2+1 = Q;+1, and
Y =1,.

Extended Fibonacci cubes where introduced in [30]. In [29] Whitehead and
Zagaglia Salvi showed that extended Fibonacci cubes are Cartesian products of
Fibonacci cubes and hypercubes, more precisely:

=T ,0Q;=T,-100;.

As T',,_1 embeds into Q,_1, it follows that I'!, naturally embeds into Q1.
Combining this fact with Proposition 3.1 and Theorem 4.1 we thus have:

Corollary 4.4. For anyn > 1 > 0,
(T Quoiti) = (2FiFpy, . 2 F 1 F, 27y, 2 ),

where the term 2'~1F,, | appears i times.
We close the section with the following problem.

Problem 4.5. Which partial cubes are uniquely (modulo its permutations)
determined by its edge-counting vector?

All hypercubes have this property as well as Cg and P3. This can also
be checked to be true for Fibonacci cubes for small n’s. In general we pose a
question whether Fibonacci cubes can be characterized among partial cubes by
this property. More precisely, is a partial cube G isomorphic to I'), provided that
v(G; Qy) is the n-th row of the Fibonacci triangle? Note that one can easily find
graphs that are not partial cubes but have the same edge-counting vectors as I'y,,
n > 4.

5. Lucas cubes and constant edge-counting vectors

Let H be a subgraph of a Cartesian product G with v(H;G) = (¢,...,¢).
Then we say that v(H; G) is a constant edge-counting vector, more precisely ¢-
constant. In this section we first prove that the edge-counting vector of the Lucas
cube A, (as a subgraph of Q,,) is F,_1-constant. After that several more graphs
with constant edge-counting vectors are constructed.

Vertices of the Lucas cube A,, can be obtain from the vertices of the Fibonacci
cubes I';,—1 and T',_3 as follows: V/(A,,) = 0V(T',,—1)U10V(T,,—3)0. For the proof
that v(Ay,; Qn) is F,_1-constant we need the following easy lemma.
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Lemma 5.1. Let n > 4. Then for any ¢ with 3 <7 <n — 3,
F  Fy i1+ FoF,_; = F,_1.

PrRoOOF. For i = 3 we have FyF,, o+ F1F,,_3 = F,,_1. For the induction step
we can compute in the following way: F;F,,_;+F;_1F,—i—1 = (Fi-1+Fi—2)F—i+
Fi1Fo_iz1 = Fiea(Fpmi + Frmio1) + FooFyy = FiaFpmip1 + FioFy_y =
F,_4. [l

Theorem 5.2. Let n > 2. Then for the natural embedding of A,, into Q,,

U(An7Qn) = (Fn—laFn—la . '7Fn—1)-

PROOF. Since Ay = P3 and Az = K; 3 we have v(Ag; Q2) = (1,1) = (F1, F1)
and v(As;Q3) = (1,1,1) = (Fy, F3, F5). Assume in the rest that n > 4.

Observe first that e;(A,; Q) = |{10bs3...b,-10}|, where b3...b,—1 is an
arbitrary Fibonacci string. Therefore e1(A,; Q) = F—1. By symmetry we have
en(An; Qr) = |{0b2...b,_201}|, hence e,(An;Qn) = F,—1. Similarly we have
e2(An; Q) = |{010by...b,}| = F,—1 and again by symmetry e,_1(An; Qn) =
F._1.

For 3 < i <mn — 3 use the fact that V(A,) = 0V (T'y,—1) U10V(T',,—3)0. Then

ei(An; Qn) = |{0b2 N bi_2010bi+2 . bn}| + |{10b3 . .bi_2010bi+2 N bn_10}|,

where by ...bj_2, biya...by, bs...bji_o, and b;42...b,_1 are arbitrary Fibonacci
strings of length ¢« — 3, n —i — 1, ¢ — 4, and n — i — 2, respectively. Therefore for
3<i<n-—3,e(A;Qn) =Fi1Fu_it1 + F;_2F,_;. The proof is complete by
Lemma 5.1. [l

Theorem 5.2 and the Proposition 7 of [15] immediately imply:

Corollary 5.3. For anyn > 2,
1 n—1
F,_y=- FL,_q1_;.
1= Z; !

Propositions 3.1 and 3.2 suggest how to obtain many subgraphs with constant
edge-counting vectors. This is done in the next two corollaries, respectively.

Corollary 5.4. Let H C G and H' C G’ be as in Proposition 3.1. Then
v(HOH';GOG') is a constant edge-counting vector if and only if v(H;G) is
an i-constant edge-counting vector, v(H'; G') is a j-constant edge-counting vec-
tor, and j|H| = i|H'|. Moreover, in this case we have v(HOH';GOG') =
GIH,....jH]).
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Corollary 5.5. Let A(H,H') be an amalgam of H and H' where both H
and H' have {-constant edge-counting vectors. Then A(H,H') has an {-constant
edge-counting vector as well.

In the rest we give some more partial cubes with constant edge-counting
vectors. First two trivial examples: the edge-counting vector of an arbitrary tree
is 1-constant, and the edge-counting vector of an even cycle is 2-constant.

A nice class of partial cubes is formed by bipartite wheels BW,,, n > 3. BW,,
is a graph obtained from the cycle Ca, and the central vertexr v by joining every
second vertex of the cycle with v. Note that A5 = BWj5. It is straightforward to
verify that v(BW,; @) is 3-constant.

We define extended bipartite wheels, EBW!, n > 3,0 < { < [%W — 2, as
follows. For ¢ = 0 we set EBW? = BW,,. For ¢ > 0 connect on the i-th step,
i1 =1,...,¢, vertices x and y by path of length 2, if d(z,y) = 2 and x and y are on
maximum distance from v in EBW~!. Note that EBW/ is not a partial cube
anymore if £ > [2] — 2. See Figure 3 where EBW} and EBW? are shown. It is
not difficult to verify that v(EBWY;Q,) = (3 +2¢,...,3 + 2().

Figure 3. Extended wheels EBW;? and EBW?

It seems an interesting project to classify all partial cubes (or all median
graphs) with constant edge-counting vectors.
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