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On some special projectively flat (a, 3)-metrics

By BENLING LI (Hangzhou)

Abstract. In this paper, we find equations that characterize locally projectively

flat Finsler metrics in the form F = €3 + a + 2Barctan(B8/a) + where a =

ap?
2(&2 +ﬁ2) )
v/ aijytyl is a Riemannian metric and 8 = b;y" is a 1-form. Then we completely deter-
mine the local structure of those with constant flag curvature.

1. Introduction

It is HILBERT’s Fourth Problem to characterize the (not-necessarily-reversible)
distance functions on an open subset in R™ such that straight lines are geodes-
ics [3]. Regular distance functions with straight geodesics are projectively flat
Finsler metrics. It is well-known that every projectively flat metric is of scalar
flag curvature, namely, the flag curvature K(P,y) = K(z,y) is independent of
the section P containing y € T,U (see [4]). Thus projectively flat metrics become
more important and interesting.

In Finsler geometry, (o, 3)-metrics are very interesting metrics, which are
expressed in the following form,

F=ag¢(s), s= o
where a = \/a;;y’y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form with
1821l < bo for & € M, and ¢ = ¢(s) is a C* positive function on an open interval
(=bo, bp) satisfying

$0) =1, &(s) >0, ¢(s) = s¢/(s) + (b* = s%)9"(s) > 0,
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where s and b are arbitrary numbers with |s| < b < bg. For some functions ¢, the
defined metric F' = a¢(f/a) is projectively flat if and only if « is projectively flat
and ( is parallel with respect to a. For example, the Matsumoto metric defined
by ¢ =1/(1 — s) and its approximation metrics have this property [1]. For some
functions ¢, the 1-form of projectively flat metric F' = a¢(/«) is not necessarily
parallel. The simplest one is Randers metric F = o+ § defined by ¢ = 1+ s (see
[7]). Another interesting metric is F' = % defined by ¢ = (1 + s)? (see [9]).
For the existence of these nontrivial metrics, the Finsler geometry becomes more
colorful. In this paper, we consider a special («, §)-metric

F=ef+a+ gﬁarctan(ﬁ/a) + 5 of”

2+ 57 .

which was mentioned firstly in [11]. And we find the sufficient and necessary
conditions for it to be projectively flat.

2

Theorem 1.1. F = a(es + 1+ 2sarctan(s) + m) where s = 8/« is

locally projectively flat if and only if
1
bisj = 57’((1 +4b%)az; — 3biby) (1.2)

and
G = 0y' — 1D’ (1.3)

where 7 = 7(x) and 0 = a;(z)y’. In this case,
G' = {0+ Txa}y’,

where

e(1+ %)%+ 3arctan(s)(1 + %)% + 2s(1 4+ s%) + s B
a

2(2es(1 + 52) + 2(1 + s2) + 3sarctan(s)(1 + s2) + s2) S (14)

X =
In [11], SHEN studies a larger class of (a, 3)-metrics and finds a sufficient
condition for the metric in the class to be projectively flat. Then he constructs
some special metrics satisfying the sufficient condition. For the family of («a, §)-
metrics discussed in this paper, it has been proved in [11] that (1.2) and (1.3)
are sufficient conditions for F' to be locally projectively. However, the problem
whether or not (1.2) and (1.3) are also necessary remains open. In Theorem 1.1 we
prove that (1.2) and (1.3) are also necessary. Further, based on the construction
in [11], we will give some special solutions to (1.2) and (1.3) in Section 5 below.
By Theorem 1.1, we can completely determine the local structure of a projec-
tively flat Finsler metric F' in the form (1.1) which is of constant flag curvature.
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Theorem 1.2. Let F = a(es + 1 + Ssarctan(s) + 2(15—;2)) where s = (/.
Suppose that F is a locally projectively flat metric with constant flag curvature \.
Then A = 0. « is a flat metric and (3 is parallel with respect to «. Thus F' is
locally Minkowskian.

The author wishes to express here her sincere gratitude to Professor Zhong-
min Shen and Professor Yibing Shen for the invaluable suggestions and encour-
agements.

2. (a, 3)-metric

In this section, we shall state some properties of («, 5)-metric which is defined
above. Let G* and G, denote the spray coefficients of F’ and «, respectively, given

by . .
G’i — QZ{[FQ]MULZJ]C _ [Fz]wk}7 G':/l — %{[a2]mk1ﬂyk _ [ng]wl}

where (gi;) == (§[F?]yis) and (a”) := (a;;)~'. The following formula (2.1) is
given in [8] and [10] and a different version is given in [5] and [6].

Lemma 2.1. The spray coefficients G* are related to G*, by

G' =Gl + aQs) + J{—2Qaso + TOO}%

; (2.1)
+ H{—2Qa80 + Too}{bi — S%},
where

__ ¢

T

o AR
C20((¢ — s¢) + (02 = 52)¢")’

7 @

2((¢ = s¢/) + (> — 5%)¢")’
where s := (/a and b := || By ||

In [2], G. HAMEL proved that a Finsler metric F' = F(z,y) on an open subset
U C R" is projectively flat if and only if

szyzyk - le =0. (2.2)

By (2.2), SHEN [9] got the following lemma
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Lemma 2.2. An (a,3)-metric F = ag¢(s), where s = 3/«, is projectively
flat on an open subset U C R if and only if

(ami0? = Ymy))G™ + &*Qsy0 + Ha(—2aQsg + roo) (e — sy;) = 0, (2.3)

_ 1 _ i _ l 1 _
where Sij = §(bi;j — bj;i), s10 = suy', so = spb’, rij = §(bi;j + bj;i)7 and rog =

Tijyiyj.

3. F=a(es+1+ %s arctan(s) + 2(157:32))

In this section, we consider the following metric

82

3
F = (68 + 1 + 58 arctan(s) + m

) —ad(s), =B/,

where € is a constant, a = y/a;;y'y’ is a Riemannian metric and 3 = b;(x)y’ is a
1-form on M. Let by = bg(€) > 0 be the largest number such that

52

_ S0 <b<b 3.1
iy 0 llsb<bo, (3:1)

3
es+1+ 28 arctan(s) +

so that F' is a Finsler metric if and only if 5 satisfies that b := ||8z]|o < bo for
any ¢ € M.

o(s) =es+1+ gs arctan(s) + 2(1874:2),
¢ =e+ g arctan(s) + 2(13_s 52) + § +SS2)27
¢ = (1 —1—482)3'
Thus
6 5o =
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From now on, we always assume that e satisfies (3.1). By Lemma 2.1, the spray
coefficients G* of F are given by (2.1) with
¢’ 3 3s
== — t
Q p— e—|—2arc an(s)+2(1+82)—|—
_ ¢'(6 — s¢')
20((¢ — 5¢') + (b* — 5%)¢")
(e + 2 arctan(s) + ﬁ + m)(l + %)
2

2(es + 1+ 2sarctan(s) + mxl + 4b2 — 3s52)’

¢// B 2
A6 —s) + @ —s¢") 1T -85

S

(14 s2)

2> (14 52)?,

J:

H =

Thus (2.3) goes to

(amio® — ymy)) G

3s n s
2(1+s2) (14 s2)2

3
+ao? (6 + B arctan(s) + ) (1+ 52510

(3.2)

+ #a(—ZOZ €+ §arctan(s) + 3 + i
1+ 4b% — 352 2 2(1+4s2) (14 s2)2

X (1 + 52)250 + Too)(bla — Syl) =0.
PROOF OF THEOREM 1.1. First, we rewrite (3.2) as
(14 4b%)a? = 36%) (amia® — ymy)) G + ((1 + 4b%)a® — 33%)
X <e(a2 + 3%)? + g(oe2 + %)% arctan(s) + gaﬁ(OeQ + 3% + a36> 510
3 3 (3.3)
—4 (6(a2 + 8% + 5(042 + )% arctan(s) + 5046(042 +6%) + a3ﬁ>
x (bia® = Byi)so + 20° (bia® — Byi)roo = 0.

The coefficients of arctan(s) must be zero, because the other terms are algebraic
functions of y*. We obtain

g(oﬁ + 072 ((1+4b*)a® = 36%)s10 = 6(c® + %) (bia® — Byr)so- (3.4)

Contracting (3.4) with b yields

(0% + %)3s0 = 0.
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By assumption, for any y # 0

>+ 3240
Thus
S0 — 0
Then it follows from (3.4) that
S0 — 0. (35)

Thus (3 is closed.
Now equation (3.3) is reduced to the following

(1 4 4b*)a® = 38%) (amia® — ymyr)G™ + 202 (b — Byi)roo = 0. (3.6)
Contracting (3.6) with b', we get
(14 4b*)a? — 38%) (ama? — ymB)G™ = =202 (b%a® — 3*)rgo.
Note that the polynomial (14 4b%)a? — 332 is not divisible by a? and b%a? — 3.

Thus (am,a? — ¥y, B)G™ is divisible by o?(b?a? — 32). Therefore, there is a scalar
function 7 = 7(x) such that

roo = = [(1 4 4b*)a? — 33?]. (3.7)

T
2
By (3.5) and (3.7), the formula (2.1) for G* can be simplified to

G' =G + txay’ + TV, (3.8)
where y is given in (1.4). We know that F' is projectively flat if and only if

G' = Py’
By (3.8), this is equivalent to the following
G = 0y' — 1D,

where = a;y* is a 1-form. In this case,

G'= {0+ xa}y". O
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4. Flag curvature

In this section, we shall study the following metric with constant flag curva-
ture K = A,

s2

m) =ag(s), s=p/a.

We assume that F' is locally projectively flat. It is known that if the spray

3
F=a« <es +1+ 25 arctan(s) +

coefficients of F' are in the form G* = Py’, then F is of scalar curvature with flag

curvature
K — P2 - kayk
-—=
Then
K = 07Xl — [0+ 7xa]ary”
— 7
(0 + 7xa)? — 0,6y% — TonyFxa — X (8) s yFa — TX L YF

2
Observe that

2 2
gy’ = ZGlym = —{0y™ — 702V bym = 2(0 — 78)a,
@] 6]

2
spry” = % + @{bma — SYm G2
2
- g{(l +4b%) — 352} a + 5 {bma — sy HOy™ — Ta0™}
Q
.

) 1+ s%)a.

- %{(1 +4b%) — 352} a — 27 (6% — s2)a

We obtain

0% — 0,1y + 72X — T yF o — 7'—22)(’(1 + 5%)a? + 2572 ya?

2

Lemma 4.1. Suppose that F = a(es+ 1+ 3sarctan(s) + 2(15—;2)), s=p/a

is locally projectively flat with constant flag curvature K = \ = constant, then
A=0.

K:

(4.1)

PROOF. First by (4.1), multiplied the equation K = X\ by a®F4(1 + s2)%,
then the coefficients of arctan®(s) must be zero because it is a transcendental
function of y*. We get

4
3
A (5) 64((12 + 62)4 =0.
Thus A = 0. O
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By Lemma 4.1, we have the following

2

Proposition 4.2. Let F = a¢(s) = a(es+ 1+ 3sarctan(s) + M) where

s = [/a. Suppose that F is a locally projectively flat metric with zero flag
curvature. Then « is a flat metric and (8 is parallel with respect to a. Thus F' is
locally Minkowskian.

ProoF. Under the assumption that K = 0, we obtain

2

0% — 0,:y" + 72320 — T yF xa — 7—7)(’(1 +5%)a? 4 2s7%xa? = 0. (4.2)

Multiplied (4.2) by 4¢?, then the coefficients of arctan?(s) must be zero (note:
arctan®(s) is a transcendental function of y*). We obtain

3 9
95%(62 — O,y + 17'2042(1 —3s5%)2 + 1(287'2042 — ToeyFa)s(l — 352)s
9 1
+ 572a2(1 + 5?) [1(1 + 5%)%(1 + 3s%) + 32] =0. (4.3)
ab x (4.3) yields

93%a* (% — szyk) + ZT2a4(a2 —36%)% + %a4(2672 — kayk)(a2 —36%)p

+ 272(042 + %) E(Ox2 + 652 (a? +36%) + 04452] =0.

Note that the polynomial 27%(a? + 8%)[1(a? 4+ 3%)%(a® + 36%) + a?$?] is not
divisible by 8. Thus 7 = 0. Therefore

bi;j = 0, Gl = ij = Hyl

By assumption, F' has zero flag curvature, thus « has zero sectional curvature.
Thus « is locally isometric to the Euclidean metric. (I

5. Special solutions

In the last section, we have shown that (1.2) and (1.3) are necessary and
sufficient conditions for F' to be locally projectively flat. Now we give some
special solutions to (1.2) and (1.3), based on the construction of examples in [11].
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Ezample 5.1 ([11]). Define
o= ep(h)au, b= Cge%”(h)dh,

where

VP P, 9))
g 1+ plaf?

)

1 nlx)?

hi=— O + (a,2) + — D}
V 1+ plz? (@) 1+ /1 +nz?

p = p(t) be given by

p(t) =In [_2(02)2 (Og + put — %uﬁ)] B ;

n and C; are constants (C2 > 0) and a € R™ is a constant vector.

Then we can simply check that o and [ satisfy (1.2) and (1.3) with

__
2026%P(h)'

Thus the Finsler metric F = ¢+ a + 3B arctan(3/a) + 2@5‘27% is projectively
flat.

References

[1] B. L1, Projectively flat Matsumoto metric and its approximation, (2005), to appear in Acta
Math. Scientia.

[2] G. HAMEL, Uber die Geometrien in denen die Geraden die Kiirzesten sind, Math. Ann. 57
(1903), 231-264.

[3] D. HILBERT, Mathematical Problems, Bull. Amer. Math. Soc. 37 (2001), 407-436,
Reprinted from Bull. Amer. Math. Soc. 8 (July 1902), 437-479.

[4] L. BERWALD, Uber die n-dimensionalen Geometrien konstanter Kriimmung, in denen die
Geraden die kiirzesten sind, Math. Z. 30 (1929), 449-469.

[5] M. Kitayama, M. AzuMA and M. MATsumMoTO, On Finsler spaces with (a, 3)-metric.
Regularity, geodesics and main scalars, J. of Hokkaido Univ. of Education (Section II A)
46(1) ((1995)), 1-10.

[6] M. MATSUMOTO, Finsler spaces with (, 3)-metric of Douglas type, Tensor, N. S. 60 (1998),
123-134.



304 Benling Li : On some special projectively flat (a, 3)-metrics

[7] S. BAcsé and M. MATSUMOTO, On Finsler spaces of Douglas type. A generalization of the
notion of Berwald space, Publ. Math. Debrecen 51 (1997), 385—406.
[8] S. S. CHERN and Z. SHEN, Riemann-Finsler geometry, World Scientific, 2005.
[9] Z. SHEN and G. Civi YILDIRIM, On a Class of Projectively Flat Metrics with Constant Flag
Curvature, (2005), to appear in Canadian J. of Math.
[10] Z. SHEN, Landsberg curvature, S-curvature and Riemann curvature, in A Sample of Rie-
mann—Finsler Geometry, MSRI Series, vol. 50, Cambridge University Press, 2004.
[11] Z. SHEN, On Some Projectively Flat Finsler Metrics, (2005), (preprint).

BENLING LI

DEPARTMENT OF MATHEMATICS
ZHEJIANG UNIVERSITY
HANGZHOU, 310028

P.R. CHINA

E-mail: Iblmath@163.com

(Received December 8, 2005; revised March 17, 2006)



