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Solutions of some generalized Ramanujan—Nagell equations
via binary quadratic forms

By N. SARADHA (Mumbai) and ANITHA SRINIVASAN (Mumbai)

Abstract. Let h be the class number of binary quadratic forms of discriminant
—4d, where d is odd and I is the identity form z? 4+ dy?. Let Ak™ be represented by I,
where A is a prime power represented by I and k is prime. Then we show that k" is
represented by I for some r dividing h and representations of Ak™ by I arise out of
the representations by I of A and k". As an application we solve several generalized
Ramanujan-Nagell equations of the type z? + d = A\k™.

1. Introduction

For any integer n let w(n) denote the number of distinct prime divisors of
n where w(£1) is 0. Let v,(n) denote the exact power of the prime p in n with
vp(£1) = 0 and v,(0) = co. Throughout this paper A, d, k are odd integers such
that A > 1,d,k > 1, ged(\, k) = ged(Ak,d) = 1 and d is not a perfect square.
A binary quadratic form of discriminant D is a function az? + bzy + cy? with
b?> — 4ac = D. We can define an equivalence relation on the set of all binary
quadratic forms of a given discriminant so that the equivalence classes form a
group known as the class group. The order of the class group is denoted by h(D).
The form 22 + dy? is the identity form which belongs to the identity class. An
integer m is said to be represented by the form ax? + bxy + cy?, if there exist
coprime positive integers zo and yo such that m = ax3 + bxoyo + cyd. A classical
problem in the theory of quadratic forms is the following.
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Given integersm and D, D =0 or1 (mod 4) does there exist a representation
of m by some form of discriminant D, in particular, by the identity form ?
See [11] for other fundamental problems. We consider the problem of when the
identity form can represent powers of a given integer k£ > 1. In other words, we
ask for solutions of the Diophantine equation

2?2 + dy* = k7 in integers x,y, z with ged(z,y) =1 and z > 1. (1.1)

See NAGELL ([10], Chapter VI) for various results on the identity form repre-
senting a prime or a prime power. See also Hua ([6], Chapter 12) for results
on the number of such representations. In [8], LE uses the class group structure
to classify all solutions of Dix2 — Doy? with D; > 0 and D; D, not a square
(D1 = 1,Dy = —d gives (1.1)). He gives explicit formulas for these solutions
that have a natural form. Later HEUBERGER and LE [5] elaborated and clari-
fied certain ambiguities in the works of Le. BUGEAUD and SHOREY [2]| proved
numerous results on equations similar to (1.1) using Le’s classification. (Their
work depends also on the work of BILUu, HANROT and VOUTIER [1] on primitive
divisors of Lucas and Lehmer sequences.)
In this paper we consider the equation

22 + dy? = \k* in integers z,7, z with ged(z,y) =1 and z > 1. (1.2)

From the theory of binary quadratic forms it is known that if an odd integer m is
represented by a form of discriminant —4d then all its divisors are also represented
by some form of the same discriminant. Hence we may assume that A and k are
represented by some form (not necessarily the same one) of discriminant —4d.

Using the class group structure of forms, we prove the following result when
A and k are prime powers.

Theorem 1.1. Suppose q; and gy are distinct primes not dividing d. Let f
and g be classes that represent q; and qo respectively with corresponding orders
r1 and ro. Then the equation

o® +dy’ = q'qy, ged(w,y) =1, mn>1 (1.3)
implies that
r1 ged(n, ro) = ro ged(m, 7). (1.4)
In particular,
r1 | m if and only if r3 | n. (1.5)

Further if ged(ry,r2) = 1, then r1 | m and ro | n. If ¢1 and g are represented by
the same class, then r1 = ro = r and (1.3) has a solution if and only if r | (m+mn)
orr | (m—n).
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Remark 1.1. The integers 71 and 75 in Theorem 1.1 are uniquely determined
by the primes ¢; and ¢o respectively. This is because a prime is represented by at-
most two classes and these two classes are inverses of each other (see Lemma 3.9).

Note that (1.3) has no solution if either r; | m and 79 { n or r1 f m and ra | n.
It has solutions if r; | m and ry | n. We illustrate the theorem with the following
examples. Consider
x? 4 31y% = 5m7m,

Here d = 31, ¢ = 5 and ¢» = 7. Note that h(—31) = h(—4-31) = 3. The
three inequivalent classes have their representative forms as e = 822 + zy + y?2,
f =4x® + zy + 2y? and g = 522 + 3zy + 2y? with f2 ~ ¢ ~ e and f2 ~ g.
Here e represents the identity class. We see that 5 and 7 are both represented by
f and hence also by ¢ = f~'. Thus r; = 7o = 3 and by Theorem 1.1, we have
3| (m+mn)or3|(m—n). These conditions are equivalent to either 3 | m, 3 | n
or 31 m, 31 n. Note that if these conditions are satisfied the equation under
consideration has solutions. For example,

53=14231-2% 73=82+31-3% and 5% - 7°=1942 + 31 - 13% or 178% + 31 - 19%;
5.-7=22431; 5-72=1124+31-2% 52.7=122 +31; 5.7 = 27% + 31 - 4°.

Also the equation has no solution if 3 | m and 3{n or 3tm and 3 | n.
Next consider
x? 4+ 17y% = 3™m53".

Here 53 = 6% 4 17 and 3* = 82 + 17. Note that h(—4-17) = 4. Also q; = 3,
r1 =4, g2 = 53, ro = 1. By Theorem 1.1, this equation has no solution whenever
m # 0 (mod 4).

If X\ is represented only by the identity class, then it follows that k* is also
represented by the identity class and (1.2) has solutions. In fact, all the solu-
tions of (1.2) can be put into Ny2(®)~! classes where Ny denotes the number
of representations (up to signs) of A by the identity form (see Section 4, Propo-
sition 4.1). This generalizes Le’s result on (1.1) as 1 is represented only by the
identity class. Our work is based on the theory of binary quadratic forms. We
point out here that our representation is similar to that of Yuan [13]. Indeed
he gives the representations of solutions of a more general equation than (1.2)
namely of

az? 4+ by? = ck™ with ged(ax,by) = 1 in positive integers x,y and n.

He uses the structure of abelian groups and ideal theory of quadratic fields.
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In the case when X is a prime power represented by the identity class and
k is a prime, there is only one class of solutions of (1.2) which we present in
Theorem 1.2 below. We point out that all the theorems below assume these
conditions on A and k, namely,

A is a prime power represented by the identity class and k is a prime.  (1.6)

Theorem 1.2. Assume (1.6). Then there exists a unique positive integer
r | h(—4d) and unique (up to signs) representations of A and k" by the identity
form such that the following holds. If (z',y’, z) is a solution of (1.2) then z = rt
for some t > 1 and ' = +x,y' = +y where

+yvV=d = (20 +yov—d)(z1 +y1V~d)" (1.7)

with 3 + dy? = )\, 23 + dy? = k".

We observe that if z and y satisfy (1.7) for some ¢ > 1, then (x,y,rt) is
a solution to (1.2). When y = +1 in (1.2) we get the so called generalized
Ramanujan—Nagell equations of the form

22 +d = M\k" in integers z and n > 2. (1.8)

From the theory of linear forms in logarithms, it is known that (1.8) has only
finitely many solutions. There are several results in the literature on the number
of solutions of (1.8), especially when A = 1 and & is prime. See for instance [2].
We note that (1.8) has a solution if and only if (1.2) has a solution with y = +1.
If (1.6) holds then by Theorem 1.2, (1.8) has a solution if and only if (1.7) has a
solution with y = £1. In the following Theorems 1.3—1.6 we present conditions
under which (1.7) does not hold with y = £1. Thus we are able to completely
solve some generalized Ramanujan—Nagell equations of type (1.8).

In the theorems below we use the following notation. If p is a prime dividing
d — 1 we write

d=p’f+1 withpt fand 6 > 0. (1.9)

We begin with the case A = 1. As mentioned earlier, 1 is represented only by the
identity class.

Theorem 1.3. Assume (1.6). Let d satisfy (1.9) with @ > 1ifp = 2. Suppose
o =1, yo =0 and 0 < 2v,(x1). Then (1.8) has no solution except possibly when
n = r where r is as given in Theorem 1.2.
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For example, the equation
2?4105 = 11" with n > 2

has no solution. Herep = 2,0 =3, A\ = land k = 11. Alsor = 2 as 11? = 42+105.
Therefore 1 = 4,v5(x1) = 2. By Theorem 1.2, we find that n = 2¢t. Since
0 < 2v5(z1), by Theorem 1.3, we see that the equation has no solution for n > 2.
Here we note that (1.8) with d < 100, A\ = 1 has been completely solved in z, k
and n by BUGEAUD, MIGNOTTE and SIKSEK [3]. See also [4] and [7].

We assume henceforth that zg, yo, x1, y1 are all non-zero integers. It is
clear from the expression for y (see Section 5) that y # +1 if any of ged(zo, yo),
ged(yo, y1) and ged(zq, y1) exceeds 1. In Theorems 1.4-1.6, we consider the cases
ged(yo, v1) > 1, ged(wg, 1) > 1 and ged(zg,y1) > 1.

Theorem 1.4. Assume (1.6). Let (1.9) hold with p = 2 and § > 1. Suppose
2| ged(yo, 1) and zg,y1 € {—1,1}. Further let

va(yo) + ve(z1) < min(, 2va(z1)).

Then (1.8) has no solution.

As an example let (A, d, k) = (3301,33,7). Then 6 =5 and r = 2. Moreover
as A = 3301 = 1+33-10% and k" = 7% = 42 + 33, we have v5(yo) = 1,10(z1) = 2.
Note that 3301 is a prime. Thus all the conditions of Theorem 1.4 are satisfied.
Therefore the equation
z® +33 =3301- 7"

has no solution.

Theorem 1.5. Assume (1.6). Let yo,1y1 € {—1,1}. Suppose that there
exists a prime p such that p | ged(zo,x1) and (1.9) holds. Suppose further that
either

(1) vp(xo) < vp(x1) and 6 # vp(zo) + vp(z1) if p>3
or

(i) p=2,0>1, va(x0) +1# vo(x1) and 0 # v; + va(21)
or

(iii) p=2,0>1, va(xg) +1=wr5(x1) and 0 < vo(xg) +va(z1) +1

where v = min(ve(zo) + 1,v2(z1)) holds. Then (1.8) has no solution.
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Observe that if vo(z1) = 1 and € > 3, then condition (ii) above is satisfied.
For example,
2 +33="7%.3m

has no solution since 72 = 42+ 33 and 37 = 22+ 33, hence condition (ii) is satisfied
with (A, d, k) = (7%,33,37). Similarly using condition (iii) in Theorem 1.5 we see
that

? +33="7%.97"

has no solution. The equation
2?47 =43-331"

has no solution by Theorem 1.5(i) with p = 3.

Theorem 1.6. Assume (1.6). Suppose yo,z1 € {—1,1}. Assume that there
exists a prime p such that p | ged(xo,y1) and (1.9) holds. Suppose further that

Vp(fo) +e< Vp(yl)

where e =0 if p > 3 and e = 1 if p = 2. Then (1.8) has no solution.

Consider (A, d, k™) = (7,3,97%). Then A = 7 = 2243 and k" = 972 = 1+3-56°
with ve(20) = 1 and v2(y1) = 3. Hence by Theorem 1.6,

2?+3=7-97"
has no solution.

The plan of the paper is as follows. In Section 2 we present the basic defi-
nitions and notations of binary quadratic forms. In Section 3 we present proofs
of certain results on binary quadratic forms. Section 4 contains the main lemmas
and proofs of Theorems 1.1 and 1.2. Lemmas 4.4 and 4.5 also appear in [7]. Apart
from the above two mentioned lemmas the remaining lemmas in Section 4 state
results that while most certainly are not new, are not very well known. The proof
of Theorem 1.2 depends only on these fundamental results on binary quadratic
forms. In Section 5 we use combinatorial arguments which lead to the proofs of
Theorems 1.3-1.6. The results of this paper can be generalized to the cases when
d is negative. Moreover the restriction that A and k& be odd can also be relaxed.
These cases will be treated in another article.

We refer to Hua [6], RIBENBOIM [11] and ROSE [12] for the theory of binary
quadratic forms. Also Appendix E in [9] is a compact and useful reference for
results on binary quadratic forms.
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2. Binary quadratic forms

A binary quadratic form f = (a, b, c¢) of discriminant D is a function f(x,y) =
ax? + bxy + cy?, where a, b, ¢ are integers such that D = b? — 4ac. Sometimes
we write a binary quadratic form of discriminant D simply as (a, b), as the third
coefficient ¢ is determined by the discriminant equation above. A binary quadratic
form (a,b,c) is called primitive if ged(a,b,c) = 1. Henceforth, we shall consider
only primitive binary quadratic forms. Let f = (a, b, ¢) be a form of discriminant
D. Then b*> = D (mod 4a). Thus b and D are of the same parity. The forms
f = (a,b,c) and f' = (d/,V', ) are said to be equivalent, written as f ~ f’ if
there exists a transformation

r=aX+pY,y=9X+4Y
with ad —v8 =1 and «, 8,7,0 € Z that takes f to f’, i.e.
ar® +bry+cy? =d X2+ VXY + Y2
Note that
d = fla,y), bV =blad+pv)+2(aaf+cyd), < = f(B,9). (2.1)

The matrix A = (: g ) is called the transformation matriz which takes f to f'.

It is easily seen that equivalent forms represent the same integers.

The Composition formula. Let f = (a1,b1,¢1) and h = (az, ba, ¢2) be two
forms. Then the composition f o h is the form (a’,d’, ¢') obtained as follows. Let

g = ged(aq, ag, %) and let vy, v9, w € Z be integers that satisfy
by +b
v1a1 + V202 + w% =g

Then a’, b’ and ¢’ are given as follows:

;@102
a = 2
2 b1 —b
b’b2+a2(12 20202w> (mod 2a’), 1<¥b <2d,
,_(¥)?-D
CcC =
4a’

We observe that if f ~ f" and g ~ ¢/, then fog~ f'og". By f™ or (a,b,c)" we
mean composition of the form f with itself n times.
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The class number h(D) is the number of equivalence classes of primitive bi-
nary quadratic forms of discriminant D. The equivalence classes of primitive
binary quadratic forms form an abelian group called the class group with com-
position of forms as the group law. The identity class is the class of the identity
form, which is defined as the form e = (1,0, %) or (1,1, %) depending on
whether D is even or odd respectively. The inverse of f = (a,b,c) denoted by
f~Yis given by (a,—b,c). We denote the order of the form f in the class group
by ord(f).

Suppose an integer m and a form f are given. We say that the equality
f(x,y) = m is a representation (of m) if the integers x and y are coprime.

3. Basic lemmas on binary quadratic forms

The results in this section are well known. However, we provide proofs for
the sake of completeness.

Definition 3.1. If a transformation matrix A takes the form f to the form f’
we write Ta(f) = f'.

The following lemma may be verified easily.

Lemma 3.1. If f1, f2 and f3 are forms such that Ta(f1) =f2 and Tp(f2) =f3,
then Tap(f1) = f3.

Lemma 3.2. The form (a,b, ¢) is equivalent to the form (a,b+ 2ad) for any
integer 0.

PROOF. The equivalence follows via the matrix ((1) ‘i) O

Lemma 3.3. Let f and h be two forms. Then there exists a unique form F
such that foh =F.

PROOF. Let f = (a1,b1,c1) and h = (ag, ba,c2). Let ged(ar, ag, 2582) be

2
denoted by g with a1 = ga}, as = ga} and bl'gb"‘ = gB. Let integers vy, vg, w

and vj, v}, w' satisfy

b1 + b2
2

b b
:g:vial—i—véag—i—w' 1—; 2.

v1a1 + v2a90 + W

Let (a,¢) and (a,¢’) be the corresponding forms obtained by the composition
formula. We have

viay + veah + wB =1 = vja) + vhal + w'B.
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Thus

b1 + b2
A /A ! !
2 — =—(w-— m ;
(vy — v5)as, (w—w") ( 5 ) (mod af)
g

by —b
(o2 =) (52 )

. b2 —b2 . .
Since D = b — 4ajc; = b3 — dagca, we have L2 = a1c1 — azcy implying that

and hence

B2 — b3

~w-w) (M) mod o

b2 — b2

i = —coah (mod a}).

Therefore
1— b2

2

(vg — vh) = co(w —w')  (mod a}).

It follows that
’ I by — bo / ’ _ v
¢ — ¢’ = 2a) T(Ug—vz)—CQ(w—w) =0 (mod 2ajas)

which gives ¢ = ¢’ since by definition, 1< ¢, ¢'<2a’al. Hence (a, ) = (a,d’).
O

Lemma 3.4. Let (a1,b1,c¢1) and (ag, by, ca) be two forms. For i = 1,2
let (a;,b},c;) be forms such that b; = b, (mod 2a;). Then the compositions

i)

(a1,b1,¢1) 0 (az,ba, c2) and (aq,b}, ) o (ag,bh, ) are equal.

PROOF. Let b = b; + 2a;k; for i = 1,2. Then ¢, = ¢; + a;k? + b;k;. Let

g = ged(aq, ag, %). Note that g = ged(aq, az, bi;bé ). Let the two compositions

in the lemma be (‘1232 ,¢;) for i = 1,2, where vy, v, w and v{, vh, w’ are chosen
such that
b1 +b
v1a] + vaag +w ! 5 z _ g (3.1)
and
b+,

(3.2)

/ / /
V101 + Vyag + W

2
Equation (3.2) above gives aj (v} +w'k;) + aa(vh + w'ks) + w' 252 = g. Observe
that if we set w’ = w, vj = v1 — wky and v5 = vy — wky, then (3.2) is satisfied.
By the composition formula, (mod M;—;‘?) we have

2&2 bl - bg 20,2 b/ — b/
(blzbg—i—g(vg 5 —cQw> and qﬁgzb’2+g<v'212 2 _chw).
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Therefore

@2 = by + 2a2k>

20,2

Ny ((Uz - ’Wk2)(b1 -

+ Clel — agkg) —w (CQ + agkg + bgkg))

by + by

2a
= ¢1 + 2a2k; + 72 (a1k102 — agkove — kaw - kzwaﬂﬁ)

2a
= @1 + 2a2k2 + f(alkaQ — ka(g —via1) — kowasky).

The last congruence above follows from (3.1). As a result we have

201 a9

02 = @1+

2
(k1ve + v1ks — wkiks) (mod a12a2> ,
g

and hence ¢ = ¢ (mod z"gl—;“?) Therefore ¢1 = ¢ and the two compositions are
equal. (I

Lemma 3.5. Let f(z,y) = n be a representation. Then there exist unique
integers x; andy; with xy; —x1y = 1 such that if A = (z " ), then Ta(f) = (n, @)
with 1 < ¢ < 2n.

Y Yo

and T (f) = (n,¢/). If B = (5 §)7 then T (n,¢') = (n,¢' + 2nd). We may

choose § so that ¢ = ¢’ + 2nd satisfies 1 < ¢ < 2n. Now let A = A’B’' = (Z Zi)

Then T4(f) = (n,¢). Suppose B = (:”2) is such that Tg(f) = (n,¢’) with

PROOF. Let integers xy and yg be such that zyg—yzg = 1. Let A’ = (m mo)

Y Y2
1 < ¢’ < 2n. Since zys — yxo = 1, we observe that xo = 21 + hx,y2 = y1 + hy for
some integer h. Using the expression for ¢ and ¢’ from (2.1) we have

¢ — ¢ = b(ay + yx1 — TY2 — yx2) + 2(axz1 + Cyy1 — axxs — cyy:)
= —2hbzy — 2ahx? — 2chy® = —2hn.

Since 1 < ¢, ¢’ < 2n we conclude that ¢ = ¢’ and xo = z1 and y2 = y;. O

Henceforth we assume that the discriminant D = —4d. Hence the identity
form e = (1,0,d) and b is even in any form f = (a,b,c). We note that there is
a binary quadratic form of discriminant —4d that represents an odd integer k if
and only if the congruence x? = —d (mod k) has a solution.
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Definition 3.2. Let e(x,y) = n be a representation. Define T'(x,y) = Ta(e) =
(n,2¢) where 1 < ¢ < n and A is the unique transformation matrix as in
Lemma 3.5 above.

Lemma 3.6. Suppose e(x1,y1) = e(xq,y2) = n are representations. If
T(x1,y1) = T(22,y2) then 2o + yo/—d = (21 + 11V —d).

ProOOF. It follows by definition that there exist matrices A and B with A =
(9“ “) and B = (“” t2) such that Ta(e) = T(z1,y1) = (n,261) and Tp(e) =

Y1 s1 Y2 S2

T(x2,y2) = (n,2¢3). Since T(x1,y1) = T(x2,y2), we have
Tty + dy1s1 = o1 = P2 = Xata + dyasa.
Let ¢ = ¢1 = ¢2. We define two rational numbers v and v as
nu = x1T2 +dy1y2 and nv = Ty — Tay1.

We have
z1 =z1(z151 — i) = x%sl — ¢y + dy%sl
= s1(2] + dyi) — dy1 = ns1 — oy

that gives 1 = ns; — ¢yy. Similarly xo = nse — ¢ys. Hence nv = x1ys — xoy1 =
ns1ys — nsgyy implying that v = s1y2 — soy1. Thus v is an integer. Now

(U + dv®)n® = atas + d*yiys + dosyi + datys = (2] + dy?) (23 + dy3) = n’.

Hence u? 4+ dv? = 1 and we conclude that © = +1 and v = 0. Therefore n =
+(z122 + dy1y2) and z1y2 = 22y1. We have now

T = :t(x%xg + dz1y1y2)/n = :t(x%:cg + dxgyf)/n = dx,,
y1 = H(—z1xay1 + dyiye)/n = +(xiyz + dyiye) /n = +ys

which proves the lemma. O

Lemma 3.7. Let h be a positive integer. Suppose e(a;,b;) = p;* is a
representation, where p; is an odd prime and r; is a positive integer for every
i with 1 < ¢ < h. Then the identity class is the only class that represents
P = pi'---p;". Moreover, if P = p* for an odd prime p and a positive integer o
and e(a,b) = e(m,n) = p* are two representations, then m = +a and n = +b.
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PRrROOF. By Lemma 3.5 for each 1 < ¢ < h there exists 1 < ¢; < p;* such
that e ~ (p;’,2¢;). By composition of the forms (p;*,2¢;) it follows that P is
represented by the identity class. Suppose a form f represents P. Again by
Lemma 3.5, we have f ~ (P,2¢) for some { with 1 < ¢ < P. Let { =¢; (mod p}*)
with 1 < & < pl*. Then &2 = —d (mod p}*). Hence ¢; = £¢; (mod p*). By
Lemma, 3.2, for all ¢ we obtain

Once again by resorting to Lemma 3.2 we have (p;*,2&;) ~ (p;*,2£). It follows
now by composition that

e~ (p*,28) 0o (py,28) ~ (P,2§)

which proves the first assertion.

Let T(a,b) = (p®,2m1) and T(m,n) = (p,2n2). We reason as above to
conclude that ny = 1y or 2 = p®*—n;. Now T'(—a,b) = T(a, —b) = (p©,2(p*—m)).
Thus T'(a,b) = T(m,n) or T(—a,b) = T(a,—b) = T(m,n). By Lemma 3.6 we
have m = +a,n = +b. [l

Remark 3.1. The converse of the above lemma is not always true. For in-
stance, let d = 31. As seen following Theorem 1.1 in the Introduction, there
are three inequivalent representative forms namely e(z,y) = 22 + 31y?, f(z,y) =
422 +xy+2y? and g(z,y) = 522 +3zy+2y%. Now f(1,—1) = ¢g(1,0) = 5; f(1,1) =
g(1,—-2) = 7; e(2,1) = 35. Clearly 5 and 7 are not represented by e. If f or g
represents 35 then |z| < 3,|y| < 5. It may be verified that for these values of x
and y, neither f(z,y) nor g(z,y) is equal to 35. Thus 35 is represented only by e
but its prime factors are not represented by e.

Lemma 3.8. Let (a,b,c) be a form such that r is the highest power of a
that divides c. Then for 1 <i <7+ 1 we have (a,b,c)? ~ (a®,b, =57).

> @i 1

PROOF. By the composition formula, as ged(a,b) = 1, it follows immediately
that (a,b,c)® ~ (a*,b, ). Similarly for 2 <4 < r it follows by induction that

bo) ~ (a,b (ib,i)fv(”l,b i). O
(0,0, ~ (@b e o (a5, =) ~ (40,5
Lemma 3.9. Let p be an odd prime that is represented by a class f. If '

is any other class that represents p, then either f' = f or f' = f~ L.

PROOF. As f represents p, there exist coprime integers o and ( such that
f(a, B) = p. Tt follows from (2.1) that there exists a form (p, b, ¢) with f ~ (p, b, ¢).
Note that b is a solution of the congruence x?> = —4d(mod 4p). Also, modulo
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2p this congruence has only two solutions, namely b and —b. Therefore from
Lemma 3.2 it follows that there are only two classes that represent p, namely the
classes of the forms (p,b,c) and (p, —b,c). It is easily seen that these forms are
inverses of each other. O

4. Proofs of Theorems 1.1 and 1.2

Lemma 4.1. Let m and n be positive integers such that ged(mn,d) = 1.
Assume that m is represented only by the identity class. Let e(x,y) = mn and
T(x,y) = (mn,2¢). Then n is represented by the identity class and there exist
representations e(xo,yo) = m and e(x1,y1) = n such that T(xg,yo) = (m,2¢9),
T(z1,y1) = (n,2¢1) and T(z,y) = T(xo,yo) o T(x1,y1) where ¢ = ¢y (mod m)
and ¢ = ¢1 (mod n).

PROOF. We have ¢? = —d (mod mn). If ¢ = ¢ (mod m) then ¢ = —d
(mod m) and we obtain the form (m,2¢0,%) = (m,2¢g) of discriminant
—4d. By Lemma 3.2, (m,2¢) ~ (m,2¢g). Similarly if ¢ = ¢1 (mod n) we
have (n,2¢) ~ (n,2¢1). As the identity class is the only class that represents
m, we have e ~ (m,2¢g). Moreover by composition and Lemma 3.4 we have
e~ (mn72¢) = (m72¢) ° (n72¢) = (m72¢0) ° (n72¢1) ~ (n72¢1)' There-
fore (n,2¢1) is equivalent to e and hence n is represented by the identity class.
Moreover there exist representations e(xg,yo) = m and e(x1,y;1) = n such that
T(x0,y0) = (m,2¢g) and T(x1,y1) = (n,2¢1) as e ~ (m,2¢g) ~ (n,2¢1). By
Lemma 3.4 we have

T((EOJ/O) o T(!L‘l, yl) = (m7 2¢) o (TL, 2¢) = (mn, 2¢) = T(x7y) U

Lemma 4.2. Let e(xg,y0) = m,e(x1,y1) = n be representations of coprime
integers m,n with gcd(mn,d) = 1. Let x +yv/—d = (o +yovV—d ) (x1 + 11V —d).
Then ged(x,y) = 1 and e(z,y) = mn. Moreover T(x,y) = T (zo,yo) o T(x1,y1).

PROOF. We have x = xgx1 — dyoy1 and y = zoy1 + T1y9. Suppose g divides
x and y. Then 21y — zy; = yo(z? + dy?) = yon is divisible by g. Similarly g | zon
and hence g | n since ged(zo, yo) = 1. In the same manner we can show that g | m
and thus ged(x,y) = 1. We observe that

e(z,y) = 2% + dy* = (x§ + dyf) (F + dy?)

= e(wo, yo)e(w1,y1) = mn.
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Let T'(x0,y0) = (m,2¢0), T(21,y1) = (n,2¢1) and T'(z,y) = (mn,2¢). Let

Zo ao xr1 ay x a
A= . B= L=
(yo bo) <yl b1> (y b)

be such that T4 (e) = (m,2¢), Tp(e) = (n,2¢1) and Te(e) = (mn,2¢). We will
show that ¢ = ¢¢ (mod m) and ¢ = ¢; (mod n). By equation (2.1), ¢ = za+dyb
and for i =0, 1, ¢; = z;a; + dy;b;. We have

¢ — ¢1 = wa+dyb — wra; — dy1by
= (wox1 — dyoy1)a + db(xoy1 + x1y0) — x101 — dy1by
= z1(zoa + dbyo — a1) + dy1 (—yoa + bxo — by).

Multiplying by z1y1 we have
z1y1(¢ — ¢1) = 23 (zoa + dbyo — a1)y1 + dyi (—yoa + bxg — by 1.
Observe that
(xoa + dbyo — a1)y1 — (—yoa + bxg — b1)x1
= a(zoy1 + 1Y) + b1x1 — a1y1 + b(dyoyr — xox1) = 1+ ay + b(—x) =0.
Hence
21y1(¢ — ¢1) = (23 + dy?) (zoa + dbyo — ar1)yr =0 (mod n).

As ged(z1y1,n) = 1, it follows that ¢ = ¢1 (mod n). Similarly ¢ = ¢¢ (mod m).
Therefore by Lemma 3.4 we have

T($07 yO) © T(.’l?l, yl) = (ma 2¢) o (n7 2¢) = (mn7 2¢) = T(ma y)a
which completes the proof of the lemma. O

Lemma 4.3. Let ged(m,n) = ged(mn,d) = 1. Assume that m and mn
are represented by the identity class. Further assume that m is represented only
by the identity class. Let e(x,y) = mn be a representation. Then there exist
representations e(xg, yo) = m and e(x1,y;) = n such that

z+yV—d = £(z0 + yoV—d)(v1 + y1vV—d).

PRrROOF. Let T'(z,y) = (mn,2¢). By Lemma 4.1 there exist pairs (xq, yo) and
(21,y1) such that T(x,y) = T(zo,y0) © T(x1,y1). Moreover we have T(z¢,yo) =
(m,2¢o) and T(x1,y1) = (n,2¢1) where ¢ = ¢¢ (mod m) and ¢ = ¢1 (mod n).
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Also by Lemma 4.2 we have T'(zo,yo) o T (z1,y1) = T(2',y') where ' +y'v/—d =
(zo + yov—d)(xz1 + y1vV—d). Hence T(z,y) = T(«',y’) and by Lemma 3.6, the
assertion follows. O

Lemma 4.4. Let ged(zo,y0) = 1 and e(xg,yo) = k" for some positive inte-
ger r. Let (zg + yov/—d)* = zy + y4/—d for some t > 0. Then ged(zg,y;) = 1
and e(zy,y;) = k™. Moreover T (z¢,y:) = T(x0,90)*-

PRrROOF. Let T'(zo,y0) = (k", 2¢p). We have

5]

t —2i_ 2 i
=3 () ot e
and

[t;l] . ' | |
v <m+¢>$3m_W?+W—®3

and
[g

7]
_ -1 t _ot—1,t-1 r
Yt =Ty Yo ; <2i+1 =2""2, "yo (mod k").
Note that 22 + dy? = k. Hence if a prime p divides x; and y; then p divides k.
As ged(zoyo, k) = 1 and k is odd it follows from the above two congruences that
ged(xy, yr) = 1. Moreover yoz: — zoy: = 0 (mod £"). Thus

Tt i)
— = —  (mod k"). 4.1
" ( ) (4.1)

Let A = (gycg Zg) and B = (Z: Zf) be such that Ta(e) = T(xo,y0) = (K", 2¢0)
and Tg(e) = T(xt,yt) = (K™, 2¢;), where 1 < ¢g < k" and 1 < ¢ < k™. Observe
that

#?+d=0 (mod k™). (4.2)
By (2.1), ¢; = z;a; + dbyy;, i = 0,t, which gives z; + y;¢; = bi(2? + dy?), that is
X

m = —¢; (mod k").
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Using (4.1) we have

b0 = ¢¢ (mod k7).
By Lemma 3.4, (k",2¢0)" = (k",2¢:)" and so T'(xo,y0)" = (K", 2¢0)" = (k",2¢;)".
Note that (k",2¢;) = (k", 2¢¢, ¢1) where ¢; = ﬁfd. Now ¢; is divisible by &"(t=1)
from (4.2) and hence by Lemma 3.8 (k",2¢;)t = (k",2¢,) = T(x4,y;). Thus
T(z0,y0)" = T(xt, ). O

Note that the congruence

2 =—d (mod k)

has 2¢() solutions. Let 1, ,Tow be the solutions with 1 < x; < k. Cor-
responding to each x;, we have a form (k,2x;). Now the forms (k,2z;) and
(k,2(k — ;)) are inverses and hence have the same order. For 1 < i < 2¢(0)~1 we
now define f; = (k,2¢;), where ¢; is chosen to be either z; or k — x;. Let r; be
the order of f; in the class group. Let f/* = (k",2L;) with 1 < L; < k™. Since
fi* ~ e, there exist coprime integers «;, §; such that T'(«ay, 8;) = (K™, 2L;), which
gives T'(—ay, B;) = T'(a;, —B;) = (K™, 2(k™ — L;)). In conclusion we have

Lemma 4.5. Let k be an odd integer such that ged(k,d) = 1. Assume
that k is represented by some form of discriminant —4d. Then for every i with
1 < i <2901 there exists an integer r; dividing h(—4d) and integral tuples
(a4, Bi, Li) such that

1<L; < k”,ai,ﬁi >0 with gcd(ai,ﬁi) =1

and
(k™,2Li) = T(as, B;) or (k™ 2Li) = T(as, = ).

As a consequence of the above lemma, we have

Lemma 4.6. Let k be an odd integer such that ged(k,d) = 1. Assume that
k is represented by some form of discriminant —4d. Suppose that e(x,y) = k™ is
a representation with T'(x,y) = (k™,2¢). Then for some i with 1 <4 < 2«(0)~1,
there exists an integer t; > 0 such that n = rit; and T(z,y) = T(o, 3;)% or
T(z,y) = T(a;,—03;)t where r;,a;, 3; are given by Lemma 4.5.

PROOF. By Lemma 3.8 we have e ~ (k™,2¢) = (k,2¢)". Henceif f = (k,2¢)
then ord(f) | n. Note that ¢* = —d (mod k). Let ¢ = ¢; (mod k) for some
1<i<2¢F® Then f ~ f; and ord(f) = r;. Thus n = r;t; for some integer t; > 1
and T(z,y) = (K%, 20) = (k,20)7i% = (k,26;)"% = (k"s,2L;)% = T(ay, £6;)
by Lemmas 3.4 and 4.5 above. O
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Proposition 4.1. Suppose (1.2) holds where \ is represented only by the
identity class. Then for 1 < i < 2¢( )= there exist positive integers r; | h(—4d)
and representations e(«;, 5;) = k™, such that the solutions (x,y, z) of (1.2) can
be put into classes as given below. To each integer r; as above and to each
representation e(y,d) = A, we have x = +a’,y = +y’ and z = r;t;, where

o' +y'V—d=(y+6vV—d)(a;i+ f;V—d)"
and t; > 0 is any integer. Conversely each triple (z',1/, z) given as above satisfies
equation (1.2).

PRrROOF. We have e(x,y) = Ak™. By Lemma 4.3, there exist representations
e(y,0) = A and e(a, 3) = k™ such that (z +yv/—d) = (v + 6v—d)(a + BvV—d).
Let T(a, ) = (k*,2¢). By Lemma 4.6, for some i with 1 < i < 2°(0)=1 there
exists £; > 0 such that n = r;#; and T(a, 8) = T(a;, £6;)'. By Lemma 4.4, we
have T'(ay, £3;)t = T'(aus,, £6i¢,) where (o £ Biv/—d )b = ay, + Bir,v/—d. Thus
T(a, 8) = T(vt,, +Bi;) which by Lemma 3.6, implies that

(a+pV—d) = £(a; £ fiv—=d)".
Therefore for some 1 < i < 21 we have
wyV—d = £(v+6V=d ) (i £V =d)" = £(v+6V—=d ) (i, £ 5ir,V—d). (4.3)
Now for any integers p, ¢, r and s, let
(21 +y1v=d) = (Ip| + lalvV=d)(|r| + [s|V/~d)

and

(w2 +y2v—=d) = (|p[ + la[vV'=d) (|| = [s|V=d).
It can be seen easily that if
(o +yovV—d) = (p+qvV—d)(r+sv—-d)
then zg = £x1, yo = +y1 or g = £x9, yo = £y2. The proposition now follows
from (4.3). The converse follows by Lemma 4.2. O

PROOF OF THEOREM 1.1. Let f and g be forms that represent the primes
q1 and g2 with orders, ord(f) = r; and ord(g) = ro. It is easy to see that

my __ 71 n
ord(f™) = m7 ord(g")

- ged(rz,n)’
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By (1.3), we have e ~ T'(z,y) = (¢{"d%, 2b) = (¢}*,2b) o (¢, 2b). By Lemmas 3.8
and 3.9 we have (¢}, 2b) ~ (¢1,2b)™ ~ f™ or f~™. Similarly (¢%,2b) ~ ¢g™ or
g~ ™. Hence f™ ~ g" or f™ ~ g~™. Thus ord(f™) = ord(¢"™) which yields (1.4).
The assertion (1.5) is immediate from (1.4). Suppose ged(rq,72) = 1. Then by
(1.4), r1 | ged(m, 1) and 7o | ged(n, re). Hence ry | m and ry | n. Suppose ¢; and
o are represented by the same class. Then f ~ g or f ~ g~'. Hence 1, =15 = 1.
By hypothesis, e ~ f™ o g™ ~ fm+" or fm=" Hence r | (m+mn) or r | (m —n).
Conversely, suppose m +n = rh. Then fm*" = (f")* ~ e. By composition
fmrn = (¢qY, 2by) for some integer by. Thus e ~ (¢}"q%,2b1) and so there exists
a representation e(z,y) = ¢7"¢5. Hence equation (1.3) has a solution. The case
r | (m —n) is similar. O

PrROOF OF THEOREM 1.2. If k is prime, then by Proposition 4.1 there exists
a unique integer r > 1 such that r | h(—4d) and a unique (up to signs) representa-
tion e(aq, B1) = k". Moreover by Lemma 3.7, as representations of prime powers
by the identity form are unique, there exists a unique (up to signs) representation
e(v1,01) = A. Hence solutions of (1.2) can be put into one class, given by

x4+ yvV—d = (y1 +6vV—d) (a1 + f1vV/—d)"  where t > 0.

Taking xg = £|n|, yo = £|d1] and 1 = t|aq]|, y1 = £|F1| we have (1.7). O

5. Proofs of Theorems 1.3-1.6

The lemmas in this section leading to the proofs of Theorems 1.3-1.6 are
combinatorial in nature and are of independent interest. We consider the equality
(1.7) viz.,

(x+ y\/Td) = (wo + yo\/jd)(l’l + y1¢jd)t.

Using binomial expansion and equating real and imaginary parts we get

h
y=> P if t=2h+1 (5.1)
=0
where 2h + 1 2h+1
i 9 oh_o; + +
P = (—d)h I% Z/fh % (l’oyl( % ) +$1yo<2i+1)>
and

h
y=> Qi+yoyi"(—d)" if t = 2h (5.2)
=1
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Qi = (*d)h x% 1y%h 2 <930y1 <2i _ 1) + Z1Yo (22>) .

Our aim is to determine when y = +1. From the above two expressions for y it

where

is clear that y # 41 whenever any one of ged(yo,y1), ged(zo, yo) and ged(x1,y1)
exceeds 1. Hence we assume throughout this section that

ged(yo, y1) = ged(wo, yo) = ged(z1,41) = 1. (5.3)
Let p be a prime and suppose that
d=p’f+g with0>1, ptf, 0<g<p. (5.4)

Then we see that
vp(d—g) =46. (5.5)

In the following lemma we compute I/p(dh — g") for any positive integer h.

Lemma 5.1. Let d be given by (5.4). Then for any integer h > 1, we have
vp(d" = g") = 0+ vy(h) (5.6)
except when d = 2f + 1 and h is even in which case

I/Q(dh — ].) Z 1+ I/Q(h).

PRrROOF. Let L
Then
h
d"—g"=>"L; (5.7)
=1

Now for any ¢ with 1 <1 < h,

vp(Li) = vp ((]Z) (pef)igh") =i+ ((?)) :

Assume that h is odd whenever d = 2f + 1. Then

vp(Ly) = 0+ vy(h), (5.8)
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v(La) = 20 + v, <(Z>) =20+, (h) + vp(h — 1) — v, (2) > 0+ v,y(h)  (5.9)

and for ¢ > 3,
log ¢
log p

vp(L;) > 0i 4+ vp(h) — vp(i) > 00 + vp(h) — > 0+ vp(h).

Now the assertion follows from (5.5)—(5.9). In the case when h is even and d =
2f + 1, we have

vo(La) = 2+ v (h> =1+ w(h) = o(L1)

2
and for i > 3,

VQ(Li) > 1+ Vg(h)
which gives the assertion on using (5.7). O

Lemma 5.2. Suppose (1.7) holds with 9 = 1, yo = 0. Let p be a prime
such that p | x1. Further let d be given by (5.4). Then y =0 (mod p) if t = 2h.
When t = 2h + 1 and 0 < 2v,(x;), we have

vp(y — (*g)h) =0+ vp(h).

PRrROOF. We note that y; = 1 by (5.3) as yo = 0. The assertion for t = 2h
is clear from (5.2). Let ¢ = 2h + 1. Using (5.1), we see that

h
y—(—g)" =+(d" —g") + ZH. (5.10)

By Lemma 5.1, we have v,(d" — g") = 0 + v, (h). Also
—i_2i 2h—2it1 (2 +1
(P =y (it ()
> 2ivp(z1) + vp(h(2h + 1)) — v, (i(2¢ — 1))
> 2ivy(x1) + vp(h) — max(v, (i), vp(2i — 1))
_ log(2i —1)

> ivy(a0) + () — <5

> 2up(x1) + vp(h).

Thus N
Vp (ZH) > 2wy (1) + vy (h).
=1

Now the assertion follows from (5.10) since 6 < 2v,(x1). O
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Next, we consider the case when 2 | ged(yo, x1).

Lemma 5.3. Suppose (1.7) holds. Let (5.4) be satisfied with p = 2. Assume
that 2 | ged(yo, x1). Then y is even if t = 2h. If t = 2h + 1 and

va(yo) + vo(x1) < min(6, 2vae(x1)),
then

va(y — (—9) "oy ™) = va(yo) + va(21).

PROOF. If t = 2h then from (5.2) we observe that as z; and yq are even, y
is even. From (5.1) when ¢t = 2h + 1, we have

y— (=) zoyi" ' = (—=d)"z1y0y7" (2h + 1)

h
+ (1) woyi"H(d" — ") + Y P

Note that vo((—d) z1yoy?"(2h + 1)) = wva(x1) + va(yo) since y; is odd. By

Lemma 5.1, we have vy((—1)"zoy?" ™ (d" — g")) = 0 + va(h) since o and ¥,

are odd. Also for i > 1 as x1 is even, vo(F;) > 2va(x1) > va(x1) + v2(yo), by
hypothesis. Now the assertion of the lemma follows from (5.11). O

In the next lemma we deal with the case when p | ged(zg, z1)-

Lemma 5.4. Suppose (1.7) holds and d satisfies (5.4). Let p be a prime
such that p | ged(zo,x1). Further if p = 2, let v = min(va(x0) +1,v2(21)). Then
y =0 (mod p) ift =2h + 1. Let t = 2h. Then the following assertions hold.

(i) Suppose p > 3 and v,(x¢) < vp(x1). Let 0 # vy(xo) + vp(x1). Then

vp(y = (=9)"yoyi") = min(8, v, (w0) + vp(21)) + vp(h).

(ii) Let p = 2 and d # 2f + 1. Assume that vo(zg) + 1 # vo(z1) and 0 #
vy + va(x1). Then

va(y — (—9)"yoyi") = min(0, v5 + va(a1)) + v2(h).

(iii) Let d # 2f+1. Assume that vo(xo)+1 = va(x1) and 0 < vo(xg) +rve(x1)+1.
Then

va(y — (—9)"yoyi™) = 0 + va(h).
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PROOF. From the expression for y in (5.1), we see that
y =0 (mod p) if t=2h+1.

Let ¢ = 2h. Then from (5.2), we have

y— (—9)"youi" Z Qi + (—=1)"yoyi"(d" — g"). (5.12)

As
Q1 = (—d)" a1y 2 (2zoyrh + h(2h — D)z1y0), (5.13)

we have
Vp(Ql) = Vp(xl) + l/p(h) + Vp <2A1pl/p($0) + AQPVP(I1)+Vp(2h71)>

for some integers A;, As with p { A1 As. Let p > 3. By hypothesis, v,(z) <
vp(x1). It follows that

vp(Q1) = vp(wo) + vp(z1) + vp(h). (5.14)

Let 7 > 2. Then

, 2h (2R —1 h (2h—1
vp(Qi) = (2i = Dwy(w1) + v (x0y12i1<2i - 2) ””’0<2 - 1))

which gives

, log(2i — 1)
vp(Qi) 2 (20 = Dvp(w1) + vp(h) + vp(wo) = = == (515)
> vp(o) + vp(1) + vp(R).
From (5.14) and (5.15), it follows that
(ZQ ) =vp(xo) + vp(x1) + vp(h) ifp>3. (5.16)

Using (5.12), Lemma 5.1 and (5.16) we obtain assertion (i) of the lemma.
Next let p = 2. We see from (5.13) that

I/Q(Ql) = V; + 1/2(581) + Z/Q(h) if 1/2(130) + 1 7é 1/2(581) (517)
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and
vo(Q1) > va(wo) + va(x1) +v2(h) + 2 if va(xg) + 1 = va(x1). (5.18)
Further

v2(Qi) = (20 — D)wva(21) + v2(h)

2h —1 2h — 1 log i
A 2V2(w0)+1 A 21/2(931) —
+”2< s 2 —2) T 2 — 1 log 2

for some integers Az, Ay with 2+ A3A4. Thus
Vg(Qi) > l/éK + 1/2(.’131) + Vg(h) +1 if VQ(.T()) +1# VQ(.’El). (519)
Suppose va(xg) + 1 = va(x1). Then

v2(Qs) > va(x1) +va(h) + 1413

+vo (A3(20 — 1) + A4 (2h — 20 + 1)) + 1 ((21- — 1()?(};;:_1);2 + 1)!)

(2h — 2)!
(2i — 1)I(2h — 2i + 1)!) '

Z I/;< —+ VQ(’I,’l) —+ I/Q(h) —+ 2 + 120 (

Thus when vo(zg) + 1 = va(z1) we have
I/Q(Qi) Z I/Q(zo) + Vg(xl) —+ I/Q(h) —+ 3 (520)

From (5.17) and (5.19), we have
h
Vo (Z Qz—> > V3 +va(21) +va(h)  if vo(2o) # valar) — 1. (5.21)
i=1
From (5.18) and (5.20), we have
h
12 (Z Qi) > va(wo) + vo(x1) +vo(h) + 2 ifvo(xg) + 1 =1a(z1). (5.22)
i=1

Now combining (5.12), Lemma 5.1, (5.21) and (5.22) we have the assertions (ii)
and (iii). O
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Finally we consider the case ged(xo,y1) > 1. As this case is similar to
Lemma 5.4, we omit the details.

Lemma 5.5. Suppose (1.7) holds. Assume that p is a prime such that
p | ged(xo, y1) and d is given by (5.4). Let t = 2h + 1. If v,(x0) < vp(y1), then

vply — 27" yo) = vp(0) + vp(y1) + vp(2h + 1).
Let t = 2h. Supposee =0ifp>3ande=1ifp=2. Ify,(x0)+€ < vp(y1), then
vp(y — 23 y0) = vp(0) + vp(y1) + vp(h) + €.

PROOF. Let t = 2h + 1. Then from (5.1), we have

h—1
y— 21"y = zoyr i (2h + 1) + > Pi.
=0
Since
vp(oy12i™ (2h + 1)) = vp(@o) + vp(y1) + (20 + 1), (5.23)
h—1
p (Z R-) = 20, (y1) + vp(h) + v, (2h + 1) (5.24)
=0

we have the required assertion.
Let ¢t = 2h. Then from (5.2), we have

h—1
y — 22hyo = 2haoyi et + yoydt(—d)" + Z Q;.
=1

As

Vp(2haoyr i) = vp(xo) + vp(y1) + vp(h) + €, v (yoyi" (—d)") = 2hvy(y1)

and
h—1
Vp (Z Q) = 2up(y1) + vp(h) + vp(2h — 1),
i=1
the assertion of the lemma follows. O

We now present the proofs of Theorems 1.3 to 1.6.
By the hypotheses of Theorems 1.3-1.6, d satisfies (1.9). Therefore (5.4) is
satisfied with g = 1.
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PROOF OF THEOREM 1.3. Suppose (1.7) holds with y = +£1,2p = 1 and

yo = 0. Let d satisfy (1.9) with 6 < 2u,(x1). By Lemma 5.2, we have t = 2h + 1
and

vp(£1 — (=1)") = 0 + v, (h). (5.25)

If p > 3, then the left hand side of (5.23) is either 0 or co while the right hand
side is a finite non-zero value. This is a contradiction. When p = 2, the left hand
side of (5.23) is 1 or oo while the right hand side is > 6 > 1, by assumption. This
is again a contradiction. O

As the proofs of the other theorems are similar, we give only the equalities
corresponding to (5.23) in each case.

PrOOF OF THEOREM 1.4. By Lemma 5.3, we have t = 2h + 1 and
va(£1 £ (=1)") = o (yo) + va(z1).

The assertion follows by comparing the values on both sides of the above equation
as in the proof of Theorem 1.3. O

PROOF OF THEOREM 1.5. By Lemma 5.4, we have t = 2h,
vp(£1 4 (=1)") = v, (h) + min(, v, () + vp(21)) for p > 3

and
vo(£1 + (—1)h) = vp(h) + min(f, v5 + v2(z1))

in the case when vo(zo)+1 # vo(x1) and 0 # vi +vae(x1). Moreover if vo(xg)+1 =
va(x1) and 0 < va(xg) + vo(z1) + 1, then

vo(£1 £+ (—1)") = 6 + s (h).

As in the proofs above, these lead to contradictions proving the assertion of the
theorem. (]

PROOF OF THEOREM 1.6. By Lemma 5.5, we have the following. Let ¢t =
2h +1 and vp(zo) < vp(y1). Then we have

vp(£1 £ 1) = vp(w0) + vp(y1) + vp(2h + 1).
If t = 2h and v, (o) + € < Vp(y1), then
o1 £ 1) = vy (o) + wy(3n) + v () + .

The result follows in the same manner as in the proof of Theorem 1.3 above. O
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