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Oscillation and nonoscillation of perturbed half-linear Euler
differential equations

By ONDREJ DOSLY (Brno) and JANA REZNICKOVA (Zlin)

Abstract. Using general results for (non)oscillation of the second order half-linear
differential equation

(r(H)®(@) + c()B(x) =0, B() = 2] %2, p> 1, (+)

we establish new oscillation and nonoscillation criteria for the perturbed half-linear Euler
differential equation

1. Introduction and preliminaries

The aim of this paper is to investigate oscillatory properties of solutions of
the half-linear second order differential equation

(r(®()) +ct)®(z) =0, @(x) =[]’ 2z, p>1, (1)
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where r, ¢ are continuous functions, r(t) > 0, and its special case, the perturbed
half-linear Euler differential equation

Ny Yp . _(p—1 P
@)+ [Z+e] o@ =0, 5= (=) 2)
Recently, several papers (see [5], [6], [7], [4], [12], [13]) appeared, where equation
(1) is viewed as a perturbation of the nonoscillatory equation of the same form

(r(t)2(2")) + &(t)(x) = 0 3)

and (non)oscillation criteria are formulated in terms of the asymptotic behavior
of the integrals

/ [c(s) — é(s)]hP(s)ds, or /too[c(s) — é(s)]hP(s) ds,

where h is a solution of (3).

Here we follow a slightly more general idea which is motivated by the fact
that the exact solution of (3) is not known in many cases and only its asymptotic
estimate is available. A typical example is the Euler equation with the critical

coefficient
(@) + 2d(x) =0, (4)

whose one solution is z(t) = "5 and any linearly independent solution is known
only asymptotically z(t) ~ 5 log% t as t — oo. We are particularly motivated
by the oscillation criterion given in [13], where it was shown that equation (2) is
oscillatory provided

1 t p—1 p—1
lig(i)gf @/ c(s)s? ! log? sds > 2 (T) , (5)

and it was conjectured that the constant 2(%)]071 in (5) can be replaced by the

better constant %(%)p_l. At the same time it was conjectured (based on [5,
Theorem 3]) that (2) is nonoscillatory provided

1 1(p—1\""
H?iigp@/ c(s)s? log® sds < 3 (p ) (6)

and

1 —1\"
litrgiolgf Togi c(s)sP 1 log? s ds > —g (p > . (7)
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The aim of this paper is to prove both these conjectures. We use first an
extension of [5, Theorem 2| to the situation when h is not a solution of (3)
and then we apply the recently established oscillation criterion for the perturbed
Euler-Weber half-linear differential equation

-1
Y Tp Hp _ ,_l p—1\"
@) + Bt e aw =0 mi= g (0) )

coupled with the “oscillation constant improvement procedure” introduced for
higher order linear differential equation in [2].

It is well known that the oscillation theory of half-linear equation (1) is very
similar to that of the linear Sturm—Liouville differential equation (which is the
special case p =2 in (1))

(rt)a") + c(t)x =0

even if the additivity of the solution space of (1) is lost and only homogeneity
remains. In particular, similarly to the linear case, equation (1) can be classified
as oscillatory or nonoscillatory according to whether every nontrivial solution
has/does not have infinitely many zeros on every interval of the form [T, 00). For
general background of the half-linear oscillation theory we refer to [1, Chap. 3],
[3] or to [8].

The basic tools of the half-linear oscillation theory are the so-called wvaria-
tional principle and Riccati technique. The first one consists in the fact that (1)
is oscillatory if and only if for every T € R there exists a nontrivial function
y € WyP(T, 00) such that

f@ﬂm»=A%MMMKw@Mﬂmgo

The Riccati technique is based on the fact that if x(t) # 0 in an interval I
is a solution of (1) then w = r®(a’/x) solves in I the Riccati type first order
differential equation

w' +e(t) + (p = Dr' () w]* =0, 9)

where ¢ is the conjugate number of p, i.e. % + % = 1. Actually, according to
the Sturm comparison theory for half-linear equations, solvability of (9) can be
replaced by the associated inequality as shows the following statement which can
be found e.g. in [1, Theorem 3.7.1] or [8, Theorem 2.2.1].
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Lemma 1. Equation (1) is nonoscillatory if and only if there exists a differ-
entiable function w such that

R[w](t) = w'(t) + () + (p = Dri~9(6)w(t)|? <0 (10)
for large t.

We finish this section with an oscillation criterion for (8) which is proved in [4]
using the variational principle and which we will need in the proof of Theorem 1
of the next section.

Proposition 1. If
/ c(t)tP~ logt dt = oo, (11)

then equation (8) is oscillatory.

2. Oscillation and nonoscillation criteria

We start with a technical result concerning the function
h(t) = 5 log% t which is asymptotically equivalent (in a certain sense) to the
so-called nonprincipal solution of Euler equation (4). For more details concerning
principal and nonprincipal solutions of (4) and of related equations we refer to [10].

Lemma 2. Let h(t) = 5 log# ¢, denote Rlw] = w' + ~,/t"+
(p — 1)|w|? the Riccati operator associated with (4), and let wy, = ®(h'/h). Then

hP () Rlwn](t)

= Togi (14+0(1)), as t— oo, (12)

where K is a real constant.

PRrOOF. By a direct computation we have

—1 1 2 2
iy= (2= )t slogrt (14 —0o
0 < p ) o8 <+(p—1)10gt)

and hence (using the formula (1 +x)? =1+ px + p(pgl):vQ + p(pflé(pﬂ) 34

p p
q p—1 1 2
pu— — —_— 1 —_—
o < P ) tp( +(p—1)10gt>

—1\?1 2 2 dp(p—2
:(p—) —<1+ L P, lp-2) +>
p tP (p—1)logt (p—1)log”t 3(p—1)2log’t
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p
p—1 1
(o= Dlunln = (o= 1) (222 Tog*

2 2 dp(p — 2
><<1+ P + b 5 + 2(p )3 —i—...),
(p—1)logt  (p—1)log”t 3(p—1)2log’t

and

~1\"1 2 p—2
e, = —p (222 Zlog?t (14—
On p< p > T <+(p—1)10gt)
><(1—|— 2 + 2 )
(p—1)logt  (p—1)log*t
— p — — —
:_p(p 1) %1og2t<1+(2<p 2 L 2(0-2)(p-3)
p

p—1logt  (p—1)*log*t
+4(p—2)(p—3)(p—4)+m>X<1+( 2 N 2 >

3(p—1)*log*t p—1)logt  (p—1)log*t

—1\"1 2 2 4 -2
:—p<p—> “log?t |1+ +—+ p(p2 )3 +...].
P 3 logt  log“t 3(p—1)"log’t

Summarizing the previous computations,

_ p _
hpR[wh] = KL(l + 0(1))7 ast — o0, K = — (p 1) 4p (p 22)7
tlogt p 3(p—1)

O

Using the previous lemma and Proposition 1 coupled with the “oscillation
constant improvement procedure” introduced in [2], we obtain the following os-
cillation criterion.

Theorem 1. If

1 1(p—1\""
hﬁggf@/:r c(s)s? " log® sds > 3 (%) (13)

for some (and hence every) T' € R sufficiently large, then equation (2) is oscilla-
tory.

PROOF. We rewrite (2) into the form

(®(a")) + [ﬁ +—te 4 (c(t) - _Fr ﬂ B(z) = 0

P trlog?t trlog” t
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and we regard this equation as a perturbation of the so-called half-linear Euler—
Weber differential equation

(@(a")) + [% + 1’2’;2 J (z) = 0. (14)

According to Proposition 1, it is sufficient to show that

/OO {c(t) Hy }t”llogtdt (15)

T tp log

To this end, we proceed as follows. According to (13) there exists ¢ > 0 such that
still

1t
lim inf —— / c(s)sP Hog? sds > p, + ¢ (16)
T

t—oo logt

for ¢ sufficiently large, say ¢ > T. From (16) we have that

1

¢ logt
g/ c(s)sP 1 log? s ds > (up—i-a)% (17)
T

for t > T. At the same time, using integration by parts and (17)

b M ) b . b 1
c(t tP~ logtdt = c(t)tP~ " logtdt — dt
/T[m s J 6 /T<> . up/T“Ogt

b

1 t
= [@/T c(s)sp_llogQSds}T

+/b 1 f;c(s)sp’llogQSds ( 0gb>
T 10g2t t
1 t b T 1 p— 11 d
= {—/ c(s)spllog2sds} —I—/ f )s o8’ s ® dt
logt Jr T T log®t
n /b 12 f; c(s)sP 1 log? s ds gt — o log <logb>
7 log™t 3 log T

1 b b1 logb
— P~ og?sds+ K dt — 1o
> 1ogb ), c(s)sP " log”sds+ K + (up +¢€) | logt —Hplog | = T

logb
>(up+5)+K+alog<%> — 00

as b — 0o, where K = fTT t~'log? t(f; c(s)sP~tlog® s ds) dt. Consequently, (2)
is oscillatory by Proposition 1. (I
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Next we prove a general nonoscillation criterion for (1) where this equation is
viewed as a perturbation of (3). In contrast to [5, Theorem 3], we do not suppose
that h is a solution of (3).

Theorem 2. Let h € C' be a positive function such that h'(t) > 0 for
large t, say t > T, [ r=1(t)h=2(t)(h'(t))* P dt < oo, and denote

6= [ i 18)
Suppose that
Jim GO (1) = 00 (19)
and
Tim G2(Or(OR (O ()72 [(r(OR(H (1)) + HOSRD) =0.  (20)
If .
fimsup G(6) [ [e(s) = ()1 (s) ds < 5 1)
and .
lmint G(1) [ [e(s) = c)17(5)ds >~ 22)

for some T € R sufficiently large, then (1) is nonoscillatory.

PRrROOF. Denote

1 t
v(t) = r(t)h(t)®(R (t)) — , Ct:/cs—éshpsds
() = r(H)hO)2(A'(¢)) 249G (1) = | lels) = &(s)In"(s)
and let w(t) = h™P(¢t)[v(t) — C(t)]. To prove that (1) is nonoscillatory, according
to Lemma 1 it suffices to show that w satisfies (10) and this happens if v satisfies
the inequality (suppressing the argument t)
v—C

I 'p PN 'p < .
v’ —rh'? 4+ ¢h? + prh Q<7rh®(h’)) <0, Q(s)

4 1
= sl _ s+ —. (23)
q p
Indeed, suppose that (23) holds, then
w' = h"P(v — ch? + EhP) — p(v — C)h' L P~

- qu:(g/) * %) —pw}

v—C
rh®(h')

< h7P |rh'P— ch?— prh'? (l
q

=—c—(p—1)r'=uw|.
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To verify (23) let us first estimate (again suppressing the argument ¢)

v—C rh@(h’)—quG—O
rh®d(h’) rh®(h')
=1~ ﬂ —1 ast— o0
2qGrh®(h)
since the numerator of the last fraction is bounded by (21) and (22), while the
denominator tends to oo by (19). Now, let ¢ > 0 be such limsup in (21) is less

than % — 2¢ and liminf in (22) is greater than —2% + 2¢. This means that the

expression in these limits satisfies

3 1
“2q +e< GO < % —e = [14+2¢G)C(H)| <2—¢

for large t, i.e.,
(1+2¢G()C(1))? < (2 —€)? (24)

for large t. Now, since (v — C)/(rh®(h')) - 1 ast — oo and Q(1) =0 = Q'(1),
by the second degree Taylor formula, to (g — 1)/4 > 0 there exists 7', such that

o(t) - C(1) a—1, (@D (o) -Ct)
Q(ra)h(t)@(h')))g( 2 T )(r@)h(t)@(h/) 1)
-1 (1+ 20G(1)C(1))*

2 ( + 5) 4q2G2(t)r2(t)h2(t) (! (t))2P—2

qg—1 € (2—¢)?
2 (1 + 5) 42G2(t)r2 (1)h2(t) (R ()22

<

fort > 7. Using these estimate we have

- C
/_ h/p ~hp h/p v
v’ —1rh'P 4+ ¢h? + pr Q<7rhq>(h’))
G’ v—C
= (r®(h'))h WP+ —— —rh'P + ¢hP h'P _
(ro(h)'h+r +2qG2 rh'P 4+ ¢h? + pr Q(rh@(h’))

1 q € w(l v=C 2
2qGE (P2 2 (1 + 2) rh (rh@(h’) !

< h(r® () + &®(h)] + m [—1 + 2 ‘4” (1 + %)]

< (r®(h')) h+ eh? —

1 €
3 2¢GPrh3 (W )P 2 [(r® (W) + O (R ——} 0
< oGy 29GP + () - 5} <
for large ¢ since the first term in braces tends to zero according to (20) and

14+ 222 (14 5) < —£, if £ > 0 is sufficiently small O
7 5 5 y small.
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The previous theorem and Lemma 2 applied to (2) prove the conjecture
mentioned at the beginning of the paper.

Corollary 1. Suppose that (6) and (7) hold, then (2) is nonoscillatory.

ProOF. We will use the previous theorem where equation (4) plays the role
of (3). We take h(t) = 5 log? . Then

e e Y Al Py

-1

GORDBMR (1)) ~

logt — 00 as t— oo.

and using the the fact that h?(t)Rlws](t) = h(t)[(®(K (1)) + Z@(h(t))], from

Lemma 2 we have

G2(£)h® (1) (' (£))P~2 [(@(h’(t)))' + %(I)(h(t)) ~ CO?St —0, ast— oo

Consequently, all assumptions of Theorem 2 are satisfied and we have the required
statement. (|
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