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Limit theorems for normalized nearly critical branching
processes with immigration

By MARTON ISPANY (Debrecen)

Abstract. Functional limit theorems are proved for a sequence of Galton—Watson
processes with immigration, where the offspring mean tends to its critical value 1 under
weak conditions for the variances of offspring and immigration processes. In the limit
theorems the norming factors depend on these variances.

1. Introduction

In this paper we consider a sequence of branching processes with immigration
(SBPI) (X;in))kez+, n € N, given by the recursion

(n)
kal

XIE") = Z g,(cnj) + 5,(:) for k,n € N, Xé”) =0, (1)
j=1

where {f,(ctlj?,sl(:) : k,j,m € N} are independent, nonnegative, integer valued ran-
dom variables such that {5,2"]) : k,j € N} and {5;") : k € N} for each n € N
are identically distributed. For a fixed n € N we can interpret X ,in) as the size
of the k' generation of a population, where 5,(!;) is the number of offsprings of
the j*® individual in the (k— 1)t generation and 5,(:) is the number of immigrants
contributing to the k' generation. ATHREYA and VIDYASHANKAR [3] provides a

Mathematics Subject Classification: 60J80, 60F17.

Key words and phrases: nearly critical Galton—Watson branching process with immigration,
functional limit theorem, diffusion process.

This research has been supported by the Hungarian Scientific Research Fund grants OTKA-
T048544,/2005 and OTKA-T047067/2004.



18 Miérton Ispany

short overview concerning these processes. A number of new developments and
applications can be found in ATHREYA and JAGERS [2], and HACCOU et al. [5].
We assume that m,, := E{YLI), Ap = Eagn), 02 = Varfﬁ), b2 = Varsgn) exist
and finite for all n € N. The cases when the offspring mean is less, equal or larger
than one are referred to subcritical, critical or supercritical, respectively. If m,,
tends to 1 as n — oo then the SBPI is called nearly critical. This concept is

introduced in the next more precise definition.

Definition 1.1. A SBPI defined by (1) is called nearly critical with rate o € R
if m, =1+an"!+o(n1!) asn— co.

This definition has been suggested by CHAN and WEI [4] for the first time
in case of AR(1) models.
Introduce the random step functions

XM () = XE:EJ forte Ry, neN,

where |- | denotes the lower integer part. We investigate, after appropriate normal-
ization, the asymptotic behaviour of the processes X(™) as n — co. One can see
that the necessary norming factor and the possible limit process strongly depend
on the variance conditions that are supposed to hold for the offspring and immi-
gration processes. In order to cover as many cases as possible such normalizing
factors are used which depend on the variance of the offsprings or immigrations.
If both the offspring and the immigration variances tend to non-zero finite limits
then we say that the SBPI fulfills the standard variance conditions. This case has
been investigated by WEI and WINNICKI [16], and SRIRAM [15].

In this paper, some non-standard cases, where these variances are asymp-
totically small or large, are investigated. In Theorem 2.1, where the first two
moments of the immigration are under the control of the offspring variance, we
prove that the limit process is a square-root type diffusion process defined by
(4), the norming factor being (no2)~!. If the offspring variances behave like a
power function then we have Theorem 2.5 as a corollary of Theorem 2.1, and we
obtain a similar limiting diffusion process in (6). Finally, if the offspring vari-
ances are asymptotically small, more precisely 02 = o?n=! + o(n™!) as n — oo
with some o2 > 0, then with the norming factor (nb2)~'/2 the limit process will
be an Ornstein—Uhlenbeck type process defined by (8), see Theorem 2.9 and its
consequence, Theorem 2.12.

Note that convergence of finite dimensional distributions of a SBPI has been
investigated by KAwazU and WATANABE [11], and ALIEV [1]. Functional limit
theorems have been proved by WEI and WINNICKI [16], SRIRAM [15], and L1 [12].
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The first attempts to deal with the non-standard case were ISPANY et al. [7],
[8], where conditions 02 = o?n~1 + o(n™!) and b2 = b2 + o(1) as n — oo with
some o2, b% > 0 have been supposed. The cases of increasing or decreasing (in
the mean) non-homogeneous immigration have been studied by RAHIMOV [14,
Chapter IIT]. Theorem 2.5 and 2.12 can be extended by using regularly varying
functions.

2. Limit theorems for nearly critical SBPI

In the sequel, let (X,i"))kez+7 n € N, denote a nearly critical SBPI with
parameters m,, A\n, 02, b2, n € N, and rate a € R. The first theorem covers the
case where the offspring variances are strictly positive and the first two moments
of the immigration are under the control of the offspring variance. Introduce the
function

wu(t) == )\/Ot e ds, teR,. (2)
Theorem 2.1. Suppose that 02 > 0 for all n € N, and
(i) E(‘fﬁ) _ m"‘z]l{mi"f—mnb@m%}) =o0(02) asn — oo for all § > 0,
(i) A\ = Ao2 +0(02) as n — oo for some \ > 0,
(iii) b2 = o(nol) asn — oo.
Then
(no?)TEXM(t) — p(t) asn — oo (3)

for allt € Ry, and

(no2)~tx™ L.x asn— oo,

that is, weakly in the Skorokhod space D(R,R), where (X (t)):er, is the unique
solution of a stochastic differential equation (SDE)

dX(t) = (A +aX(t))dt + VAL (1) dW(t), teR,, (4)
with initial condition X'(0) = 0, where x4 := max{z,0} and (W(t))er, is a
standard Wiener process. Moreover,

(noi)*l()((”) - EX(”)) L. X asn— oo,

where (./'F(t))teRJr is the unique solution of a SDE

AX(t) = aX(t) dt +\/ (X (t) + pu(t)) L AW (1), teRy, (5)

with initial condition X (0) = 0.
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Remark 2.2. Tt is well known that the SDE (4) has a unique global strong
solution for every given initial value. Moreover, X (t) > 0 almost surely for all
t € Ry. Thus, we can replace X, (t) by X'(t) under the square root. (See, e.g.,
IKEDA and WATANABE [6, Example 1V.8.2].) The process (X (t))icr, is called
square-root process or Cox—Ingersoll-Ross model in financial mathematics, see
MusiELA and RUTKOWSKI [13, p. 290].

Remark 2.3. Condition (i) is, in fact, the Lindeberg condition for the trian-
gular system {51(?)/(7107%) :n €N, 1<i<n, 1<j<|no2]}. Note that the
average size of the nth population at time n is u(1)no2. Plainly, if there exists
v > 0 such that n_’ya%(lﬂ)E\gm) —m,|**7 — 0 as n — oo, then condition (i) is
satisfied. Note that no Lindeberg condition is needed for the immigration process.

Ezample 2.4. Let P(fﬁ) =n)=an"2, P(ﬂﬁ):kn) =kt and P( 5?1)20) =
1 —k;'—an=2 for all n € N, where a € Ry and k, € N, n € N, such that
Kk, — oo as m — oo. We have that m,, = 1+an~! and 02 =k, +a— (1+an~1)?
for all n € N. Condition (i) fulfills since {|§§71) —my| > Ono?} is empty for all
sufficiently large n if § > 0 is fixed. Moreover, suppose that Egn) has Poisson
distribution with parameter A, such that A, = Ak, + o(k,) with some A > 0,
thus conditions (ii) and (iii) hold. Then the norming factor is (nk,)~!, and the

limit process is given by (4).

In particular, if the variance of the offspring distribution is a power function
we obtain the following limit theorem.

Theorem 2.5. Suppose that there exists ¢ > 0 such that
(i) 02 = o?n? + o(n?) as n — oo with some o > 0,
(ii) E(\fgﬁ) - mn\21{|£§71>7mn‘>0n1+9}) = o(n?) as n — oo for all § > 0,
(iii) Ap = An? + o(n?) as n — oo with some A > 0,
(iv) b2 = o(n't2¢) as n — cc.

Then
n~tox™m Py a5 0,

where (X (t))iecr, is the unique solution of a SDE

dX(t) = (A + aX(t)) dt + o /Xy () dW (1), te Ry, (6)

with initial condition X(0) = 0, where (W (t));cr, is a standard Wiener process.
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Remark 2.6. In case of p = 0 the theorem is a generalization of the SRIRAM’s
theorem, see [15, Theorem 3.1]. Moreover, condition (ii) is weaker than SRIRAM’s

1/2

one (see [15, Section 3]) where n'/# rate is supposed in the indicator function.

Plainly, if there exists v > 0 such that
e VEEM) — [P -0 asn— oo, (7)

then condition (ii) is satisfied. The centered sequence n~(1+e) (X — Ex (™),
n € N, converges weakly to a process (X (t));er, which is the unique solution of
a SDE

dX (1) = aX(t) dt + o/ (X(t) + pu(t)) 4 AW (), teR,, X(0)=0.

Ezample 2.7. Let P(§171) =0)=1-n"1, P(fﬁ) =n)=n"!forallneN,
and suppose that egn) has Poisson distribution with parameter An with some
A > 0. Since {|§¥Ll) —my,| > On'te} is empty for all sufficiently large n condition
(ii) holds. Then the norming factor is n~2 and the limit process is the unique

solution of a SDE

AX (1) = Adt + /X, () AW (1), X(0) =0.

Ezample 2.8. If 55"1) has a Poisson distribution with parameter 1 + an™1!,

where o € R, then m,, = 02 = 1 + an~!. Thus, the model is nearly critical, the
condition (i) holds with 02 = 1 and g = 0, moreover the Lyapunov condition (7)
fulfills with v = 2 implying (ii). Let P(egn) =0)=1-n"tlnn and P(sﬁ") =
[MIn"'n]) = n~tnn for all n € N with some X\ > 0. It is easy to see that
conditions (iii) and (iv) hold. However b2 — 0o as n — oo, thus [15, Theorem 3.1]
can not be applied. The limit process of this sequence of branching processes will
be the square-root process (6).

If the offspring variances tend to 0 with speed n~! then the norming factor
depends on the immigration variance and we have Ornstein—Uhlenbeck process
as a fluctuation limit.

Theorem 2.9. Suppose that b2 > 0 for all n € N such that nb? — oo as
n — oo, and

(i) 02 =a*n"1 +o(n"1) as n — oo with some o > 0,

(11) E(‘gg?l) - mn‘2]1{|f§n1)—mn\>9\/’@}> - O(?’Lil) a5 n — oo for all § > 0’

(iii) A = A2 + 0(b?) as n — oo for some X > 0,
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(iv) E(\a@ - An\21{|sg,L)7An|>0m}) =o(b2) asn — oo for all § > 0.
Then
(nb?)~1/2(x™ — gx (™) L. X asn— oo,

where (é? (t))tcr, is an Ornstein-Uhlenbeck type process defined by the SDE

dX(t) = aX(t) dt + /o2u(t) + 1dW (), X(0) =0, (8)
where (W (t))ier, is a standard Wiener process, and p is defined by (2).

Remark 2.10. If b2 — b? as n — oo with some b > 0, then we have that
n~Y2(x™ — EXM™) 2, ¥ as n — oo, where (X(t))ser, is an Ornstein—
Uhlenbeck type process defined by the SDE

dX(t) = aX(t) dt + by/o2pu(t) + 1AW (1), X(0) = 0.

Thus, Theorem 2.9 is a generalization of [8, Theorem 2.2]. Moreover, if the
offspring distributions are Bernoulli distributions with mean 1 — an~! then con-
ditions (i) and (ii) are fulfilled, see ISPANY et al. [7] for details.

Remark 2.11. Conditions (ii) and (iv) are the Lindeberg conditions for the
triangular systems {fi(z)/\/nb,% :n €N 1 <4 j<n}and {sg»")/\/nb% :
neN 1< 5 < n}, respectively. Plainly, if there exists v > 0 such that
n1’7/2b;(2+7)E|§§n1) — mu|**7 — 0 and n*7/2b;(2+7)E\5§n) — AT — 0 as
n — oo then conditions (ii) and (iv) are satisfied.

In particular, if the variance of the immigration distribution is a power func-
tion we obtain the next limit theorem.

Theorem 2.12. Suppose that there exists o > —1 such that
(i) 02 =o?n~! +0o(nt) as n — oo with some o > 0,

(ii) Ap = An2 + o(n?) as n — oo with some A > 0,
)

(iii) b2 = b*n® + o(n®) as n — oo with some b > 0,

n

(1) E(1e” = MLy 00y sgnrsaray ) = 0(n) as n — o for all 6 > 0.

Then ~
n_(1+9)/2(X(") - EX(")) 2o X asn— oo,

where (X(t))scr . is an Ornstein-Uhlenbeck process defined by the SDE

dX (1) = aX(t) dt + /o?u(t) + b2dW (1), X(0) =0, (9)

where (W (t))ier, is a standard Wiener process.
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Remark 2.13. Note that in this case no Lindeberg condition is needed for
the offspring distributions. Condition (iv) is the Lindeberg condition for the
triangular system {egn)/n(lﬂ’)/2 neN 1<757< n} If there exists v > 0 such

that n—e~(+27/2E|™) — X |2+7 — 0 as n — oo then condition (iv) is satisfied.

Example 2.14. If 5%?1) has a Bernoulli distribution with mean 1—an~!, where
a >0, and P(Egn) =0)=1-n"'In*n and P(Egn) = |bnln"'n]) =n"'n*n for
all n € N with some b > 0, then conditions of Theorem 2.12 hold with ¢ = 1.

3. A general functional limit theorem

First we need the following definitions and notations. Let (Q, F,F,P) be
a stochastic basis, i.e. (2, F,P) is a probability space and F = (F;)icr, is a
filtration on it with Fy = {0,Q}. Let O be the optional o-field on Q x R
generated by all cadlag adapted processes. Let P C O be the predictable o-
field on Q x Ry generated by the collection of sets A X (s,t], where 0 < s < ¢
and A € F,. Denote by V the set of all real-valued processes (U(t))icr, on
(Q,F,F,P) that are cadlag adapted, U(0) = 0, and whose paths t — U(w, ) are
of locally finite variation for all w € . A random measure p := {p(w;dt,dz) :
w € Q}, where p(w;-) is a nonnegative Borel measure on Ry x R satisfying
w(w; {0} x R) = 0 for all w € €, is called optional (predictable) if the integral
process I} (w;t) = f; Jg f(w;s, x)p(w;ds,dz) is O-measurable (P-measurable)
for all integrable O ® B(R)-measurable (P ® B(R)-measurable) function f. A
random measure v is called the compensator measure of p if it is predictable
and If(-;00) = If(;00) for every nonnegative P ® B(R)-measurable f. The
compensator measure is unique up to a P-null set.

A function h : R — R is said to be a truncation function if it is bounded,
continuous with compact support satisfying h(z) = x in a neighbourhood of 0.
Let X = (X(t,w))ter, weo be a semimartingale and define the process Xp,(t) :=
X(t) — > [AX(s) — h(AX(s))], t € Ry, where AX(t) := X(t) — X(t—) if
t > 0 and AX(0) := 0. Then X}, is a special semimartingale with canonical
decomposition X, = Xg + My + B, where X is Fp-measurable, M}, is a local
martingale with M} (0) = 0 and By, € V is predictable, see JACOD and SHIRYAEV
[10, Lemma 1.4.24]. Let §, denote the Dirac measure at point a € Ry x R.

Definition 3.1. A triplet (B, C,v) is called characteristics of a semimartingale
X with respect to h if (i) B = By, is a predictable process in V, (ii) C' = (X¢, X°),
where X ¢ is the continuous martingale part of X, is an increasing continuous
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process in V, and (iii) v is the compensator of the random measure pu(w;-) :=
Y6 L{AX (5,0)0}01(s,AX (s,w))} associated to the jumps of X. The process C(t) :=
C(t)-l—fot Jg P2 (x)v(ds, dz) =2 s<t(B(s) —B(s—))?,t € Ry, is called the modified

second characteristic of X.

We recall that each semimartingale defined on (2, F, F, P) has characteristics
(B, C,v) associated with a truncation function h. Moreover, C' and v are unique
if b is fixed. (See JACOD and SHIRYAEV [10, Section II.2a].) We assume that each
semimartingale I/ considered in this paper starts from zero, i.e. 4(0) = 0. Denote
by II(B, C, v) the martingale problem associated with characteristics (B, C,v). A
real-valued process (U(t))er, is a solution of this martingale problem if it is a
semimartingale on the basis (2, F, F, P) with characteristics (B, C,v) relative to
the truncation function h.

The next theorem provides sufficient conditions in terms of characteristics
for the weak convergence of semimartingales to a limiting semimartingale.

Theorem 3.2. For each n € N, let (U™ (t))ier, be a sequence of semi-
martingales with characteristics (B(”),C(”), 1/(”)). Assume that the martingale
problem 11(0,C,0), where C is a cadlag adapted and increasing process with
C(0) =0, has a locally unique solution for all deterministic initial condition. Let
(U(t))ier, be a solution with U(0) = 0, and assume that there exists a function
¢ : DR, R) = D(R4,R) such that C = ®(U). Suppose that for each T > 0,

() there is an increasing continuous function ¢, 1 : Ry — R for all a > 0 such

that ®(z)(t) — ®(x)(s) < a1 (t) —par(s) forall0 < s <t <Tif ||z]e < a,

x € D(R4,R) (local strong majoration hypothesis),

(ii) the functions x — ®(z)(t) are Skorokhod-continuous for all 0 <t < T (local
continuity condition),

(iii) sup |B™(t)] - 0 as n — oo,
t€[0,T]

(iv) sup |CM(t) — d@™)(t) L, 0asn— oo,

te[0,T)
(v) v ([0,T] x {z : || > 6}) P, 0asn — oo for all § > 0.
Then
U™ 2y asn— oo

PROOF. The proof is based on a general limit theorem of JACOD and SHIRYA-
EV [10, Theorem IX.3.39] and a standard localization procedure, see ISPANY and
Pap [9]. Note that the local condition on big jumps holds trivially since the third
characteristic of the limiting semimartingale is zero. O
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In the sequel, we suppose that (U(t))icr, is a diffusion process with zero
drift, i.e., it is a weak solution of a SDE

dU) = Gt V(E)AW (1), teR,, (10)

where G : Ry x R — R is a Borel function and (W (t)):cr, is a standard Wiener
process. If SDE (10) has a unique weak solution (U(t));er, with U(0) = 0, then
it is a semimartingale with characteristics

B(t)=0, C(t)= /O t G2(s,U(s))ds, v([0,1] x A) =0,

where A is a Borel set and ¢t € Ry. (See JACOD and SHIRYAEV [10, Section III.2c].)
Thus C = ®(U), where the function ® : D(R;,R) — D(R4,R) is defined by
O(x)(t) :== f(f G?%(s,x(s))ds, z € D(R4,R). One can easily check that assumptions
(i) and (ii) of Theorem 3.2 hold with ¢4 7 := SUPy< ;<7 SUP|| <o G(t, x). Clearly,
there exists A > 1 such that h(xz) = z for |z| < 1/A, h(x) = 0 for |x| > A, and
|h(z)] < A for all x € R. Thus, |h(z)| < A%|z| if |z| > 1/A. Hence we may throw
off the truncation function, and for martingale differences Theorem 3.2 can be
simplified in the following way, see [9, Corollary 2.2].

Corollary 3.3. Let G : Ry x R — R be a continuous function. Assume
that the SDE (10) has a unique weak solution with U(0) = ug for all ug € R. Let
(U(t))ier, be a solution with U(0) = 0. For each n € N, let (U;En))keN be a se-
quence of martingale differences with respect to the natural filtration (F, ,En)) kEZy s
ie. 7 = o (U™ UMY B | FM) = 0 and E(UM|? | FY) < oo for

all k € N. Let
Lnt]

U™ () =3 U, teRy, neN
k=1

Suppose that, for each T > 0,

[nt] t
. n n n P
() swp |3 B FE) - / G(5,U™ (s))ds| -0,
t€[0,7] | vy 0
X ) (n) P
(i) S E ((U,j P10 ey | fk’il) PL0forall >0
k=1

as n — o0o. Then
U™ 2oy asn — .

Condition (ii) is the conditional Lindeberg condition for the triangular system
{U,gn) :k,n € N}
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4. Proof of the main theorems

In the proofs we apply the following simple formulas and recursions for mo-
ments and covariances of a branching process with immigration.

Lemma 4.1. Let (X})rez, be a branching process with immigration defined
by recursion (1) with moments m, o2, X\ and b*>. Then, for all k € N,

k—1 k—1 )\02 k—1 k—2
EXy =\ ¢ VarXy = b? 204 = ¢ ¢

Moreover, for all k,¢ € 7,

Cov(Xg, Xy) = m!F=UVar Xy pp.
Furthermore, for all k € N,

E(M? | Fuo1) = 0° X1 + b7

Remark 4.2. The expectation EXj; and the variance VarXj; are monoton
increasing in k.

Remark 4.3. In order to prove (3) we note that
1 [nt]

t
— E mﬁk—/ e**ds
n 0

k=1

sup —0 asn— o0

te[0,T)

for each fixed > € R. Thus, by Definition 1.1, condition (ii), and Lemma 4.1
we have (3). Moreover, the convergence in (3) is uniform on each finite interval
[0,T], T > 0.

The technique of the proof of the main theorems is the so-called “martingale
method” initiated by Stroock and Varadhan, see JACOD and SHIRYAEV [10] for
details. Namely, let }',gn) denote the o-algebra generated by the random variables
xM x™ . X™ for n € Nand k € Z, . Plainly,

M™M= x x| F) = X —ma X = A, R, nEN,

defines a martingale difference sequence (M, lgn)) ren with respect to the filtration
(f;gn))keh for all n € N. Note that Mé") can be decomposed into a random sum
and a centered random variable, which are independent, as follows

X0,
M =376 e —ma X - A = N 0, (11)

j=1
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where
X,
N = S om0 el
j=1

Then we define a suitable sequence of random step functions and we prove weak
convergence of this sequence to a continuous process applying a general functional
limit theorem of Section 3. Finally, by recursion

XM —Ex{™ = m, (X" —EXIM) + MM = Z mkIM™  (12)

we show that X(™) is a function of the introduced random step function for all
n € N, and a continuous mapping type argument yields the desired convergence.

PROOF OF THEOREM 2.1. Introduce the random step functions

[nt]
NM(1) Zm_kM(n) fort e Ry, neN,
k=1

and let NOD(t) = (no2) e N (t) + u(t), t € Ry, n € N. Finally, let us
introduce the stochastic process N (t) := e (X (¢t) — u(t)), t € Ry. By Itd’s
formula we have that (N (t)):er, satisfies the SDE

AN (t) = e /(e N (t) 4 p(t)) L dW (1), teRy, N(0)=0. (13)

Note that, since e** N (t) + u(t) = X(t) > 0 almost surely for all t € R, we can
replace the non-negative part by the original value under the square root. We
will prove

(no?) "N PN asn— oo (14)

applying Corollary 3.3 for / = N and U,En) = (no2)~! _kM(" If (N(t))ter,
satisfies the SDE (13) then X (t) := e N (t) + u(t), t € R4, satisfies the SDE (4).
Thus, the SDE (13) has a unlque strong solution with N(0) =z for all z € R.
The coefficient function G(t,z) := e~*"\/(e®x + u(t))y, t € Ry and x € R, is
continuous. It suffices to show that

[nt]

1 =2k (n) (n) " ons o) p
sup E( M, F ) e "N (s)ds| — 0, (15
| 2 E( ) IAED) - | () (15)
[nT]
1 —2k (n)\2 (n) P
oin? /; M E((Mk ) L™ |5 0n02mty | fk—l) —0 (16)
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asn — oo for all T'> 0 and 6 > 0.
Iftel/n,(£+1)/n), L € Z;, then by (12) and Lemma 4.1 we have

£
N () = (no?) e my X — (n02) " Nee® > m ™ + u(t).
k=1

Since |(a + b)+ — a| < |b] for any a € Ry and b € R, we have

[nt] ’

2)—1)\neat § m;k_
k=1

for all t € R;. On the other hand, by Lemma 4.1, we obtain

’j\\//in) (t) _ (TLO’2) leatm I_ntJan)J

Lnt] [nt] p2 Lt

- n) (n) —2k x-(n) -
Zm ZkE((M( ) | 7 1) _O‘QnQZm 2k x ( 1+04n2z 2k

k=1

1
04 n?

Thus, in order to prove (15) it is enough to show that

[nt] 2 nt]

1
(1) . —2k (n —2k
D= sp (o D ma N S
Tl k:
L () .| P
_ Tn e—asm; Lnst\_nsj ds| — 0, (17)

On 0

Lnt)

1Aneat 2 mfk

)|dt — 0 (18)

T
D»ELQ) = / —2at
0

as n — oo. To prove (17) we note that

[nt]

t
e~ “m. L"‘(’JX(n) ds = Z m_kHX(n) —a(k=1)/n v e *ds
0 Lns 0

t
n ( ) — Qs
+m, LtJXL tJ/ e ds.

[nt]/n

Thus, we have

nT | 2 [nT]

D(l n)X n) ololT —kX(n) —2k
< e AN e et S
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where the third term on the right hand side tends to 0 by condition (iii) and
Remark 4.3, and

1/n
d,(cn) = |m %k — m;kﬂe_a(k_l)/"n/ e~ “%ds|.
0

One can easily see that
lim max d,g") =0.
n—o0 1<k<|nT |

Thus, in order to prove (17) it is enough to see that (02n?)~ ELHTJ X(n1 is

stochastically bounded and (o2n?) ™! maxi<i<|nr) mnleg WP 0asn — oo
The first statement follows by the Markov inequality since

[nT)

Z Ex\") < —Ean)T .

1
2,2
o2n

where the right hand side is bounded by (3). To prove the second statement we
note that, by (12),

k
m;kX,i") = Zm;jM;n) + m;kEX,En)

=1

for all k,n € N. By Definition 1.1 we obtain that nlnm, — a as n — oo, hence
C :=sup, ey [nInm, —a| < co. Thus, we have

LnT)
—k x () —i| (lal+O)T g x ()
1§lrfr%aL)7{LTJ My Xy < ; my | M| et EX oty

By the Lyapunov and the Cauchy—Schwarz inequalities we obtain
1 |nT| |nT| 1/2 |nT| 1/2
i (n) 2
E<02n2 Z m”j‘Mj ‘) < ( Zm J) <U4n3 Z ) :
n j=1

The sequence (n~! Z}n? m,,; %) pen is bounded by Remark 4.3. Moreover, by

Lemma 4.1 and Remark 4.2, we have

|nT] [nT ] TEX(TL) 2
1 (n) (n) | ;2 lnr) , Thy,
e Z E(M;™)" = 04 : Z TAEXY 4 b7) < o + prva
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where the second term on the right hand side tends to 0 by condition (iii). Thus,
by Markov’s inequality, in order to prove the second statement it is enough to see
that (oinQ)_lEXEZ;J — 0 as n — oo, which follows from (3).
To prove (18) consider the estimation
T
/ et dt
0

/ / ~*¥ dsdt.
Hence, condition (ii) and Remark 4.3 imply (18).
To prove (16) we apply inequality ]l{‘y+z|>9} < ]l{|y‘>9/2} + IL{|Z\>0/2}’
where Y and Z are random variables, and decomposition (11). Thus, it suffices
to show that

[nt]

1 t
me;k—/ e “*ds

1

D,(f) < )\—; sup
O tel0,T)

——A

[nT]

0 . L —2k (4) (n)
L 2J = 0_4,”2 kzl E((Cn k) {lC(J) |>0no2 mk} | ‘7:k 1) — 0 (19)
asn—>ooforallT,0>Oandi,j—12 WhereCk— (n)anank—cS(n

Introduce the random variable S,(C" = Z (§ (") _ ) for all k,n € N. In case
of i = j =1 we have to prove that 4, — 0 and B — 0 as n — oo, where

T X( )
) 1 ,21@ } : (n) 2
A'n. = W E E( |£ mn| ]1{\5'(")|>0n02m’“}

n n
n k=1

nT X(n) .
9 [nT] i—1
o —2k
P OLE P LRI E RN

k=1 =2 j=1

Applying again the above mentioned inequality for the indicator function of ran-

dom variables fﬁ) —my, and S,(C, FE Ze Y Y}) my,) we obtain

||
1 72]6 2
Ans T ; EX," ('5 =l L) o 5002 mt /2)

(n)

[nT|
—2k (n)
04 2 Z E( Z €175 — ma? ]1{\5(")\>0m7 mk/2}> (20)

n'''n



Limit theorems for normalized nearly critical branching processes 31

Since mk > exp{—T(|a| + C)} for all 1 < k < |nT], n € N, and, by Remark 4.2,

[nT| . [nT]
_2k n —2k
02n2 Z B s 5 EXLnTJ Z My,

where the right hand side is bounded by Remark 4.3, the first term in (20) tends
to zero by condition (i). The second term in (20), by the Markov inequality, can
be majorized by

1 x(™ 4 (n) ) ) §
—4k n n n —4k
02540t Z E(X; ) < 0200 ((EXLnTj) +VarX|_nTj> ; My,
which tends to 0 as n — oco. Let V Z Z ( mn)(fﬁlj) —my),

k,n € N. Then E(V,)2 = (04 /2)E (X,g@l(x,g@l 1)) for all k,n € N. By the
Cauchy—Schwarz inequality and the Markov inequality we have

LnT]

n n 1/2
|Bal < nzsz%( E(V")2P(IS(" | > onomb) )

91/2 [nT)

n n 1/2
< 903n3 Z m—3k( X( )) EXIE ))

1/2
(n) (n) \2 (n) _3k
< o ((Var(X(y)) + EX( ))EX 1) kzl m= 0

as n — 0o by Lemma 4.1, Remark 4.2 and 4.3. To prove (19) in case of ¢ = 1 and
j =2 let us use the inequality
n)\ 2 n — — —2k — n
E((NE) L a0 mat | A1) < 072072y 2 002X
Thus, by Remark 4.2, we have

b2 [nT] - ( ) |nT]
1,2 —4k n n n —4k _,
E(L,") < 9206n4 Z EXp1 < 92 G 4 [nTj Z my,

as n — oo by condition (iii) and Remark 4.3. To prove the casesi =2 and j = 1,2
we note that L2! and L2? can be majorized by o, n=2b2 ZIEHTH m., 2k, which

tends to 0 by condition (iii) and Remark 4.3. Consequently, we proved (14).
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By recursion (12) it is easy to see that
XM () — EXM)(t) = mlrI N ( Lnt) ) _

Thus, (no2)'X™ tends to the process X(t) := e®N(t) + pu(t), t € R, as
n — oo in the Skorokhod space. Since p satisfies the ordinary differential equation
du(t) = (A + aup(t))dt with initial condition x(0) = 0, Itd’s formula yields

d(e™N(t) + pu(t)) = A+ a(e®™N(t) + u(t))) dt + e dN (),

which agrees with the SDE (4). Finally, (no2)~'(X™ — EX(™) tends to the
process X(t) := e N (t), t € R4, as n — oo which satisfies SDE (5). O

PROOF OF THEOREM 2.5. By Theorem 2.1 (no2)~1x (™ L2, X asn — oo,
where (X'(t))¢cr, is the unique solution of a SDE

dX'(t) = (N + aX'(t) dt + /X (t) AW (t), te Ry,

with initial condition X’(0) = 0, where \’ := lim,,_,o A\, /02 = A\/0? by conditions
(i) and (iii). Thus, n~-(+e)x () L, 52X as n — oco. Introduce the process
X = 02X’. Then, by It6’s formula, we have that the process (X(t))ter, satisfies
SDE (6). O

PRrROOF OF THEOREM 2.9. The proof is based on the martingale central limit
theorem similarly to the proof of [8, Theorem 2.2.8]. Define the random step func-
tions

[nt]
MOty =3 M fort€Ry, neN. (21)
k=1
We prove that (nb2)~/2M™) 2, M as n — oo, where (M(t))ier, is a Wiener
process M(t) = W(T(t)), t € Ry, with T(t) := o [, u(s)ds + ¢, t € Ry,
(W(t))ter, is astandard Wiener process. By the martingale central limit theorem
we have to prove that

[nt]

1 n

— Y E((")’ | A ) L), (22)
" k=1
1 & ()2 ) P

WZE((Mk )L 01 5 ) | 7)o (23)

n k=1
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asn — oo for all t € Ry and 6 > 0.
By Lemma 4.1, in order to prove (22) we have to show that

5 [nt] t
;7"2 Z EX,Eﬁ)l — 02/ u(s)ds asn — oo, (24)
nop_q 0
o2 |nt]
Var<nb”2 Z lei)1> -0 as n — oo. (25)
n g=1

Since (nb%)’lEszzJ — p(t) as n — oo uniformly on each finite interval [0, 77,
T > 0, by condition (i) we have (24). To prove (25) we apply (12)

[nt] |nt]—1 [nt]—1

1 pay

k=1

Thus, by Lemma 4.1 and Remark 4.2, we have

5 Lnt] Int) 2 213 212
on (n) 1 K (noy)° c oy | (noy)
var (1 X% St(n%””) (agyrexion+ ")

n k=1

where the right hand side tends to 0 by Remark 4.3 and conditions of the theorem.
To prove the Lindeberg condition (23) it suffices to check that, for all > 0
and t € R+,
o (1) 2 (n) ) _P
7," . K3 n
LY = — E((Cn,k) JI{KT(ZLDQ\/W%} | fk_l) — 0 asn— oo (26)

for 7,7 = 1,2, where CS,)C = N,i") and 47(1211 = 5,&"). The proof of (26) in cases of
i =j=1and i # j is similar to one of (19) in these cases. Finally, in case of
i =7 =2 (26) agrees exactly with Lindeberg condition (iv). O

PROOF OF THEOREM 2.12. By Theorem 2.9 (nb2)~1/2(x(™ — Ex(m) 2,
X' as n — oo, where (X’(t))ier, is an Ornstein-Uhlenbeck type process defined
by the SDE

dX'(t) = aX'(t) dt + /o2 (t) + 1AW (),  X'(0) =0,
with 1/(t) := (A/6?) [y e®* ds, t € Ry.. Thus, n~(1+0/2(x(m —gx ™) 2, px7 as
n — oo. The process X := bX’ clearly satisfies SDE (9). O
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