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A Radon—Nikodym theorem for completely n-positive linear
maps on pro-C*-algebras and its applications

By MARIA JOITA (Bucharest)

Abstract. The order relation on the set of completely n-positive linear maps from
a pro-C*-algebra A to L(H), the C*-algebra of bounded linear operators on a Hilbert
space H, is characterized in terms of the representation associated with each completely
n-positive linear map. Also, the pure elements in the set of all completely n-positive
linear maps from A to L(H) and the extreme points in the set of completely n-positive
linear maps from a unital C*-algebra A to L(H) are characterized in terms of the
representation induced by each completely n-positive linear map.

1. Introduction and preliminaries

STINESPRING [12] showed that any completely positive linear map from a
C*-algebra A to L(H), the C*-algebra of bounded linear operators on a Hilbert
space H, induces a representation of A on another Hilbert space that general-
izes the GNS construction for positive linear functionals on C*-algebras. In [1],
ARVESON proved a Radon—Nikodym type theorem which gives a description of
the order relation on the set C' P, (A, L(H)) of all completely positive linear maps
from a C*-algebra A to L(H) in terms of the Stinespring representation associated
with each completely positive linear map, and using this theorem, he established
characterizations of pure elements in the set of completely positive linear maps
from A to L(H) and extreme elements in the set of completely n-positive linear
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maps [p;;];';—; from a unital C*-algebra A to L(H) such that p;;(1) = Iy for all
i €{1,2,...,n} and p;;(1) = 0 for all 4,5 € {1,2,...,n} with ¢ # j in terms
of the Stinespring representation associated with each completely positive linear
map.

KAPLAN [10] introduced the notion of multi-positive linear functional on a
C*-algebra A (that is, an n x n matrix of linear functionals on A which verifies the
positivity condition) and showed that any multi-positive linear functional on A
induces a representation of A on a Hilbert space. Also, he proved a Radon—
Nikodym type theorem for multi-positive linear functionals on a C*-algebra A.
In [13], [14] SUEN considered the n x n matrices of continuous linear maps from a
C*-algebra A to L(H) and showed that a unital completely n-positive linear map
from a unital C*-algebra A to L(H) induces a representation of A on a Hilbert
space in terms of the Stinespring construction.

A pro-C*-algebra A is a complete Hausdorff topological *-algebra over C
whose topology is determined by its continuous C*-seminorms in the sense that
the net {a;};c; converges to 0 in A if and only if the net {p(a;)}icr converges
to 0 for any continuous C*-seminorm p on A; equivalently, A is homeomorphically
x-isomorphic to an inverse limit of C*-algebras. So, pro-C*-algebras are gener-
alizations of C*-algebras. Instead of being given by a single norm, the topology
on a pro-C*-algebra is defined by a directed family of C*-seminorms. Besides
an intrinsic interest in pro-C*-algebras as topological algebras comes from the
fact that they provide an important tool in investigation of certain aspects of
C*-algebras (like multipliers of the Pedersen ideal [2], [11]; tangent algebra of
a C*-algebra [11]; quantum field theory [3]). In the literature, pro-C*-algebras
have been given different name such as b*-algebras (C. Apostol), LM C*-algebras
(G. Lassner, K. Schmiidgen) or locally C*-algebras [4], [6]-[9].

A representation of a pro-C*-algebra A on a Hilbert space H is a continuous
s-morphism from A to L(H). In [4] it is shown that a continuous positive linear
functional on a pro-C*-algebra A induces a representation of A on a Hilbert space
in terms of the GNS construction. BHATT and KARIA [2] extended the Stinespring
construction for completely positive linear maps from a pro-C*-algebra A to L(H).
In [9], we extend the KSGNS (Kasparov, Stinespring, Gel’fend, Naimark, Segal)
construction for strict completely n-positive linear maps from a pro-C*-algebra
A to another pro-C*-algebra B.

In this paper we generalize various earlier results by Arveson and Kaplan.
The paper is organized as follows. In Section 2, we establish a relationship between
the comparability of nondegenerate representations of A and the matricial order
structure of B(A, L(H)), the vector space of continuous linear maps from A to
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L(H) (Proposition 2.6). This is a generalization of Proposition 2.2, [10]. Section 3
is devoted to a Radon—Nikodym type theorem for completely multi-positive linear
maps from A to L(H). As a consequence of this theorem, we obtain a criterion of
pureness for elements in CPZ% (A, L(H)) in terms of the representation associated
with each completely n-positive linear map (Corollary 3.6). In Section 4 we prove
a sufficient criterion for a completely n-positive linear map from A to L(H) to be
pure in terms of its components (Lemma 4.1) and using this result we determine
a certain class of extreme points in the set of all unital completely positive linear
maps from A to L(H™), where H" denotes the direct sum of n copies of the
Hilbert space H (Corollary 4.3). Finally, we give a characterization of the extreme
points in the set of completely n-positive linear maps [pij]ﬁjzl from a unital C*-
algebra A to L(H) such that p;;(1) = Iy for all i € {1,2,...,n} and p;;(1) =0
for all 4,5 € {1,2,...,n} with ¢ # j (Theorem 4.4) that extends the Arveson
characterization of the extreme points in the set of all unital completely positive
linear maps from a C*-algebra A to L(H).

2. Representations associated with completely n-positive linear maps

Let A be a pro-C*-algebra and let H be a Hilbert space. An n x n matrix
[pij]itj=1 of continuous linear maps from A to L(H) can be regarded as a linear
map p from M, (A) to M, (L(H)) defined by

p (lais]ii=1) = lpigaip)l} ;-

It is not difficult to check that p is continuous. We say that [pi;]7;_; is an n-
positive (respectively completely n-positive) linear map from A to L(H) if the
linear map p from M, (A) to M, (L(H)) is positive (respectively completely pos-
itive). The set of all completely positive linear maps from A to L(H) is denoted
by CPx (A, L(H)) and the set of all completely n-positive linear maps from A to
L(H) is denoted by C P (A, L(H)). If p and 6 are two elements in C P (A, L(H)),
we say that 6 < p if p — 0 is an element in CPZ (A, L(H)).

Remark 2.1. In the same manner as in the prof of Theorem 1.4 in [5], we can
show that the map S from CPZ (A, L(H)) to CPx (A, M, (L(H))) defined by

S ([pijl7j=1) (@) = lpiz ()],
is an affine order isomorphism.

The following theorem is a particular case of Theorem 3.4 in [9].
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Theorem 2.2. Let A be a pro-C*-algebra, let H be a Hilbert space and
let p = [pij]}j=1 be a completely n-positive linear map from A to L(H). Then
there is a representation ®, of A on a Hilbert space H, and there are n elements
Voi,...,V,n in L(H, H,) such that

(a) pij(a) =V ®,(a)V, ; for alla € A and for alli,j € {1,...,n};
(b) {®,(a)V,:& a€ A, €€ H, 1 <i<n} spans a dense subspace of H,,.

The n+2 tuple (®,,H,,V,1,...,V,,) constructed in Theorem 2.2 is said to
be the Stinespring representation of A associated with the completely n-positive
linear map p.

Remark 2.3. The representation associated with a completely n-positive lin-
ear map is unique up to unitary equivalence [9, Theorem 3.4].

Remark 2.4. Let (®,,H,,V,1,...,V,rn) be the Stinespring representation
associated with a completely n-positive linear map p = [Pij]?,j:r For each i €
{1,...,n}, we denote by H; the Hilbert subspace of H, generated by {®,(a)V,&;
a € A, ¢ € H} and by P; the projection in L(H,) whose range is H;. Then
P; € ®,(A)’, the commutant of ®,(A) in L(H,), and a — ®,(a)P; is a represen-
tation of A on H; which is unitarily equivalent with the Stinespring representation
associated with p;; for all ¢ € {1,...,n}. Since ®, is a nondegenerate representa-
tion of A,

lin®,(ex)¢ = &

for some approximate unit {ey}rea for A and for all £ € H [7, Proposition 4.2],
and then

PV, & = 1i/I\n Pd,(ex)V,i& =V,i&
for all ¢ € H and for all i € {1,...,n}. Therefore P;V,; =V, ; forallie {1,...,n}.

Remark 2.5. If p = [p”]? j=1 1s a diagonal completely n-positive linear map
from A to L(H) (that is, p;; = 0 if ¢ # j), then the Stinespring representation
associated with p is unitarily equivalent with the direct sum of the Stinespring

representations associated with p;;, i € {1,...,n}.

Two completely n-positive linear maps p and 6 from A to L(H) are called
disjoint (respectively unitarily equivalent) if the representations of A induced by p
respectively 6 are disjoint (respectively unitarily equivalent).

The following proposition is an analogue of Proposition 2.2 in [10] for com-
pletely n-positive linear maps.
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Proposition 2.6. Let p1; and p22 be two completely positive linear maps
from A to L(H). Then p1; and pos are disjoint if and only if there are no nonzero
continuous linear maps pi2 and po1 such that p = [Pij]%,j=1 is a completely 2-
positive linear map from A to L(H).

PROOF. Suppose that pi; and pgy are disjoint and p = [p;]7 -, is a com-

pletely 2-positive linear map from A to L(H). Let (®,,H,,V,1,V,2) be the
Stinespring representation associated with p. Since p;; and pgo are disjoint, the
central carriers of projections Py and P, (see Remark 2.4) are orthogonal and so
PP, =0. Then

prz(a) =V, 1 ®,(a)Vp2 = V1 Pi®y(a) PV, = V] ®p(a) LV, 2 =0

for all @ € A, and since po1(a) = (p12(a*))* for all a € A, we conclude that
p12 = pa1 = 0.
Conversely, suppose that there are no nonzero continuous linear maps pio

and po1 such that p = [py]7 ;_;

is a completely 2-positive linear map from A to
L(H). Let (®,,,, H,,;,V,,,) be the Stinespring representation associated with p;;,
i € {1,2}. The direct sum ® = &, , & ®,,, of the representations ®,,, and ®,,,
is a representation of A on the Hilbert space Hy = H,,, @& H,,,. We consider
the linear operators Vi, Vs € L(H, Hy) defined by Vi(§) = V,,, £ @ 0 respectively
Va(§) = 0@ V,,,&. For each i € {1,2}, the orthogonal projection of Hy on H,,,
is denoted by F;. It is not difficult to check that the range of E; is generated by
{®(a)E;Vi&; a€ A, € € H}, i € {1,2}. Moreover, p;;(a) = V*®(a)V;, i € {1,2}.

Suppose that p1; and pso are not disjoint. Then there are two nonzero
projections Fy and Fy in ®(A)" majorized by Ej respectively Fs, and a partial
isometry V' in ®(A)" such that V*V = Fy and VV* = F,. It is not difficult to
check that the range of F; is generated by {®(a)F;Vi&; a € A, £ € H}, i € {1,2}.
We consider the linear map 6 from A to My (L(H)) defined by

VIF1®(a)Vy Vi®(a)V*V;

0(a) =
VaVe(a)Vy Vi Fad(a)Vs

It is not difficult to check that 6 is continuous and
0 (a*b) = (M(a)W)*M(b)W,

where
Vi 0

M =
(a’) 0 V* V2

)

®(a) @(a) _
0 0] and W =
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for all @ and b in A. Then

m

Z 0 (afa)) T = <§:M ak WT,C> (iM(al)WTl> >0
k=1 =1

for all Th,...,T,, € My(L(H)) and for all ay,...,a, € A. This implies that
0 € CP. (A, My(L(H))) and so S~1(0) € CP%(A,L(H)) (see Remark 2.1). Let
p = [pij]} j=1, where p12 = (§7'(0)),, and pa1 = (§7'(6)),,. Then

Vi (E1 — F1) ®(a)V1 0

(Sle) = 6)la) = 0 V5 (B — Fy) ®(a)Va

for all @ € A. Therefore S(p) — 6 € CPx(A, Ma(L(H))). From this fact and
taking into account that 6 € CPy (A, My(L(H))), we conclude that S(p) €
CPs (A, My(L(H))) and then by Remark 2.1, p € CP2(A,L(H)). If p1a = 0,
then Vi*®(a)V*V, = 0 for all @ € A. This implies that

(VZ@(a)Val, @(a)FiVin) = (V'@ (a7a) V*VaE,m) = 0

for all @ € A and for all £, € H. Since the range of F; is generated by
{P(a)F1Vi&; a € A, £ € H} and for all £ € H and a € A, V*®(a)Va€ is an
element in the range of Fy, the preceding relation yields that V*®(a)V¢ = 0 for
all @ € A and for all £ € H. Then ®(a)FVo€ = VV*®(a)Veg =0 for alla € A
and for all £ € H and so F, = 0. This is a contradiction, since F5 is a nonzero
projection in ®(A)’. Therefore p;o # 0. Thus we have found a completely 2-
positive linear map p = [pij]szl such that pi12 # 0, a contradiction. Therefore
p11 and pos are disjoint and the proposition is proved. O

3. The Radon—Nikodym theorem for completely
n-positive linear maps

Let A be a pro-C*-algebra and let H be a Hilbert space.

Lemma 3.1. Let p = [p;;]};_; be an element in CPY (A, L(H)). IfT is a

positive element in ®,(A)’, the commutant of ®,(A) in L (H,), then the map pr
from M, (A) to M,, (L(H)) defined by

n

pr (lai]ij=1) = [V, T®p(aij) Vol

is a completely n-positive linear map from A to L(H).
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PROOF. It is not difficult to check that pr is a matrix of continuous linear
maps from A to L(H), the (i,j)-entry of the matrix pr being the continuous
linear map (pr),; from A to L(H) defined by

(pr);; (@) =V, T®,(a)Vy 5.
Also it is not difficult to check that
S (pr) (@) = (M (V) (M 0)V),

for all a,b € A, where Tz is the square root of T,

T§<I(>)p(a) Téclz)p(a) Voo oo 0
M i (a) = and V= o
T2 . ... .
0 0 0 - Von
Then
m m *
S TS (pr) (fan) T = Y Tl( 3 (a V) (MT%(ak)V) T,
k=1 k,l=1
= <ZMT% a VTl> <Z MT%(ak)VTk> >0
=1 k=1

for all Ty,...,T,,, € M,(L(H)) and for all ai,...,a,, € A. This shows that
S (pr) € CPx (A, M, (L(H))) and by Remark 2.1, pr € CPZ (A, L(H)). O

Remark 3.2. Let p = [pi;];-_, € CP2(A,L(H)).
1. If Iy, is the identity map on H,, then Pry, = P-

=1

2. If Th and T5 are two positive elements in ®,(A)’, then pr, 11, = pr, + P15+
3. If T is a positive element in ®,(A)" and « is a positive number,
then por = apr.
Lemma 3.3. Let p = [Ioij]Z’:l be an element in CPZ (A, L(H)) and let T}
and T> be two positive elements in ®,(A)". Then T < T if and only if pr, < pr,.

PROOF. First, we suppose that 73 < T5. Then pr,_p, € CPZ(A,L(H)),
and since

n

(pr, — P1y) ([aij]ZJZI) = [sz (T =T) @ (aij)vm]i,j:1
= PT—Ty ([aij]i,jzl)

for all [a;;]}';—; € M, (A), we conclude that pr, < pr,.
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Conversely, suppose that pr, < pr,. Let > 1o, D" ®,(ari)V,,iéki € H,.
Then

fren

Z(I)p akz P zgkrz) »Z Z(Dp akz p7i€ki>

i=1 k=1 i=1

iMs

<V*'(T2 — 1), (ag;ai5) Vi€ §m‘>

Pyt

[
I
NE

I
Il
—
-

&
Il
—

I
NE
M=

((8(or) = (o) () (8r)_ (Gr) ) 2 0

Il
-

14,5

k.l

where gm _{fki ifp=iand 1 <k <m

P 0 ifp#£iand 1 <k<m
count that {®,(a)V, & a € A, £ € H, 1 <i < n} spans a dense subspace of H,,
we conclude that T, — 77 > 0 and the lemma, is proved. O

. From this fact and taking into ac-

Lemma 3.4. Let p = [p;;l;_; and 0 = [0}, _; be two elements in
CPL(A,L(H)). If § < p, then there is an element W € L(H,, Hy) such that

(a) Wl <1;
(b) WV, ; =Vp; forallie{l,...,n};
(c) W,(a) = ®g(a)W for all a € A.

PROOF. Since

<Z Z Dy(aki)Vy,ilkis Z Z ¢0(aki)%,i§ki>

k=11i=1 k=11=1

<V9*j‘1)0 (afjari) Voilrir &15) = Z Z (056 (afjans) ris &ij)

kd=114,j=1
<S aljakz gkzp)p 1 <§l]p)p 1>

CI)p(a/k:z p,zgkuzzq)p Qi Vb 1§k:z>
1i=1

1 k=1

I
T~
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-
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]
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for all ay; € Aand &§; € H, 1 <i<n, 1<k <m,and since {®,(a)V,.&; a € A,
& € H,1<i<n} spans a dense subspace of H,, there is a unique bounded linear
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operator W from H, to Hy such that

w (Z Z (Dp(aki)%,igki) = o (ari)Va,ilki-

k=1 i=1 k=1 i=1

Moreover, |W| < 1. Let {ex}rea be an approximate unit for A, £ € H and
i€{1,...,n}. Then

WVP7Z'£ = hin W@p(E)\)Vp’if = hin (I)@(e,\)VQ)if = Vg)if.

Therefore WV, ; = Vy; for all i € {1,...,n}. It is not difficult to check that
Wo,(a) = Pg(a)W for all a € A. O

Let p = [pij]f—1 € CP%(A, L(H)). We consider the following sets:
[0,p] = {0 € CPL(A, L(H)); 0 < p}

and
0,1, ={T € ®,(A); 0<T < Iy}

The following theorem can be regarded as a Radon—Nikodym type theorem
for completely multi-positive linear maps.

Theorem 3.5. The map T — pr from [0,I], to [0,p] is an affine order
isomorphism.

PRrROOF. According to Lemmas 3.1 and 3.3 and Remark 3.2, it remains to
show that the map T+ pr from [0, I], to [0, p] is bijective.

Let T € [0,1], such that pr = 0. Then V,T®,(a*a)V,; = 0 and so
T2®,(a)V,; = 0 for all @ € A and for all i € {1,...,n}. From this fact and
taking into account that {®,(a)V,;{; a € A, £ € H, 1 <i < n} spans a dense
subspace of H,, we conclude that 7' = 0 and so the map T — pr from [0, I], to
[0, p] is injective.

Let 6 € [0, p]. If W is the bounded linear operator from H, to Hy constructed
in Lemma 3.4, then W*W € [0, I],. Let T = W*W. From

0 ([aij]zn,jzl) = [Vefiq’e(aij)vﬁj]zj':l = [(WVN)*(I)G(aij)WVp’j]ijl
= VoW W, (aij)Vysl, ) = pr ([ai] 1)

for all [a;;]}';—1 € Mp(A), we deduce that 6 = pr and the theorem is proved. [
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We say that a completely n-positive linear map p from a pro-C*-algebra A
to L(H) is pure if for every § € CPZ (A, L(H)) with 6 < p there is a € [0,1] such
that p = af.

A representation ® of a pro-C*-algebra A on a Hilbert space H is irreducible if
and only if the commutant ®(A)" of ®(A) in L(H) consists of the scalar multiplies
of the identity map on H [4].

Corollary 3.6. Let p € CPL(A,L(H)). Then the following statements are
equivalent:
1. p is pure;

2. The representation ®, of A associated with p is irreducible.

Remark 3.7. If p is a continuous positive functional on A, then
p € CPL(A,L(C)). Moreover, ®, is the GNS representation of A associated
with p, and Corollary 3.6 states that p is pure if and only if the representation
®, is irreducible. This is a particular case of the known result which states
that a continuous positive linear functional p on a Imc*-algebra A with bounded
approximate unit is pure if and only if the GNS representation of A associated
with p is topological irreducible (see, for example, Corollary 3.7 of [4]).

4. Applications of the Radon—Nikodym theorem

Let A be a unital pro-C*-algebra and let H be a Hilbert space.

Lemma 4.1. Let p = [pi;]} ;= € OPY(A, L(H)). If pii, i € {1,2,...,n} are
unitarily equivalent pure unital completely positive linear maps from A to L(H)
and for all i,j € {1,...,n} with i # j there is a unitary element u,;; in A such
that p;j(u;j) = Ig, then p is pure.

ProoOF. Let (®,,H,,V,1,...,V, ) be the Stinespring representation asso-
ciated with p. Let i,5 € {1,...,n} with i # j. Since

| 2, (uij ) Voi = Vo

T = (V70 (i) = Vi) (@p(uig) Vs = V|

= (£33 (1) = pij(uiz) = (pij (i)™ + pas(D)]| = 0
we conclude that ®,(u;;)V, ; = V,;. This implies that the vector subspaces H;
and H; of H, coincide. Therefore H, = H, for alli € {1,...,n}, and since ®,(-)P;

acts irreducibly on H;, i € {1,...,n}, the representation ®, of A is irreducible
and, by Corollary 3.6, p is pure. (|
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The following proposition is a generalization of Propositions 2.5 in [10] and 4.5
in [8].

Proposition 4.2. Let p = [p;;l;';=1 € CPY(A, L(H)) such that pi;, i €
{1,2,...,n} are pure unital completely positive linear maps from A to L(H). If
whenever p;; is unitarily equivalent with p;; for some i,5 € {1,...,n} withi # j,
there is a unitary element u;; in A such that p;;(u;;) = Ig, then p is an extreme
point in the set of all = [0;5]7';_; € CPY (A, L(H)) such that 0;;(1) = Iy for all
1e{l,...,n}.

PRrROOF. By Proposition 2.6 and Lemma 4.1, p is a block-diagonal sum of
disjoint pure completely n,-positive linear maps p,. = [p;k)jr)lpey, 1 <7 < m,
where m is the number of equivalence classes of the pure completely positive
linear maps p;; and ny + - - - 4+ n,, = n. By Corollary 3.6, the representation @,
of A induced by p, is irreducible and, moreover, it is unitarily equivalent to a
subrepresentation ®, of ®,. Therefore ®, is a direct sum of disjoint irreducible
representations ®@,., r € {1,...,m}. For each r € {1,...,m}, we denote by E,
the central support of ®,. (this is, ®.(a) = ®,(a)E, for all a € A).

Let 6 = [Hij]ﬁjzl,a = [Uij]zn,jzl S CP;LO(A,L(H)) with 9“’(1) = O'ii(l) = IH
for all i € {1,...,n} and X € (0,1) such that

A+ (1—No = p.

Then, by Theorem 3.5, there is T in ®,(A)’, 0 < T' < Iy, such that A\ = pr.
From this fact and taking into account that @, is irreducible and E,.TE, is an
element in ®,.(A) for all » € {1,...,m} and 6;(1) = Iy for all i € {1,...,n},
we conclude that E,TE, = AE, for all » € {1,...,m}. Consequently, T' = Xy,
and so 8 = p. In the same manner we obtain ¢ = p and so p is an extreme
point in the set of all & = [0;5]},_; € CPL (A, L(H)) such that 0;;(1) = Iy for all
ie{l,...,n}. O

Let A be a unital pro-C*-algebra, H a Hilbert space and CP% (A, L(H),I) =
{9 S CP&(A,L(H)), 9“(1) =1y, 1 <i<nand Qij(l) =0,1<1<3< n}
From Remark 2.1 and Proposition 4.2 we obtain the following corollary that
generalizes Corollaries 2.7 in [10] and 4.7 in [8].

Corollary 4.3. Let p = [pi;]f;—1 € CPL(A,L(H),I) such that p;;, i €
{1,2,...,n} are pure completely positive linear maps from A to L(H). If when-
ever p;; Is unitarily equivalent with p;; for some i,j € {1,...,n} with i # j, there
is a unitary element w;; in A such that p;;j(u;;) = Iy, then the map ¢ from A
to M, (L(H)) defined by ¢(a) = [pij(a)]};—, is an extreme point in the set of all
unital completely positive linear maps from A to M, (L(H)).
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The following theorem gives a characterization of the extreme points in
CP(A, L(H),I).

Theorem 4.4. Let p € CPL (A, L(H),I) and Py, the projection of H, on
the Hilbert subspace H, generated by {V, ;& ¢ € H, 1 <i < n}. Then p is an
extreme point in CP? (A, L(H),I) if and only if the map T — Pp,T Py, from
®,(A) to L(H,) is injective.

PROOF. First we suppose that p is an extreme point in CPZ (A, L(H),I).
Let T € ®,(A)’ such that Py,TPpy, = 0. Since Py, T* Py, = (Pg,TPp,)" = 0,
we can suppose that T'=T*. From

<Vp*7iT‘/p,j€a77> = <TVP,j€7 Vp;ﬂ]) = <PH0TPH0‘//77J£7 Vp,i77> =0

for all i,5 € {1,...,n} and for all {,n € H, it follows that V3TV, =0 for all
1,7 € {1,...,n}. It is not difficult to check that there are two positive numbers
a and ( such that iIHp <ol + ply, < %IHP. Moreover, 8 € (0,1). Let Ty =
%T + Iy, and To = Iy, — ﬁT. Clearly, T7 and T5 are positive elements in
®,(A)’. Therefore pr, and pr, are completely n-positive linear maps from A to
L(H). Moreover, since

(07

(ory); (1) = V2 ( :

T+ IH;?) Voi = Vpﬁivp,j = pij(1)

and
* @ *
(p13)i; (1) =V, <IHp - 1_5T) Vi =V5iVoi = pij(1)

for all i,5 € {1,...,n}, pry, pr, € CP2(A,L(H),I). A simple calculation shows
that

Bor, + (1 = B)pr, = p.

From this fact, since p is an extreme point, we conclude that pr, = pr, = p and
then by Theorem 3.5, 11 = T> = Iy, whence T' = 0.
Conversely, we suppose that the map T'+—— P, T Pg, from ®,(A)" to L(H,)
is injective. Let §,0 € CPZ (A, L(H),I)and « € (0, 1) such that af+(1—a)o = p.
Then by Theorem 3.5, there is T' € ®,(A)’, 0 < T < Iy, such that af = pr and
SO
= {0 1
0 ifi#j

From

(P, (T — adp,) Pu,V, i€, V,in) = (V5 TV, i€m) — a (V3 V,€m) =0
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foralli,j € {1,...,n} and for all §,n € H, we conclude that Py, (T —aly,)Pu, =0
and so T' = aly,. Consequently § = p. In the same way we obtain o = p.

Therefore p is an extreme point in CPZ% (A, L(H),I). O
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