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Sufficient conditions for starlikeness of order «

By NAILAH M. ALDIHAN (Riyadh) and TEODOR BULBOACA (Cluj-Napoca)

Abstract. In this paper we obtain some sufficient conditions for an analytic func-
tion to be starlike of order «, by using the differential operator recently introduced
by F. Al-Oboudi. For such classes we also give some applications of a result due to
M. Robertson.

1. Introduction and preliminaries

Let H(U) be the space of all analytic functions in the unit
discU={z€C:|z|] <1}. Forn e N={1,2,...} let define the class of functions

Ay ={feHWU): f(2) =z+ap12"""+..., z2€U}.

Let A = A; and let S denotes the subclass of A consisting in those functions that
are univalent in U.
A function f € A is called to be a starlike function of order «, if and only if

2f'(z)
f(2)

Re >a, z€U,

where a < 1. The class of all starlike functions of order « is denoted by S*(«a);
we write S* = 5*(0) and, moreover S*(a) C S for 0 < a < 1.

We mention that the class of all functions f € A, that satisfy the above
inequality is denoted by Sj(«), that is S} (a) = S*(a) N A4,,.

Mathematics Subject Classification: 30C45.
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Recently, F. AL-OBouUDI defined in [Ob04] the differential operator DY :
H(U) — H(U) by
DYf(2) = f(2),

DA f(2) = (1= N f(2) + Azf'(2), (1.1)
X' f(z) =Dy (DY f(2)). (1.2)
If f € A,, then from (1.1) and (1.2) we may easily deduce that
DY f(z)=2z+ Z 1+ (k— DN apz", (1.3)
k=n-+1

where m € No = NU {0} and A > 0. Remark that, for A = 1 we get the operator
introduced by GR. ST. SALAGEAN in [Sal83].

Definition 1.1. Let S™(n, A, ) denotes the class of functions f € A, which
satisfy the condition
DY f(2)
DY f(2)
for some o < 1, A > 0 and m € N.

Re >a, zeU, (1.4)

In order to prove that all the functions of S™(n, A, @) are univalent in U, first
we will show an inclusion and a sharp inclusion relation between these classes.

To prove our main results we will need the next definition and lemmas.

If f,g € H(U) we say that the function f is subordinate to g, or g is su-
perordinate to f, if there exists a function w analytic in U, with w(0) = 0 and
|w(z)| < 1, z € U, such that f(z) = g(w(z)) for all z € U. In such a case we write
1) = g(2).

Remark that, if g is univalent in U, then f(z) < g(z) if and only if f(0) = g(0)
and f(U) € g(U).

The next lemma represents a result concerning the generalized Libera inte-
gral operator introduced by S. D. BERNARDI in [Ber69], which shows that this
operator preserves the starlikeness, the convexity and the close-to-convexity. We
will give now only a part of the original form.

Lemma 1.1 ([LewMiZl76], [Pa79]). If L. : A — A is the integral operator
defined by L.(f) = F, where

c

e =2 [ etan

z

and Rec > 0, then L. (S*) C S*.

The next two lemmas deal with the so called Briot—Bouquet differential sub-
ordinations:
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Lemma 1.2 ([EeMiMoRe83, Theorem 1]). Let 8,7 € C and let h be a
convex function in U with Re[Bh(z) +~] > 0, z € U. If p is analytic in U, with
p(0) = h(0), then

zp'(2)
* Bp(z) +

Lemma 1.3 ([MiMo00, Theorem 3.3¢]). Let 8 > 0, 5+~ > 0 and consider
the integral operator 1g ., defined by

p(2) < h(z) = p(z) < h(z).

1) = |20 [ pretad

If a € [~ %,1) then the order of starlikeness of the class Ig, (Sy(a)), Le. the
largest number § = ,(c; 8,7) such that I5,(S}(a)) C S;(9), is given by the
number 6, (a; 8,v) = inf {Re ¢, (z) : z € U}, where

28(1—c)

R 1 1(1—2) ==
we) =g —g w @1 [ (= PR,

Moreover, if a € [ag, 1), where oy = max {’B%ﬂ_", f%} and g =I5 ~(f) with
f € S (a), then

zg'(2) B+~ gl
Re >6n(a;ﬁ77): —a - Zer
2By (1, 2ﬁ(11 ) Btytn, 1.8 Jé]

n ’ 2

where o Fy represents the hypergeometric function.

Lemma 1.4 ([MiMo87]). Let Q C C, and suppose that the mapping 1 :
C? x U — C satisfies ¥(iz,y;2) ¢ Q for = € U, and for all x,y € R such that
y < —n (14 2?) /2. If the function p(z) = 1+ ¢,2™ + ... is analytic in U and
Y(p(2), 2p'(2);2) € Q for all z € U, then Rep(z) > 0, for all z € U.

For the result presented in the last section, we will need the next lemma
of M. Robertson.

Lemma 1.5 ([Rob61]). Let F': U x [0, +00) — C be an analytic function in
the unit disc U for all 0 < t < 1, with F'(0,t) =0 for all 0 <t < 1. Suppose that
F(-,0) = f €S, and let p > 0 a such number for which it exists

F(Zat) B F(Z,O)

F) =l ——
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If F(z,t) < f(z) for all 0 <t <1, then

F
Re /(Z) <0, zelU.
f'(z)
If in addition, F' is also analytic in the unit disc U and Re F(0) # 0, then
F(z)
Re <0, zelU.
f'(2)

2. Inclusion relations between the S™(n, A, a) subclasses
Theorem 2.1. 1) For all 0 < A <1 and 1 — X < «a < 1, the inclusion
S™H(n, X, a) € S™(n, A, ). (2.1)

holds for all m € N.
2) If0 < A<1and1l—X<a<1, then the inclusion

S™H (n, N\ a) € 8™ (n, A, B(n, A\, a)), (2.2)
where .
5(”4 )‘a a) = — 5
oF (13552, 5 )

is sharp and holds for all m € N.

PrOOF. For the special case A = 0, since DJ'f(z) = f(z), z € U, for all
m € Ny, we have the equality S™*!(n,0,a) = S™(n,0,a), m € N.

Let now consider the case A > 0. If we let

o) — DRIC)

- DY) 9

then p(0) = 1, and the first step of our proof is to show that p € H(U).
According to the definition (1.4), if f € S™*!(n, \,a) then f € A,, and
DY f(2)
DY f(z)

If we denote by H(z) = DY f(z) and using the definitions (1.1) and (1.2), the
inequality (2.4) becomes

Re >a, zeU. (2.4)

zH'(2) - a+Ai-1
H(z) A

Re z e U. (2.5)
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From (1.3) we have H(0) = H'(0) —1 = 0, and combining this with the inequality
(2.5) we obtain that H € S*, whenever 1 — A < a < 1.

Denoting by h(z) = Dy f(z), where m € N, then 2(0) = h/(0) — 1 = 0,
and from (1.1) and (1.2) we get

(1= Nh(2) + Azl (2) = H(2). (2.6)

For A =1 the above differential equation has the solution

h(z) = /OZHt(t)dt,

where H € S*. From the well-known result concerning the Alezander integral
operator we deduce that h is convex in U, so is a univalent function in U.
For 0 < A < 1, the relation (2.6) becomes

h(z) +

zh/(z) =

— (2.7)

where H € S*. It is easy to see that the differential equation (2.7) has the solution

h(z) = }\zil—l/OZH(t) tx2dt = L(H)(z),

where ¢ = % — 1. Since 0 < A < 1, then Rec > 0, and from Lemma 1.1 it follows
that h € §*, so h is a univalent function in U.

From the above results we conclude that & is a univalent function in U with
the single zero 2o =0, i.e. DY""'£(0)=0, (DY ') (0)=1#0 and DY ' f(2) #0
for all z € U = U\ {0}, hence we conclude that the function p defined by (2.3) is
analytic in U.

The inequality (2.4) together with (1.1) and (1.2) shows that

1+ (1—-2a)z

) DIT()

PR FAEY T DEIG)

In the case A > 0, according to Lemma 1.2 for 8 := 1/X and v := 0, and
using the fact that

Re[Bh(z) +7] > + 20,52 € U,

> 2

we deduce that p(z) < h(z), i.e. f € S™(n,\, ).
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To prove the second part of the theorem we will use Lemma 1.3 for the special
case § := 1/X and v := 0. We see that it is necessary to have a € [ap, 1) and

1-A<a<1, where oy = 1r1rlaux{1_2">‘;0}7 hence

1_
"A;l—A;0}=1—A.

1>a2max{

Since the conditions of Lemma 1.3 are satisfied, we obtain the sharp bound

1
oy (1, 20520 e 0y

Rep(z) > 0n(a; B,7) = B(n, N, a) = zeU,

nA > n\ 72
that is f € S™(n, A, B(n, A, @)). O

Considering in the above theorem the special case n = 1, for A = 1 we need
to have that 0 < a < 1. For a = 0, since

B—y—1 B—n
s (21— 2. .
1 ( 2ﬁ aﬁa’y 25
we get 3(1,0,\) = 1/2. Taking in the relation (2.2) of Theorem 2.1 the special

case o = 0 we obtain the next result:

Corollary 2.1. The inclusion

Smt(1,1,0) € S™ (1,1, ;)

is sharp and holds for all m € N.

3. Sufficient conditions for starlikeness

Recently, L1 and Owa [LiOw02] obtained the following result: if f € A

satisfies
W[ ()] 3. e

for some o > 0, then f € S*.

In fact, LEWANDOWSKI, MILLER and ZLOTKIEWICZ in [LewMiZl176] and RA-
MESHA, KUMAR and PADMANABHAN in [RaKuPa95] have proved the next weaker
from of this theorem: if f € A satisfies

2f"(2) (Zf’(Z)
f'z) \ f(z)

—1>‘<p, ze U,
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where p = 2.2443697, then f € S*.

The above result with p = 3/2 and p = 1/6 were earlier proved by L1 and
OwaA in [LiOW98] and OBRADOVIC and RUSCHEWEYH in [ObRu92| respectively.
Also, RAVICHANDRAN, SELVARAJ and RAJALAKSMI in [RaSeRa02] obtained some
sufficient condition for functions in A,, to be starlike of order (3.

We will obtain some other sufficient condition for functions to be starlike of
order «, by using the differential operator DY already defined by (1.1) and (1.2).

Theorem 3.1. Let « > 0, <1, m € N and A\ > 0. If the function f € A,
satisfies

o DRI [, I
g 1) DTG

A
+(s-52). seu

+(1—a)} >a6<ﬁ+n;—1>

then f € S™(n, A\, B).
PROOF. Let define the function p by

_ 1 DYf(z)
p(z) = 1-3 (DT/\If(Z) 5) .

From the assumption it follows p € H(U) with p(z2) =1+ ¢,2" +..., and a

simple computation shows that

DY) _eM1=B)ap'(z) e
Dyf(z)  (=Awa) + 8 S

Hence

DY f(2) aDT“f(z)
DY f(2) | DY f(2)

+ (1 =p8)2af+1—a)p(z) +B(af+1—a)=v(p(2),2p'(2); 2),

—(1—a)| = a(l - B)Ap'(2) + a(l - 5)*p*(2)

where
U(r,sit) = aX(1 = B)s + a(l — B)*r* + (1 — B)(2aB + 1 — a)r?
+6(af+1—a).

For all x,y € R satisfing y < —n (1 + IEQ) /2 we have the inequalities

Red)(iz,y;2) = aA(l = B)y — a(l - 8)°2° + f(af + 1~ a)

20— |20 ) a1 |+ 0B +1 - 0)
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Q{wEC:Rew>aﬁ(5+n2)‘1>+(ﬁ)\;La>}’

then ¥ (p(z), zp'(2); 2) € Q and ¢ (ix,y; 2) ¢ Q, for all z,y € R with
y < —n (1 + x2) /2 and for all z € U, hence by applying Lemma 1.4 we obtain
the required result. (I

If we let

Combining the above result together with the inclusion (2.1) of Theorem 2.1
we get the next corollary:

Corollary 3.1. Let 0 < A< 1, 1-A<a<l,f<landmeN. If fe€ A,
satisfies

[DRAE) [ DEC)
R {ADT‘lf(Z){ Dy 7 ()

>)\aﬁ(ﬁ+n?/\—1>+()\ﬁ—

+1a]+1/\}

Mna
2

—)\+1), ze U,

then f € S*(p), where p = ﬁf(/l\f)‘).
Taking m = 1 in Theorem 3.1, we obtain the following implication:
Corollary 3.2 ([RaSeRa02]). Let a > 0 and 5 < 1. If f € A, satisfies
LY
f(2) f'(2)
then f € S*(5).

+1>} >aﬂ(ﬂ+g—1)+(ﬁ—%), zeU,

If we take in this corollary 8 = a/2 and n = 1, we deduce the next result:

Corollary 3.3 ([LiOw02]). Let 0 < a < 2. If f € A satisfies

[ ()] - e

then f € S* (%)

Now we shall prove another sufficient condition for a function f € A, to be
in the class S™(n, A, ).
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Theorem 3.2. Let A >0, 0 < 3 < 1 and suppose that the numbers
A 2 A 2
a(2"+1ﬂ> and b<2”+ ) (3.1)

satisfy the inequality
(a+0)3* < b(1 —2p). (3.2)

If ty is the positive root of the equation
2a(1 — B)*t* + [3aB% + b(1 — B)*] t + [(r + 2b)3% — (1 — B)*b] =0,

let denote

(1= B)3 (1 +t)? (ato + D)
a B2+ (1= B)*to '
If f € A, satisfies
DY f(2) B DYy f(z) .
(Do 1) (D;”‘lf(Z) 1) <o zeu (33

then f € S™(n, A\, 3), where m € N.

PROOF. Let define the function p € H(U) by
1 D' f(2) )
z) = -p5).
p(2) 1—5<D;”—1f(z) b
With this notation it follows that

DY f(2) 1= (= B)Aap'(z) + [(1 — B)p(z) + B — (1 = B)p(z) + ]

DY f(2) - (1—=B)p(2) + 5 ’

hence

DY f(2) DYfz) )\ _ =Pk -1
( DY f(2) 1) (DTlf(Z) 1) (- P)p(z) + 8

A=Az (2) + (1= B)p(2) + B = [(1 = B)p(2) + B]} = $(p(2), 20 (2); 2).
Now, for all z,y € R satisfying y < —n(1 + 22)/2, we have

_ =820+t
B -p)

+[28(1 - 8) — (1 - PPt} = g(t,y),

[ (iz, y; 2)|* A=Ay = B+ 52— (1 - 6)*)?
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where t = 2% and y < —n(1 +1¢)/2. f A >0 and 0 < 3 < 1, since

dg(t,y) _ 2(1—B)°(1+1) ) )

8y - ﬂ2+(1—5)2t [(l_ﬂ)/\y_ﬂ+ﬂ —(1—ﬂ) t]
_ 2= B) 1+ H)A

= —@Era_pgr WA A-A<0, 120,

then for all y < —n(1 4 t)/2 we have

—n(l+1)

5 )h(t), t>0.

g(t.y) =g <t,

According to the above results, we need to determine the minimum of the function
h:[0,400) = R,

_m3 2
h(t) = m(aﬂrb),

where a and b are defined by (3.1).

, : sy _(B=1)2(141)
With these notations, the derivative h'(t) = RN TEEDE H(t), where

H(t) = 2a(1 — B)*t* + [3aB8% + b(1 — B)*] t + [(a + 2b)3% — t(1 — 3)%}] .

We have that h’'(—1) = 0 and the other two roots of h'(t) = 0 are given by
H(t) =0, ie.

2a(1 — B)*t* + [3aB* + b(1 — B)*] t + [(a + 2b)3* — (1 — B)?b] = 0.

If we denote the discriminant of H by D((, An), then

pioon (o3 |(-3) -5

R(B,An) = 4(An — 8)3° + 4(TAn + 16)3 — (9A*n> + 32An + 32) .
First we see that

(-1) [(o-3)- 2

Since for all 8 € [0,1) and An > 0 we have

R(5, An), (3.4)

where

<0, for B€[0,1), A>0, neN. (3.5)

R(B,\n) = —9\*n? + 4(B + 8)(B — 1)An — 32(B — 1)* <0,
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if we combine this inequality together with (3.5), from (3.4) it follows that
D(B,An) > 0 for all An > 0 and 8 € [0,1), so the roots of H are real. If
the roots of H are denoted by ty and ¢1, then from the assumption (3.2) we have
tot1 > 0, hence the equation h’(t) = 0 has one positive root tg.

From the fact that h'(t) < 0 for ¢ € [0,¢] and A/(¢) > 0 for ¢ > g, we get
that h(t) > h(to) for all t > 0, and it follows that

(i, y; 2)|* > R (to),

for all z,y € R such that y < —n (1 —1—3:2) /2 and z € U.

If we define the set Q = {w € C: |w| < p}, then ¥ (p(2), zp'(2);2) € Q and
Y(ix,y;2) ¢ Q for all z,y € R with y < —n (1 + 932) /2 and for all z € U, hence
by applying Lemma 1.4 we obtain our result. O

Remarks 3.1. 1. For the special m = 1 and A = 1, the result was studied in
[RaSeRa02].

2. For the special case n =1, =0, m =1 and A = 1, we may easily obtain
to = (v/73 — 1)/36 and therefore we have the following result from [LiOw02]: if

f € A satisfies
2f"(z) (Zf'(Z)
f'(z) \ f(2)

82747373 *
— 988 then f € S .

—1>‘<p, z €U,

where p =

4. Some applications of a result of M. Robertson

Now, by using Lemma 1.5, we will obtain a sufficient condition such that a
function f € A belongs to S™(1, A, p).

Theorem 4.1. Let a < 1, A > 0 and m € N. Let f € A, and suppose that
the next two relations hold for all 0 <t < 1:

1

9(z) = T-a (DY f(z) —aDy ' f(2)] €8,

and
1

G(z,t) = 1o [(1 —t) DV f(2) — (1 — t2) DT‘lf(z)} < g(2).

Then f € S™(1, A\, p(A\,a,m)), where p(A,a,m) = a+1— X+ p(\, a,m) and

m—+1 P
w(A, a,m) —inf{a()\—l)ReDD)‘TfJ(cz()) :ZEU}. (4.1)
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PROOF. It is easy to see that

.. G(zt) - G(2,0)  —DYf(2)
Glz) = tli%l+ zt S i )z

and 1
m m— /
g(2) = = |(DFF(2)) —a (DF7H(2) ]
Furthermore, it follows that G € H(U) and ReG(0) = —1/(1 — a) # 0.
Consequently, by using Lemma 1.5 for the special case p = 1, together with

the definitions (1.1) and (1.2), we obtain

9'(2) { DY f(2) DTHf(Z)}
Re =Rela+1-A+a(A-1 — <0, zel,

G2) C=DDrre DG

and multiplying by A > 0 we get
D Lf(2) DYV f(z)
Re—=2 2/ >a+1-A+al—1 Re’\i, z e U.
DY) S 6

If (A, a,m) is given by (4.1), the above inequality shows that
feS8™(1, A p(\, a,m)), which completes the proof of the theorem. a

Remark 4.1. If we take in the above theorem A = 1 we have the result of
Owa, OBRADOVIC and LEE from [OwObLe86], while for A = 1 and m = 0 we
have the result of OBRADOVIC obtained in [Ob83].

Theorem 4.2. Let A >0, a <1 and m € Ny. If the function f € S™*!(n,\,«a),
then
Dy f(2)]° nA
z ] >25(1—a)—|—n/\’

whenever 0 < 25(1 — a) < An. (The power in (4.2) is the principal one)

Re [ zeU, (4.2)

PROOF. If f € S™1(n,\, a), according to the definition (1.4) and using
(1.1) and (1.2), we have

2 (DY f(2))
1—X+ARe W

It follows that DY f(2) # 0 for all z € U = U\ {0}, and combining this together
with (1.3) we deduce that

>a, zeU.

DY f(2)
z

#0, zel.
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Let now define the function p by

m B
LB e+ (1.3
where ) N
SR ey SRR (44)

whenever 0 < 26(1 — ) < An, A > 0 and a < 1. Then p € H(U) with p(0) =1,
and differentiating logarithmically both sides of (4.3) we obtain

Dt Azp'
SO N CUC RN
D>\ f(Z) ﬂ[p(2)+ 1_#]
Using the fact f € S™*1(n, \, ), this above relation shows that
Azp'(z)

em+l—a>07 ze U, (45)

and if define the function 1 : C?> x U — C by

AV
B(u+ ﬁ)

then (4.5) may be rewritten as Rev(p(z), zp'(2);2) > 0, z € U.

From (4.6) it follows that ¢ is continuous on the domain
D= (C\ (- ﬁ)) x Cx U, (1,0;2) € D and Rey(1,0;2) =1 —a > 0, for all
z € U. Moreover, for all (iz,y; z) € D such that z,y e Rand y < —n (1 + 56‘2) /2,

a simple calculus combined with (4.4) shows that

P(u,v;2) = +1-—a, (4.6)

2
Rein, i) < —5 - 2
provided 0 < 26(1 —«a) < An, A >0 and a < 1.
Consequently, the function 1 satisfies the conditions of Lemma 1.4 with

Q= {w e C:Rew > 0}, and thus we deduce

st+1—-a<0, z2€Tl,

Rep(z) >0, zeU.

This inequality together with the relation (4.3) implies (4.2), and the proof is
complete. (I

Remark 4.2. Taking in this theorem A = 1 and n = 1 we obtain the result
of Owa, OBRADOVIC and LEE from [OwODbLe86], and letting A = 1, m = 0 and
n =1 we obtain the result of OBRADOVIC [Ob83].
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