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A new characterization of the reduced minimum modulus
of an operator on Banach spaces

By YIFENG XUE (Shanghai)

Abstract. Let X, Y be Banach spaces and let B(X,Y") (resp. C(X,Y’)) denote
the set of all bounded (resp. nonzero densely defined and closed) linear operators T
from X (resp. ®(T")) to Y. We prove that the reduced minimum modulus (7T of
T € O(X,Y) is inf{||A|| | Ker T G Ker(T + A), A € B(X,Y)}. Using this result, we
give various estimates of the upper bound of |y(T + A) — y(T")| for any T € C(X,Y)
and A € B(X,Y).

1. Introduction

Throughout this paper, (X, -||), (Y, -||) denote Banach spaces over C and
B(X,Y) is the Banach space of all bounded linear operators from X to Y. Put
X* = B(X,C). Let C(X,Y) be the set of all nonzero closed linear operators
T from D(T) to Y with ©(T') dense in X. According to [11], for T € C(X,Y)
the null space KerT of T is a closed subspace of X and the reduced minimum
modulus y(T") of T is given by

~(T) = inf{||Tx| | dist(z,KerT) =1, z € D(T)}. (1.1)
Let T' € B(X,Y); the adjoint operator T™* defined by

(T"y*)(z) =y*(Tx), VxelX, y"eYr
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isin B(Y*, X*) with |T|| = ||T*||. I T € C(X,Y), then there is a unique closed
operator T* from D (T™*) C Y* to X* such that (T*y*)(z) = y*(Tz), Vx € D(T),
y* € D(T*). We have that Ran(T) = {Tx | x € D(T)} is closed iff v(T') > 0 and
~(T*) = ~(T). From (1.1), we have

ITz|| > ~(T)dist(z,Ker T), VT € C(X,Y) and z € D(T). (1.2)

The reduced minimum modulus of an operator on Banach spaces plays a very
important role in the study not only of the spectral properties of operators but also
of the generalized inverses of bounded linear operators and in the perturbation
analysis of the solutions of operator equations in Banach spaces. For example, if
T € B(X) = B(X, X) and 0 is in the boundary of o(T"), then Tim,, _ooy(T™)% > 0
implies that 0 is isolated in o(T) (cf. [14]). Furthermore, if T" is a Fredholm
operator on X with 0 in its generalized resolvent set, then

. i 1 _
nlLII;o’y(T ) :5up{T(L) ‘ TLT—T}, (1.3)
where r(L) is the spectral radius of L. When X is a Hilbert space, (1.3) is
true even without the condition of Fredholmness for T' ([3], [4]). Some other
applications of the reduced minimum modulus can be seen in [5], [6], [7], [8], [12],
[15], [16].
Let M, N be two subspaces of X. Put

sup{dist(xz, N) | z € M, |z|| =1} M # {0}

S(M,N) = { .
0 M = {0}

Let V(X) denote the set of all closed linear subspaces of X. For M, N € V(X),
set gap(M, N) = max{6(M,N), 6(N,M)}. gap(M, N) is called the gap between
the subspaces M and N (cf. [11]).

n [13], A. MARKUS showed that if S,7 € B(X) with Ran(S) and Ran(T")

closed, then
3|5 =T

— <
"Y(S) ’Y(T)| -1 - 2gap(KeI‘ S, Ker T)’
< 315 T
- 1- anp(Ran(S), RaH(T))

1
gap(Ker S,KerT) < 3

[v(S) = ~(T) gap(Ran(5), Ran(T)) <

Do =

(cf. [12, Lemma 3.4]). These inequalities may be the earliest estimate pertaining
to the reduced minimum moduli of operators. Of much later date is an alternate
form of the estimate |y(S) — v(T)| given by

[7(8) = (1) < max{(5),~7(T)} gap(Ker S, Ker T) + || = T'| (1.4)
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in case X, Y are Hilbert spaces and S,T € B(X,Y) (cf. [2] or [5, Lemma 2.3]).
If X, Y are Banach spaces and S,T € B(X,Y), the above is rewritten as

[7(8) = y(T)] < 2max{y(5),y(T)} gap(Ker S, Ker T') + |5 — T|
(cf. [18]).

In this paper, we first give two new characterizations of the reduced minimum
modulus of a closed operator. These two results improve [6, Theorem 2.3] and
lead us to define a reduced minimum modulus of a nonzero element in a unital
C*-algebra (see [17]). Then we give some estimates of the bounded operator
perturbation of the reduced minimum modulus of a closed operator. Finally, we
discuss the continuity of the reduced minimum modulus.

2. Some equivalent descriptions of the reduced minimum modulus

We begin with four lemmas.

Lemma 2.1. Let M,N € V(X). Then we have
(1) 6(M,N)=0if M C N;
(2) 6(M,N) < 1 implies that dim M < dim N;
(3) If NG M, then 6(M,N) = 1.

PROOF. From the definition of 4(-,-), we can get (1); (2) comes from [11,
Corollary IV.2.6] and (3) is [11, Lemma IIT.1.12]. O

Lemma 2.2 ([9, Lemma 3.2]). Let M, N be two subspaces of X. Then
§(M,N) = 6(N, M), where M (resp. N) represents the closure of M (resp. N ).

Lemma 2.3. Let T € C(X,Y) and A € B(X,Y). Then
AT)6(Ker(T + A), KerT) < | Al, +(T)§(Ran(T), Ran(T + A)) < |||

PROOF. The proof of the statement is the same as in [7, Lemma 2.3]. (]
Lemma 2.4. Let T € C(X,Y). Then there is a sequence of operators
{A,} C B(X,Y) such that
(1) KerT G Ker(T + A,), Ran(T + A,) C Ran(T), Vn > 1;
(2) limy oo [|An[| = ().
Moreover, if Ran(T) is closed, then Ran(T + A,,) # Ran(T'), Vn > 1.
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PRrROOF. By (1.1), we can find {z,,} C ©(T) such that
nh—>H;o ITx,|| =~4(T) and dist(z,,KerT) =1, Vn > 1.
Thus there is a sequence {f,} C X* with || f,| =1 and
frulzy) =dist(z,,KerT) =1, f,(z)=0, Ve € KerT, Vn>1.

Put Apz = —(Txzy,) fn(z), Vo € X. Then A4, € B(X,Y), lim,—. [|4n] = v(T)
and
KerT C Ker(T + A,,), Ran(T 4+ A,) C Ran(T), Vn > 1.

Noting that x,, € Ker(T + A,) and z,, ¢ Ker T, we have KerT' & Ker(T + A,),
¥n > 1. This proves (1) and (2).

Now suppose that Ran(T) is closed. Let {z,}, {f.} and {A,} be as above.
Define linear functionals g, on Ran(T) by g,(Tz) = fn(z), x € D(T), n > 1. g,
is well-defined since f,(xz) = 0, Va € KerT. Moreover, for any z € D(T), any
z € KerT and Vn > 1, we have |g,(Tz)| = | fn(z — 2)| < ||fullllz — 2||. Thus

1

n(Tx)| < dist(z, KerT) <
() < dist(a. Ker T) < o

[T|

by (1.2), i.e., gy is bounded on Ran(7T) and hence by the Hahn-Banach theorem,
there is {g, }7° C Y* such that

gn(y) = gn(y), Vy € Ran(T) and ||g,| < %

for any n> 1. Since ¢,,(T+A,)z) =0,V € D(T) = D(T+A,) and ¢, (Tx,) =1,
we conclude that Ran(T + A,,) G Ran(T), Vn > 1. O

Let T € C(X,Y) and set

M, (T) = {A € B(X,Y) | Ran(T + A) C Ran(T), Ker T S Ker(T + A)},

My(T) ={A e B(X,Y)|Ran(T' + A) G Ran(T), KerT C Ker(T + A)}.
We now present our main result as follows:

Theorem 2.5. Let T € B(X,Y) and M;(T), M2(T') be as above. Then
AT) = it { | All| A€ My (T)}

{ 1Al
O0(Ker(T + A),Ker T')

— inf{ | A|| | KerT S Ker(T + A), A€ B(X,Y)}.

= inf

Ker(T + A) ¢ Ker T, A € B(X, Y)}
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In addition, if Ran(T) is closed, then

V(T) = inf{ [|A]| | A € Ma(T) }
e 41
0(Ran(T),Ran(T + A

— inf{ ||A|| | Ran(T + 4) S Ran(T), A € B(X,Y)}.

3 ‘ Ran(T) ¢ Ran(T + A), A € B(X, Y)}

PROOF. Set
Si1(T)={Ae B(X,Y)|Ker(T+ A) € KerT},
So(T) ={A € B(X,Y) | Ran(T) € Ran(T + A)},
S3(T) ={A € B(X,Y)|KerT G Ker(T + A)},
S4(T) = {A e B(X,Y) | Ran(T + A) G Ran(T)}.

Clearly, M1(T) C S3(T) C S1(T), M(T) C S4(T) C S3(T). By Lemma 2.1 (3),
d(Ker(T+ A),KerT) =1 when A € My(T) or A € S3(T); by Lemma 2.1 (3) and
Lemma 2.2, §(Ran(T),Ran(T + A)) = 1 when A € My(T) or A € Sy(T). Thus
we have by Lemma 2.3,

V(T) < inf { 6(Ran(T),”1;i4a|L|n(T +A) Ae SQ(T)}
< inf{[|A[| | A € Su(T)} < inf{[|A]| | A € Mx(T)} (2.1)
and
(T) < inf { 5(Ker(T —|+|-A14|1|),Ker 79 Ae Sl(T)}
< inf{[|A| | A € S3(T)} < inf{||A| | A€ M (T)} (2.2)

On the other hand, by Lemma 2.4, there is a sequence of operators {A,} C
B(X,Y) such that lim,, . [|A,| = ¥(T) and Ran(T + A,) C Ran(T), Ker T &
Ker(T + A,), n > 1 and moreover, Ran(T + A,) G Ran(T') if Ran(T') is closed.
Since {A,}5° € M1(T) and {A,}5° C Mo(T) if Ran(T) is closed, it follows that

inf{[|A[| | A € My(T)} < ~(T), (2.3)
inf{||A]| | A € My(T)} <~(T) (when Ran(T) is closed). (2.4)

Therefore, combining (2.1) with (2.4) and (2.2) with (2.3), we get the results. O
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Corollary 2.6. Let T € C(X,Y)
(1) IfdimKerT < oo, then

v(T) = inf{||A]] | dimKer(T' + A) > dimKerT, A € B(X,Y)};
(2) If dimRan(T) < oo, then
v(T) = inf{||A|| | dim Ran(7T") > dimRan(T + A), A € B(X,Y)}.
(3) If codim Ran(T) < oo, then
¥(T) = inf{||A]| | codimRan(T + A) > codimRan(T), A € B(X,Y)}.

PRrOOF. (1) Let A € B(X,Y) with dimKer(T + A) > dimKerT. Then by
Lemma 2.1 (2), §(Ker(T'+ A),Ker T') = 1. Noting that

M(T) c{A € B(X,Y) | dimKer(T + A) > dimKer T} C S1(T),
we obtain that by Theorem 2.5,
~(T) < inf{||A] | dimKer(T + A) > dimKerT, A € B(X,Y)} <~(T),

ie., v(T) =inf{||A] | dimKer(T' + A) > dimKerT, A € B(X,Y)}.
(2) The proof is similar to the proof of (1).

(3) codimT < oo implies that Ran(T') is closed. Let A € B(X,Y) with
codimT < codim(7T + A). Since

codim(T + A) = dimKer(T' + A)* and codim7 = dim Ker T*
by [11, Theorem IV. 5.13], it follows from Corollary 2.6 (1) that
Y(T) =~(T7) < || A7 = || Al (2.5)

Now, for any € > 0 we can choose B € B(X,Y) with Ran(T + B) & Ran(T')
such that v(T') > ||B|| — € by Theorem 2.5. From

KerT* = Ran(T)* = {f € Y* | f(y) =0, Yy € Ran(T)},
Ker(T'+ B)* = Ran(T + B)*, Ran(T + B) G Ran(T)

we deduce that Ker 7% & Ker(T + B)*. Thus, codimT < codim(T + B). This
means that

{||A|l | codim(T + A) > codim T} < ||B|| < 4(T) + e. (2.6)

Combining (2.5) with (2.6), we can obtain the assertion. O
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Corollary 2.7. Let G(X) denote the set of all invertible operators in B(X).
Then dist(T, B(X)\G(X)) = |[T7||7%, VT € G(X).

PROOF. If there is A € B(X) such that, |T — A < ||T71||7}, then
|1 —T71A|| <1 so that A € G(X). This indicates that dist(T, B(X)\G(X)) >
T,

Now, for every € > 0 we can find S € B(X) such that Ker S # {0} and

IT=HI™H = A(T) > IT = S|l — e
by Theorem 2.5. Since S € B(X)\G(X), we have
17717 < dist(T, BX\G(X)) < [T~ 7" +e.

The assertion follows. O

3. The perturbation analysis of the reduced minimum modulus

Let T € C(X,Y) and A € B(X,Y). In this section, we will consider the
relationship between (T + A) and (7) and then discuss the continuity of the
functional T +— ~(T) on C(X,Y).

Lemma 3.1. ([11, Lemma IV.2.2]) Let X be a Banach space and V1, V5, V3 €
V(X). Then

6(‘/17 ‘/:3) - 6(‘/25 V3)
1+6(Ve,V3) 7

0(Vi,V3) —6(Vh, V)

S(Vi, Vo) >
(1, V2) 2 1+06(Vi, Va)

5(V27 V:i) Z

Proposition 3.2. T € C(X,Y) and A € B(X,Y). Then

1 —0(KerT,Ker(T + A))

T+ A >~(T — |A]l; 1
V(T +4) 2 )1 + d(Ker T, Ker(T + A)) A1) (3:1)
in addition, if Ran(T + A) is closed, then
1—90(Ran(T + A), Ran(T
AT+ A) 2 A1) T D BED) 4. 32)

14 6(Ran(T + A),Ran(T"))

PrOOF. By Theorem 2.5, there is a sequence of operators {B,,} C S3(T'+ A)
(or {B,} C S4(T + A) when Ran(T + A) is closed) such that lim, . || Bn| =
(T + A). Consequently, §(Ker(T + A+ B,,),Ker(T' + A)) =1 (or §(Ran(T + A),
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Ran(T + A+ By,)) = 1 when Ran(T + A) is closed), n =1,2,.... It follows from
Lemma 2.3 and Lemma 3.1 that

[All +1|Bull = [[Bn + Al =2 7(T)é(Ker(T + A+ By), Ker T)

S d(Ker(T + A+ By,),Ker(T + A) — §(Ker T, Ker(T + A))
- 1+ 6(Ker T, Ker(T + A)) ’

n > 1. Letting n — oo, we obtain the (3.1).
When Ran(T + A) is closed we have, also by Lemma 2.3 and Lemma 3.1,
[AIl+ 1 Bull = [[Bn + All = 7(T)6(Ran(T), Ran(T + A + B))

- d(Ran(T + A),Ran(T + A+ B,,)) — 6(Ran(T + A),Ran(T))
- 14 0(Ran(T + A),Ran(T")) ’

n > 1. Now let n — oo, and we get the inequality (3.2). O

Proposition 3.3. Let T € C(X,Y) and A € B(X,Y). Ifone of the following
conditions is satisfied, then |y(T + A) — ~v(T)| < ||A]|-
(1) dimKer(T'+ A) = dimKer T' < oo;
(2) dimRan(T + A) = dim Ran(T") < oo;
(3) codim(T + A) = codim T < oo.

PROOF. For any € > 0, there is C' € B(X,Y) such that

dimKer(T' + A) = dimKerT < dimKer(T+ A+ C), v(T+ A) > ||C| — ¢
by Corollary 2.6. Thus, by using Corollary 2.6 again, we have
VT) < [[A+C <A + |C| <~ (T + A) + [|All + .

Then v(T) —~v(T+ A) < ||A|| as € — 0. Similarly, we have v(T'+ A) —~v(T) < || 4]l.
So [Y(T + A) —~(T)| < [[A]l.

Similarly, we can obtain the result when T and T + A satisfy (2) or (3). O

The following corollary presents two estimates of the perturbation of () in
the general case.

Corollary 3.4. Let T € C(X,Y) and A € B(X,Y). Then

V(T +A) =~(T)]
2 gap(Ker T, Ker(T + A))

< max{y(T + A),~(T)} 1 + gap(Ker T, Ker(T + A))

+ 4. (3.3)
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If gap(Ker T, Ker(T + A)) < 1, then
4[| All

T+ 4) =T < 7= cap(Ker T Ker(T T A))" (3.4)
If Ran(T) and Ran(T + A) are both closed, then
V(T + A) —~(T)|
< max{y(T + A), ()} EPRT@) RanT £ )y - (35)

1+ gap(Ran(T),Ran(T + A))

If Ran(T) and Ran(T+ A) are both closed and gap(Ran(T),Ran(T+ A)) < 1,

then
4114l

= 1 — gap(Ran(T'), Ran(T + A))

V(T + A) =~(T) (3.6)

PrOOF. By (3.1),

26(Ker T, Ker(T + A))
14+ 6(KerT,Ker(T + A))
2 gap(Ker T, Ker(T + A))
1+ gap(Ker T, Ker(T + A))

Y(T) = ~(T + A) <~(T) + (1Al

<~(T)

+ [l A]-

Interchanging 7" and T+ A in the above inequality, we get
2 gap(Ker T, Ker(T + A))

— < Al
VT +A) =(T) <o(T+4) 1+ gap(Ker T, Ker(T + A)) +l4l
Thus we have (3.3).
By (3.1) we have
1—0(Ker(T + A),KerT)
> - .
V(1) 2 ’Y(T+A)1 + d(Ker(T + A),Ker T) 14l
Thus, by Lemma 2.3,
)+ ||A|H)(A + 0(Ker(T + A), Ker T
Pt A) (1) <O LA+ 6(Rer(T + A KerT)

1—0(Ker(T + A),KerT)
AllA] < 4llA]
“1-0Ker(T+ A),KerT) — 1 — gap(Ker T, Ker(T + A))’

Similarly, we also have

Al A
_ < :

So we get (3.4).
The remaining proofs are similar. O
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Remark 3.5. The author proved in [5] that
Y(T) > ~(S)[1 —6(Ker S,KerT)|— ||IS—T|, S, Te€B(X,Y)
when X, Y are Hilbert spaces. From this inequality we can deduce (1.4) and

2|5 T
gap(Ker S, KerT)

[7(S) —(T)] < 1= , gap(Ker S, KerT) < 1.

Finally, we discuss the behavior of lim, ., v(T + 4,) for T € C(X,Y) and
{4,} C B(X,Y) with lim,_, |[|4,] = 0.

Lemma 3.6. Let X, Y be Banach spaces.

(1) For given v > 0, the set {T € B(X,Y) | v(T) > a} is norm—closed in
B(X,Y);

(2) Assume that X, Y are reflexive. Let T € C(X,Y) and {A,} C B(X,Y) with
lim, o ||An|| = 0. If v = inf,,>1 v(T' + A,) > 0, then v(T) > .

PrOOF. (1) is Lemma 1.9 of [1]. We now prove (2).
We have by (1.2)

(T + An)x| > vydist(z,Ker(T + A,,)), VaxeD(T), n>1. (3.7
Since X is reflexive, we can pick z, € Ker(T + A,) such that ||z — z,|| =
dist(z, Ker(T' + A,,)). Then there exists a subsequence {z,, } of {z,} and z € X
such that z,, — z. Consequently, ||z — z|| < limz—— ||z — 2y, ||. Noting that
lerr;O lAn,2nell = 0, Tzn, = —Ap,2n,, k>1and

kh—{go f(znk) - f(ZO)’ Ve Ran(T*),

we have f(z) = 0, Vf € Ran(T*). Since X, Y are reflexive and T is densely
defined and closed, it follows from [11, Problem III.5.27, Theorem III.5.29] that
z € KerT. Therefore we deduce from (3.7) that

T 2 5 lim Jlo = 2, | 2 7 }a = 2] = ydist(z, Ker T), = € D(T),

which implies v(T') > . O

Corollary 3.7. Let X, Y be Banach spaces, T € C(X,Y) and
{A,} C B(X,Y).
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(1) If ¥(T) >0 and Ker T'={0} or Ran(T) =Y, then lim,, oo (T + 4,,) = v(T);
(2) Let X, Y be reflexive. If v(T) = 0, then lim,_,o, (T + A,) = 0;

(3) If Ran(T) is closed and KerT # {0}, Ran(T) # Y, then there is {B,} C
B(X,Y) with lim,_, ||Bn| = 0 such that lim,,_,.. y(T + B,) = 0.

PROOF. (1) Let n be large enough so that ||A,| < (7). Then Ker T = {0}
indicates that Ker(T+ A4,,) = {0}. Thus, by Proposition 3.3, |y(T+ A,) —v(T)| <
[ An-

If Ran(T') =Y, then Ker T = {0} and v(T™*) = 4(T") > 0. By applying the
above argument to (T'+ A,)* and T*, we also have

V(T + An) = (D) = W(T + An)*) = (T < [|AL] = [[An]l-

(2) If limy, 00 (T + A,,) # 0, then there exist an g > 0 and a subsequence
V(T +A,,)} of {v(T+A,)} such that v(T'+ A,,,) > €p, Vk > 1. Thus y(T) > ¢
by Lemma 3.6 (2), which contradicts the assumption v(7") = 0.

(3) Pick zg € Ker T with ||zo|| = 1 and yo € Y\ Ran(T) with ||yo|| = 1. Let
xy € X* such that ||z§|| = x(z0) = 1 and put B, (z) = n~lzf(x) yo, V2 € X,
n > 1. Then Ker(T + B,) = Ker T'NKer B, and Ker(T'+ B,,) & Ker T, Vn > 1.
So, by Theorem 2.5, v(T + B,,) < || — By|| = n~! hence lim,, .o (T + B,) =
0 #~(T).

Combining Lemma 2.3, and Theorem 2.5 with Lemma 3.6 (1), we have

Corollary 3.8. Let {T,,} C B(X,Y) and T € B(X,Y) with nlLrI;O |T,—T=0.
(1) If inf,>1 v(Ty) > 0, then v(T) > 0 and lim,, .o ¥(T7,) = v(T);

(2) If (T) > 0 and ¥(T,,) > 0, Vn > 1, then lim, oo v(Ty,) = ~(T) iff

inf,,>1 v(T}) > 0.

Remark 3.9. (1) Harte and Mbekhta proved that if T € B(X,Y") with Ran(T")
closed satisfies the condition: KerT = {0} or Ran(7T") =Y, then () is continuous
at T; if T satisfies condition KerT # {0} and Ran(T') # Y, then ~(-) is discon-
tinuous at 7' ([10, Theorem 9]). By Lemma 3.6 (1), if T' € B(X,Y’) is such that
Ran(T) is not closed, then «(-) is continuous at T'. All this proves the continuity
of v(+) on B(X,Y).

(2) Let X, Y be Hilbert spaces and let {T,,} C B(X,Y) and T' € B(X,Y)
with Ran(T") and Ran(T;,) closed, n > 1. Assume that lim, ., |7, — T|| = 0.
Then Corollary 3.8 (2) can be rewritten as

O

lim y(T,,) =~+(T) iff H;fl ~v(T,) >0 and

Ran(7,) NRan(T)* = {0} iff KerT NKerT+ = {0}
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for n large enough (cf. [5]).
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