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Embeddable probability measures and infinitesimal systems
of probability measures on a Moore Lie group

By MICHAEL S. BINGHAM (Hull) and GYULA PAP (Debrecen)

Abstract. We show that, under natural conditions, a sequence of Poisson mea-
sures, close to the row products of the accompanying Poisson system of an infinitesimal
system of probability measures on a Moore Lie group, converges to an embeddable
probability measure.

1. Introduction

The central limit problem on a Lie group G can be formulated as follows.
There is given a system {pne :n € N, £ = 1,...,k,} of probability measures
on G satisfying the infinitesimality condition

122§nun’é(G\N) —0 asn— oo

valid for all Borel neighbourhoods IV of the identity e of G. There is also given a
probability measure p on G. One searches for necessary and sufficient conditions
on the system so that weak convergence

Hna * ¥ n g, — 1

holds.
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Although the functional version of this problem has already been solved (see
FEINSILVER [1], PAp [6]), the above non-functional version is still open. There
are only some partial results due to PARTHASARATHY [7] and to HEYER [3].

In this paper we consider the above problem on a Moore Lie group, that is, on
a Lie group such that all of its irreducible representations are finite dimensional.
(For example, each compact Lie group is a Moore Lie group.) First we show that
under some conditions convergence of row products of an infinitesimal system is
equivalent to convergence of row products of the accompanying Poisson system,
and in case of convergence the limits coincide. Then we prove that under the
natural conditions a sequence of Poisson measures, close to the row products
of the accompanying Poisson system, converges to an embeddable probability
measure. The missing link is to show that under the same natural conditions
the row products of the accompanying Poisson system converges to the same
embeddable limit measure (see Remarks 7.2 and 7.4).

2. Preliminaries

Let G be a Moore Lie group of dimension d, that is, a Lie group of dimension d
such that all of its irreducible representations are finite dimensional. By A (e) we
denote the system of all Borel neighbourhoods of the identity e in G. The Lie
algebra of G will be denoted by £(G). Let exps : £(G) — G be the exponential
mapping. By €(G) we denote the space of real-valued continuous functions on G
furnished with the supremum norm ||-||. By ®(G) we denote the space of infinitely
differentiable real-valued functions with compact support on G.

If f € €(G) is continuously differentiable in some neighbourhood of a y € G
then for every D € £(G) there exists the left derivative of f in y with respect
to D defined by

Df(y) = lim flexpg(tD)y) — fly)
t—0 t
Let {D1,...,Dg4} be a basis of £(G). Let z1,...,24 € D(G) be a system of
skew-symmetric canonical local coordinates of the first kind adapted to the basis
{D,..., D4} and valid in a compact neighbourhood Ny € N (e); i.e.,

d
Y = eXPe (Z xl(y)DZ> for all y € Ny,
i=1

the mapping (z1,...,24) : No — R? is injective, and z;(y~!) = —ax;(y) for
t=1,...,d. Let ¢ : G — [0,1] be a Hunt function for G; i.e., 1 — ¢ € D(G),
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p(y) >0 for all y € G\ {e}, and

d
p(y) = wi(y)® forallye No.
=1

Let M (G) denote the semigroup of probability measures on G. For every z € G,
e, denotes the Dirac measure in z.

Let 9t (G) denote the set of positive measures on G. A measure 77 € M (G)
is said to be a Lévy measure on G if n({e}) = 0 and [, o(y) n(dy) < oco.

Let P(G) be the set of triplets (a, B,n), where a € R?, B € R4 is a
symmetric positive semidefinite matrix, and 7 is a Lévy measure on G.

A family (pt)i>0 in 9MY(G) is called a continuous convolution semigroup if
Msx iy = psye for all s,¢ > 0, po = € and limy o iy = po. Its generating functional
(A, A) is defined by

A= {reee | am =t ([ swmtan - o) exss).

tlo t

We have D(G) C A, and there is a uniquely determined triplet (a, B,n) € P(G)
such that on ©(G) the functional A admits the canonical decomposition (Lévy—
Khinchine formula)

d d
AG) = D a(Dif)(e) + 5 O big(DiD; f)(e)

i=1 i,j=1

(2.1)
d
+/ (f(y) = fle) - in(y)(Dif)(6)> n(dy),
G i=1
where a = (a1, ...,aq) and B=(b; ;)1<i j<dq. Moreover, for each triplet (a, B,n) €

P(G) there exists a uniquely determined continuous convolution semigroup
(pt)i>0 in IM(G) such that (2.1) holds for all f € D(G). (See, e.g., HEYER
[5, 4.2.8 Theorem].)

3. Unitary representations

A unitary representation of G is a homomorphism U from G into the group
U(H(U)) of unitary operators on a complex Hilbert space H(U) such that the
mapping = — U(z)u from G into H(U) is continuous for all v € H(U). The
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set of all unitary representations of G will be denoted by Rep(G). A represen-
tation U € Rep(G) is said to be irreducible if there exists no nontrivial closed
U-invariant subspace of H(U). Since G is a Moore group, the set Irr(G) of ir-
reducible representations of G contains only finite dimensional representations.
For U € Irr(G) let dim(U) denote the dimension of the representation space
H(U). Then H(U) and U(H(U)) can be identified with CH™U) and with the
unitary group U (dim(U)) consisting of the unitary matrices in CIm(U)xdim(U)
respectively.
The Fourier transform [i of a bounded measure p on G is given by

@V)) = [ We)u.o) )
whenever U € Rep(G), u,v € H(U). Clearly, for given U € Rep(G), u(U)
belongs to the space L(H(U)) of bounded linear operators on H(U), and one has
[IZ(U)|| <1 whenever u is a probability measure on G. If U € Irr(G) then

nU) :/ Ul(z) p(dx) € ClmU)xdim(U),
G

Moreover, the mapping u — 7 from MM (G) into the set of mappings Rep(G) —
U{L(H(U)) : U € Rep(G)} is injective (even on Irr(G)), linear, multiplicative in
the sense that (p1 * u2)(U) = a1 (U)a2(U) for all U € Rep(G), and sequentially
bicontinuous in the sense of the following equivalences expressed for sequences
(fn)n>0 of measures in M (G):

(i) pn — Ho-

(i) (fn(U)u,v) — (io(U)u,v) for all U € Irr(G), u,v € H(U).

(iil) fn (U)u — fio(U)u for all U € Irr(G), v € H(U).

(iv) fn(U) = 1io(U) for all U € Irr(G).
(For the proof of the equivalence of (i)—(iii) see, for example, SIEBERT [8]. The
equivalence of (iii) and (iv) follows from the assumption that G is a Moore group,
so each irreducible representation is finite dimensional. See also HEYER [5, The-
orem 1.4.5].)

Let D € £(G) and U € Irr(G). Then the mapping ¢t — U(exps(tD)) is a
continuous homomorphism from the (real) Lie group R into the (complex) Lie
group U(dim(U)); hence ¢t — Ul(exp(tD)) is infinitely differentiable (see, e.g.,
VARADARAJAN [11, pp. 92-94]). Consequently the limit

D(U) := lim U(eXpG(ﬂt))) —Ule) € Cdim(U) xdim(U)
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exists. Moreover, D(U) is a skew-Hermitian matrix. Indeed,

T T 1

D(U)T = lim U(expg(tDi) —Ule) _ lim (U(GXPG(tDL?)) —Ule)
iy D6 (tD)7Y) —U(e) . Ulexpg(~tD)) —Ule) _ —D(U)

t—0 t - 10 7 —

Lemma 3.1. For U € Irr(G) we have
d

Uly) = exp <Z xi(y)Di(U)> for y € N,

where exp : CImU)xdim(U) _, cdim(U)xdimU) denotes the exponential function
defined by
A o AF
exp(A) :=e” = Z e
k=0
PROOF. Let D := Ele x;(y)D;. Defining f(t) := Ulexps(tD)) for t € R,
we have

F(6) = }Lli% U(expg((t + h)D})L) — U(expg(tD))
o, Ulexpg (kD)) — Ue)
h—0 h

U(expg (tD)) = D(U) f(t)

and f(0) = U(e) = I (where I always denotes the appropriate identity matrix);
hence f(t) = exp(tD(U)). Substituting ¢ = 1 we obtain U(y) = exp(D(U)), since
y € Ny implies

=1
hence U(y) = Ul(expgs (D)) = f(1) = exp(D(U)). Finally,
d
D(U) =3 wi(y) Di(U). (3.1)

Indeed, f(t) = g(z1(y)t,...,zq(y)t), where g : R — CUmU)xdimU) " defined by
glti, ... tq):=U (expG (Zle tiDi)) is differentiable. We have 0;¢(0,...,0) =
D;(U); hence

d d
F'(0) =Y iy)dig(0,...,0) = Y _wi(y)Di(U).
i=1 i=1

We already know that f/(0) = D(U), so (3.1) holds. O
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Lemma 3.2. Let U € Irr(G).
(i) For the mapping y — U(y) from G into U(dim(U)) the Taylor formula

V() = UG + 3 wi)Di0) + 5 3 ai(y)e () DilU) Dy (0)

d
£ w)a ) )T ) Di(U) Dy U)Dy(U)
i,k=1

is valid for all y € Ny. Here each T(U)(y) is a matrix in CHmU)xdim(U) with
ITO) ) < 1.

(ii) The following estimates hold for all y € Ny:

d d
06) - U0 - S a)p)| < got) 3 IP@ID,W)
i=1 ij=1
and
d 1 d
06) - 060 - S asDi0) - § 3 w0 DU)0,0)|
d
< 2o 3 D)D) DO
i5,k=1
PROOF. Similar to the proof of Lemma 5.1 in SIEBERT [9]. O

4. Convergence of embeddable measures

If (pt)t>0 is a continuous convolution semigroup in 9! (G) belonging to a
triplet (a, B,n) € P(G), then (1, (U))i>0 is a strongly continuous semigroup of
contractions on H(U) for all U € Rep(G). If U € Irr(G), then the infinitesimal
generator A(U) of (11,(U))¢>0 is given by



Infinitesimal systems of probability measures on a Lie group. .. 299

This is a consequence of the Corollary of Proposition 3.2 in SIEBERT [9] taking
into account that the subspace Ho(U), consisting of the differentiable vectors in
H(U) for U, coincides with H(U), since Ho(U) is dense in H(U) and H(U) is finite
dimensional. (See Lemma 1.1 in SIEBERT [9].) Clearly A(U) € Cdim(U)xdim(U),
hence we have

1t (U) = exp {t

for all U € Irr(G) and for all ¢ > 0.

Definition 4.1. A probability measure p on G is said to be embeddable if
there exists a convolution semigroup (u;);>0 in M (G) such that p = py.

If 1 is an embeddable probability measure then it is clearly infinitely divisible,
and there exists a triplet (a, B,n) € P(G) such that

d d
w(U) = exp { ZaiDi(U) + % Z bi;Di(U)D;(U)
i=1

+/G (U(y) ~Ule) - ixi(y)Di(UQn(dy)}

holds for all U € Irr(G). In this case we say that p is an embeddable probability
measure with triplet (a, B,n). In general, the triplet (a,B,n) € P(G) is not
uniquely determined by the measure pu.

For a triplet (a,B,n) € P(G) with B = (b; j)1<i,j<d we define the matrix
B = (bij)1<i,j<a by

By = biy + /G ()5 () n(dy). (4.1)

Theorem 4.2. For eachn € Z, let p, € 9M*(G) be an embeddable proba-
bility measure with a triplet (a(™), B(™) n(™). Suppose that
(i) a™ — a® asn — oo,
(i) B™ — B asn — oo,

(iii) n™(G\N) — nO(G\N) asn — oo for all N € N'(e) withn®) (ON)=0.
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Then iy, — po as n — 0.

PRrOOF. It suffices to show fi,(U) — [g(U) as n — oo for all U € Irr(G).
Let

d
Wy U) = Uly) = U(e) = Y msl)Dil0) = 5 3 aly)as () Di(U) D5 (0)

for all y € G and all U € Irt(G). Then i, (U) can be written in the form

d
exp { > DU Z b\ Di(U)D;(U) +/ h(y, U)n(’”(dy)}
=1 ¢

1,5=1

for all n € Z4+ and all U € Irr(G). Taking into account the assumptions (i) and
(ii), it is enough to show that

/h(yaU)n(")(dy)H/ h(y, U)n (dy) (4.2)
G G

as n — oo for all U € Irr(G).
By Lemma 3.2

Ih(y, U)]| < cup(y)®/? for y € No,

where
d
wi=g 3 IDOD;)DW)].

i,j,k=1

Consequently for all N € N (e) with N C Ny

H/ (y, U) ™ (dy) — /Gh(y,U)n(o’(de < I™(N) + I (v,

where
IM(N) = v /N o) (1™ + 7 ©)(dy),
(N = H [ o - [ . 0)n© (dy>H.
G\N G\N
We have

I{(N) < ey sup w(y)w/ e(y) (0™ +n)(dy)
yeN N
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and
/ o(y) (0™ + @) (dy) < Tr B™ + Tr BO.
N

By the assumption (ii)
sup Tr B™ < .
n>1
Let € > 0. Then there exists N; € A(e) such that N; € Ny, 7(0(9N;) = 0 and

such that sup, ¢y, ¢(y)'/? is small enough to guarantee that

cy sup gp(y)l/Q(TrE(O) —l—supTrE(”)) <.
yeN1 n>1 2
Then .
I™(Ny) < =

2

By assumption (iii)

n €
LY (N) < 2

for sufficiently large n. Hence we obtain

/Gh(y,U)n(")(dy)—/Gh(y,U)n(O)(dy)H <e

for sufficiently large n, which implies (4.2). O

5. Local mean and local covariance matrix

Definition 5.1. A probability measure p on G is said to have a local mean
m € Ny and a local covariance matric B = (bi;); j=1

.....

x;(m) = /le(y) p(dy) forallie {1,...,d},

and
bij = / (xl(y) - xZ(m))(‘TJ (y) — T (m)) M(dy) for all 7’7] € {17 B d}
G

If the numbers |fG zi(y) u(dy)‘, i=1,...,d are sufficiently small, then y has
a uniquely determined local mean m € Ny. The local covariance matrix always
exists and is uniquely determined. Both the local mean and local covariance
matrix will depend upon the choice of the coordinate functions on G.
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We shall use the local mean for local centering and consider the shifted
measure p * €,,-1. More specifically, we want to prove convergence theorems for
a triangular system {pn,¢:n € N, £ =1,...,k,} of probability measures on G.
We use local centering and consider the sequences of convolutions (1 * Em’zll) *
o (P, * Emt ), where my, ¢ is the local mean of p, . We have to estimate
how close a shifted measure v := b * €,,—1 18 to the measure e, for a probability
measure p with local mean m. To this end we shall estimate the distance between
their Fourier transforms; i.e., the quantity ||7(U) — I||. (This will be an analogue
of Lemma 1.6 in SIEBERT [10] providing an estimate for the distance between the
convolution operators of p and e..)

Now we choose an appropriate neighbourhood of the identity e in G. There
exists N} € N(e) such that NJ(Nj)~ € Ny. Moreover, there exists ¢y > 0 such
that N} := {y € No : S wi(y)? < co} C Nj. Then N{ is compact, and it is
convex in the sense that u,v € Ny implies

=1

d
M+ (1 — A := expe (Z(/\:zrl(u) +(1- )\)xi(v))Di> e N}

for all X € [0,1].

Lemma 5.2. For every U € Irr(G) there exists a constant ¢(U) > 0 such
that
1% €2 ) (U) = 1| < e(U) (1(G \ Ng') + Tx(B))

whenever y is a probability measure on G with local mean m € N{ and local
covariance matrix B.

PROOF. Let u be a probability measure on G with local mean m € N{ and
local covariance matrix B. Let U € Irr(G). Then

(3 YO =1 = | Um™) = U(e) ulay)

We are going to find a Taylor formula for U(ym™!) valid fory € NJ. If g : G - R
is differentiable in y € Ny then there exist the partial derivatives

2ig(y) == 4

d
" g(expG (tD; + ng(y)Dg))
=1

t=0

for i = 1,...,d and y € Ny. Consider the function f : R¢ — Cdim(U)xdim(U)

defined by
d
flr,... ta) :=U (expc <Z tiDi> m1> .

=1
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By Lemma 3.1 we have that, if y € Ny and t; = x;(y) for all ¢, then

d
f(ty,... tg) =exp (Z tiDl-(U)> U(m™1).

Hence f is infinitely differentiable at each point (z1(y),...,z4(y)) € R? such that
y € No. Fort = (21(y),...,z4(y)) and s = (z1(m), ..., zq(m)), where y,m € N{,
the Taylor formula for matrix-valued functions yields

d
f@) = f(s)+ Z(ti —5i)0:f(s)
d . 1
+ Z (ti - Si)(tj - S])/ (1 — )\)azajf()\t + (1 - )\)S) dA.
0

i,j=1

But, for y,m € N/, we have

&f(s) = 8iRm71 U(m),
6i6jf()\t + (1 - )\)S) = 6i6ij—1U()\y + (1 - )\)m),

where for a function A on G and z € G the shifted function R,h is defined by
R.h(y) := h(yz) for y € G. Hence U(ym™1) can be written in the form

d
Ule) + Z(xi(y) —2i(m))0i Ry U(m)
d
45 D0 @ily) — 22w ) — 25 (m):0; By sUm) + R(Uy,m), (5.1)
i,j=1
where R(U,y, m) denotes the quantity
d
> (@ily) — @i(m))(w;(y) — x;(m))
i,j=1

X /1(1 - )\) (6i6ij71U()\y +(1- )\)m) — 8i8ij71U(m)) dA.
0
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Consequently

d
ey @)1= [ (™) = U0 = Y (as(0) = ax(m) U

=1

d
~5 2 ) = ) ) — 2300 U ) ) )

i,j=1
1 d
+3 > bij0;0; Ry -1 U(m) +/ R(U,y,m) u(dy).
ij=1 Ng'

For v € Ny we have

d
OiR;,—1U(v) = 4 U (expG (tDi + ng(v)Dg> m_1>
t=0

dt
= =1

d
exp (tDi(U) + Z Ie(U)Dz(U)> U(m™")
t=0 =1

k

d
Z 7 (tDz(U) + Zl’g(U)Dg(U)) U(mfl)

{=1

I
ol

k—1—r

9] r d
1 _
=> = <Z xg(U)Dg(U)> D;(U) <Z :vg(v)Dg(U)> Uim™).
’ =1
Since the coordinate functions x1, ..., x4 are continuous, the function
(m,v) — O;Rp—1U(v)

from NJ x NY into CHmU)xdim(U) 5 continuous, hence bounded, because of the
compactness of Ny. Similarly, the function (m,v) — 0;0;R,,-1U(v) is bounded
on N}/ x N{; thus we conclude the assertion. O

6. Infinitesimal systems of probability measures

Definition 6.1. A system {pine:n € N, £ =1,...,k,} of probability mea-
sures on G is said to be infinitesimal if

12?;”#”7&6?\]\]) —0 asn— oo

for all N € N(e).
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Lemma 6.2. A system {pn¢:n €N, £ =1,...,k,} of probability measures
on G is infinitesimal if and only if for each U € Irr(G) we have

 max lin,e(U) —I|| =0 asn — cc.

PROOF. Similar to the proof of Lemma 8.1 in SIEBERT [9]. O

Lemma 6.3. If {un,¢ : n € N, £ = 1,....k,} is an infinitesimal sys-
tem of probability measures on G then for sufficiently large n, the measures
Hn1y-- s Un,k, have local means my,1,..., My L, , and the systems {Emn,@ :n €N,
¢=1,...,k,} and {/J,mg ¥ 1IN E N, (=1,.. .,kn} are infinitesimal.

PRrROOF. Forall N e N(e),neN, ¢=1,....k, and i = 1,...,d we have

st < sp o)+ s G\ N
G yeEN

hence

limsup max
n—oo 1S€Skn

/G zi(y) Nn,é(dy)’ < sup |z;(y)]-

yeN

Since N € N (e) is arbitrary, we conclude

; d forallti=1,... 1
x| [ s mstin] =0 wsnooo foratlizid 61)
which implies existence of local mean of the measures p, 1,..., fin,k, for suffi-
ciently large n € N. Convergence (6.1) also implies that for each N € N(e)
we have my1,...,mpk, € N for sufficiently large n € N; thus the system
{em,,:neN, £=1,... k,} is infinitesimal.

If a probability measure p on G has local mean m then for all U € Irr(G)

1% €52 )(U) = 1|l = |RU)U (m) ™" = I|| = [(A(U) = U(m))U (m)~*|
<) =Um)ll = |#U) = en@)] < |5U) = 11| + |Em(U) = 1].

Hence Lemma 6.2 implies infinitesimality of the system {unyg xg, -1 :n €N,
n,l
C=1,...kn}. O

For a positive bounded measure p on G, the Poisson measure v = et~ #(G)ee ¢
ML (G) with exponent p is defined by

ehH(@ee 1= @) (g 4y LR L BEEER ).
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Clearly
o(U) = ol (U)—p(G)-1

for all U € Rep(G); hence v is an embeddable probability measure with triplet
(a,0,u), where a = (a1,...,aq) with a; = [ zi(y) p(dy), i =1,...,d.

Theorem 6.4. Let {pne:n €N, £ =1,... k,} be an infinitesimal system
of probability measures on G. Denote the local mean and the local covariance
matrix of fy 1, ., fnky DY M1y, Mpk, and by By 1,..., By i, (which exist
for sufficiently large n € N by Lemma 6.3). Let

ﬂ;z,é = Hne* Emfll[’ V:z,f = exp(M:z,Z - Ee)'
Suppose that
kn
sup Z (1n,e(G\ N§) + Tr(Bps)) < oo. (6.2)
neN —1

Then

H(Mn,l Hoeeeok Mn,kn)A(U) - (Vflz,l *Emy ¥k I/’;L,kn * oy kn Y ()| —0

asn — oo for allU € Irr(G). In particular, the sequence (Hn,l K- *”"vkn)nzl of
row products is convergent if and only if the sequence (y,’z)l ¥ gy g KKV g K
€m7lwkn)n>1 of row products is convergent. In the affirmative case the limits of
these sequences coincide.

Moreover,
(k< % by g, VU) = (g % v J(U) =0 asn— oo

for all U € Irr(G). In particular, the sequence (u;m SRR M;z,kn)nzl of row

products is convergent if and only if the sequence (1/ of row

/!
n1 Kk,

n,kn ) n>1
products is convergent, and in the affirmative case the limits of these sequences

coincide.

PROOF. Let

- — /
Mo 2= fn, 1 % e X fn Ky, = Hip 1 % Empy oy %0 gy g, F Em g

/

o /
Up = Vp 1 ¥Emy, ¥ ¥ Vp g *Em,

If Ay,..., Ay, By,..., By, € CHmU)xdin(U) with || Ay < 1 and || B|| < 1 for all
{=1,...,ky, then
k

|Ay -+ Ag = By---Bi| < > || A — Bill.
=1
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Hence

170 (U) = @) O = || (1)) Em VU - (5, 1, T U) (Em, V(U)
~ W, ) O (Em,, , JU) - W, (U €m0, O

kn kn
< DMk W) = O =D (0, V) = exp((uy, ) (V) = D
=1 =1

For a matrix A € CUmU)xdim@) we have
— AF = ||A||'“ ||A||
A _ el
k=2 k=2
||A||
< [|AJ Z = |l A|Z 4.

Applying this for A = (u;, ,)(U) — I we obtain

kn

17 (U) = @O < D (1,0 (©) = I ell e O
=1

<e? —1I —1I
< (max @) |0§jnmﬂ I

By Lemma 6.3, the system {x, ,:n € N, £=1,... k,} is infinitesimal; thus by
Lemma 6.2

(U) — 1 0 .
max (), (W)~ 1] >0 asn—oc

Hence it suffices to show that

supZII fi ) (U) = I|| < o0
neN =1

By Lemma 5.2, this is a consequence of assumption (6.2).
The proof for the other system is similar. O
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7. Further investigations: convergence of a system
to an embeddable measure

Theorem 7.1. Let {pine:n €N, £ =1,... k,} be an infinitesimal system
of probability measures on G. Denote the local mean and the local covariance
matrix of fn 1,y fnk, DY Mn1,-..,Mnk, and by By 1,..., By k, (which exist
for sufficiently large n € N by Lemma 6.3). Let

/ pyp—
Hayg 2= e % €=

Suppose that there exists (0, B,n) € P(G) such that

(i) Zif;l Bny— B asn — oo,

(it) S8 pno(G\ N)—=|,n(G\ N) as n— oo for all N € N'(e) with n(dN) =0,
where B is defined in (4.1). Then

kn
o (3 -20) o

=1
where v is an embeddable probability measure on G with triplet (0, B, 7).

PROOF. The measure

kn
= €xXp <Z ,un 2 )
(=1

is a Poisson measure with

k"l
L _eXP<z s f>)
/=1

for all U € Trr(G). Moreover 7(U) has the form

{13 b, D)D) + [ (00 V6~ 3 D)) atan
P2 VW 2 5 D) |y

for all U € Irr(G). Hence it is enough to show that

kn

Z Mne I)

(=1
d
Z D;(U) +/G <U(y) —Ule) — chi(y)Di(U)) n(dy) (7.1)

l\D|P—‘
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asn — oo forall U € Irr(G). By the Taylor formula (5.1) the quantity (4, ,) (U)—
I can be written in the form

d
3 2 [ @) =i ) e 0) = (OB, Ul ) )

4,j=1

d
+f \N<U<ymn;>—U(e>—2<xi<y>—m(mn,e))aiRmn;U(mn,w) pin e(cly)

=1
+ / RU, g, mm.0) e (dy) (7.2)
N

for each N € N(e) with N C N//. Hence (7.1) follows from the following five
limiting relationships:

kn d
) /G (U<ymnz>—v<e>—z<xi<y> e <mn,e>>aiRmn;U<mn,e>> i e(dy)

d:l
~ Jos (U(y) —Ule) - ;xz—(ywi(w) n(dy) asn — oo, (7.3)
d
/N (U(y) —Ule) — chi(y)Di(U)) n(dy) =0 asN —{e},  (7.4)
=1
d kn
323 [ i) sm ) 5 0) 250, )10,y 1 U 1) )
ij=1¢=1"N 1

=3 (bt [ w@mW @) DODE) s n—e  (15)

3,J=1

/N ri()e; () n(dy) — 0 as N — e}, (7.6)
kn
imow 3 J IR gm0l psdn) =0 asN = e} @)

where (7.3) and (7.5) are valid for N € N (e) with N C N} and n(0N) = 0.
In order to show (7.3) it is sufficient to prove that

kn

> /G ~ (Uym,}) = U(y)) pim,e(dy) — 0, (7.8)
=1
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kn
3 / () (O:R 1 U ) 00 () o(dy) 0, (7.9)
e
kn
/ () O5U (€)pime(dy) — 0, (7.10)
kn
Z/ ( le )0;U (e )un,g(dy)
L=
— . (U(y) —Ule) - ;Ii(y)Di(U)> n(dy) (7.11)

as n — oo. Clearly (7.8) follows from

1ga§n§ggllU(ymn0 Ull—0 as n—oo
(which is a consequence of the uniform continuity of U and the uniform conver-
gence my, ¢ — e as n — 00, see (6.1)), and from assumption (ii).

The mapping y — 0;R,-1U(y) from Ny into Cdim(@)xdim(U) g continuous
(see the exact formula for 9;R,-1U(y) in the proof of Lemma 5.2); hence it is
uniformly continuous because of the compactness of Ny. Thus by the uniform
convergence my ¢ — € as n — 0o we conclude

| Dnax lOiR,, 71U(mng) U(e)|—0 as n — oo,
which together with assumption (ii) imply (7.9). Obviously (7.10) and (7.11
follows from assumption (ii), since 9;U(e) = D;(U) and y — U(y) — Ule) —
Zle x;(y)D;(U) is a bounded continuous function.
By the estimate (ii) in Lemma 3.2 we obtain

A <U<y> ~U(e) - gmy)&(m) ola)|

<1 [ e 3 DD, -0

3,7=1

)

as N — {e}; hence (7.4) holds.
In order to show (7.5) it is sufficient to prove that

kn
; /N(J:z(y) — 2y (M) (@ (y) = 25 (M) e (dy)
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byt [ w0, (7.12)
N
kn
(i (y) — @i(mn,e)) (x5 (y) — 2 (mn.e))
;/N Yy 14 Yy ¢
X (@@Rm;}[U(mn,g) — 8i8jU(e))un,g(dy) — 0 (7.13)

as n — 00, since

9;0;U(e) = 5 (Di(U)D;(U) + D;(U)Di(U)).

N~

Indeed, by Lemma 3.1 we have

d
0;U(expg(tD;)) = T

Ul(expg(hD; +tD;))
h=0
>0 , . k
exp (hD;(U) +D(U) = 1 > (hD;(U) + tDi(U))

~ an

h=0 h=0 1—p k!
) tk_l k—1 -
=> e > Di(U)" D;(U)D(U)F,
k=1 r=0
implying
d 1
BiBjU(e) = & ajU(GXpG(tDi)) = 5 (DZ(U)DJ(U) =+ DJ(U)Dl(U))
t=0

Convergence (7.12) will follow from

kn

; /G\N(xz(y) - Ii(mn,e))(xj (y) -z (mn,f)) Hn,e(dy)

G\N
and assumption (i). Assumption (ii) implies

kn

/ i ()2 (Y) pine(dy) — zi(y)r;(y) n(dy) asn — oo.
G\N

=1 G\N
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By (6.1) and assumption (ii),
kn
Z /G\ i (M o) (Mne) = 2i(Y)xj (M e) — 25 (Y) 2 (M e)) pine(dy) — 0,
N

and we conclude (7.14). Convergence (7.13) follows from (7.12) and

e l0:0;R,, 71U(mn4) 0;0;U(e)|| -0 asn— oo

(which is again a consequence of the uniform continuity of the mapping y +—
0;0;R,-1U(y) on Ng and the uniform convergence m, ¢ — e as n — 00); hence

(7.5) holds.
’/ zi(y)z;(y y)’ /Nw(y)n(dy);
thus we get (7.6).

We have
In order to show (7.7) it suffices to prove that

T z / (0200 = mn))a3) = s )| [ 1001

x Uy + (1 = Nme) — 8;0;U(Ay + (1 — A)e)| dA pine(dy) =0, (7.15)

n—oo

kn
i 3 /N |(i(y) = @s(mae)) (@ () — 25 ()|

X \aiaijfleU(mnyg) 9;0;U (€)] pin,e(dy) =0, (7.16)
kn
Eme} thUPZ /N |(33z(y) = zi(mn,e))(z;(y) — zj(mn l))‘
1
x/ |0:0;,U(Ay + (1 — A)e) — 9;0;U (e)| dA i ¢ (dy) = 0. (7.17)
0

The convergences (7.15) and (7.16) follow from (7.12) and
max sup [|0;0;R,, - U()\y + (1= XNmyp ) — 0:0; UMy + (1 —Ne)|| — 0

1<<kn ye N
as n — oo. Finally, (7.17) is a consequence of (7.12) and

sup sup [|0;0;U(Ay+ (1 —N)e) —0;0;U(e)|| =0 as N — {e},
yEN X€[0,1]

which follows from the uniform continuity of the function y +— 0;0;U (Ay+(1—N)e)
on N{. O
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Remark 7.2. If under the assumptions of Theorem 7.1
[y * 5 Vg, JU) = (WU =0 as n— o0 (7.18)

for all U € Irr(G), where

k’!l
V;L,e = eXP(N;,z —€e), = €xp <Z Hn 0~ )
=1

then Theorems 7.1 and 6.4 would imply

R Y 2
but it is not clear whether (7.18) holds. In fact, (7.18) is equivalent to

HeAn,1 . ,eAn,kn _ eAn,1+"'+An,kn || —0 asn— oo,

where the matrices A, ¢, n €N, £ =1,..., k, are defined by

Anp = (pi, ) (U) = 1,

and we have the Taylor formula (7.2).

Theorem 7.3. Let {tpe:n €N, £ =1,...,k,} be an infinitesimal system
of probability measures on G. Denote the local mean and the local covariance
matrix of n 1,y fnk, DY Mn1,-..,Mnk, and by By 1,..., By k, (which exist
for sufficiently large n € N by Lemma 6.3). Suppose that there exists (a, B,n) €
P(QG) such that

(i) 2521 xi(Mmpe) — a; asn — oo foralli=1,....d,

(ii) Zif;l By — Basn — oo,
(iit) 0", pne(G\ N) = (G \ N) as n — oo for all NeN(e) with n(dN)=0,
where B is defined in (4.1). Then

kn
exp (Z(le - 56)) - M

(=1

where i is an embeddable probability measure on G with triplet (a, B, 7).
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PROOF. The measure

kn
Vn i= €xXp (Z(un,e - se)> belowdisplayskip = Opt
(=1

is a Poisson measure with

)

=1

for all U € Irr(G). Moreover

d d
1
i=1 i,j=1

d
+/G (U(y) —Ul(e) - ;wi(y)Di(U)> n(dy)}

holds for all U € Irt(G). Hence it is enough to show that

k d d
- 1
> (fine(U) = 1) = a;Di(U) + 3 > bi;Di(U)D;(U)
=1 i=1 i,j=1 (719)
d
+/G <U(y) —Ule) - chi(y)Di(U)) n(dy)
i=1
as n — oo for all U € Irr(G). By the Taylor formula (5.1) with m = e we obtain
d
foa0) =1 = 3 00) [ i3 sty
i=1
1 d
F13 DD, W) /N 240925 () o)
ij=1

_|_
N

o Z xz 1 > Hon, l(dy)

+ / R(U,y, €) pine(dy) (7.20)
N
for each N € N(e) with N C N{. Hence (7.19) follows from the following six
limiting relationships:

kn

;/G\N( le D) ) )
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— . (U (y) — sz D;( ) (dy) asn— oo, (7.21)
d

J (v -vee)- Zxxywi(w)n(dy)too s N = e (722
N i=1

kn
; /N 2 (Y)2;(Y) pine(dy) — bij + /N zi(y)z;(y)n(dy) asn— oo, (7.23)

[ e n@n) =0 as N = fe), (7.24)
hg%pz J IR0l ) =0 as N = (e, (7.25)
kn

; /G i (Y) pine(dy) — a; as n — oo, (7.26)

where (7.21) and (7.23) are valid for N € N (e) with N C N{ and n(0N) = 0.
Clearly (7.21), (7.22), (7.23) and (7.24) are the same as (7.11), (7.4), (7.12)

and (7.6), respectively. Moreover, (7.25) can be proved similarly to (7.7). Finally,

(7.26) follows from assumption (i). O

Remark 7.4. If under the assumptions of Theorem 7.3
[ % By v g %y (U) = Dn(U)f = 0 asn— o0 (7.27)
for all U € Irr(G), where

kn
Unut = eXP(Mn,Z - Ee)a Up 1= €xXp (Z(ﬂn,é - 5e)> ,

=1
then Theorems 7.3 and 6.4 would imply
Hn, 1 %X Unk, — My
but it is not clear whether (7.27) holds. In fact, (7.27) can be written in the form
HeAn,lc;,ﬁffcn)l e Gk I ezif;l(An,efI)H 50 asm — oo,
where the matrices Ay, ¢, Cre, n €N, £ =1,..., k, are defined by
Ane = fine(U), Chyo:=U(mnye),

and we have the Taylor formula (7.20).
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