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Curvature of locally conformal cosymplectic manifolds

By MARIA FALCITELLI (Bari)

Abstract. Locally conformal cosymplectic manifolds are investigated from the
point of view of the curvature. Particular attention to the N(k)-nullity condition is
given and classification theorems in dimension 2n + 1 > 5 are stated. This also allows
to classify locally conformal cosymplectic manifolds which are locally symmetric spaces.

1. Introduction

Locally conformal cosymplectic (l.c. cosymplectic) manifolds are character-
ized as the almost contact metric manifolds (M, ¢, £, n,g) which admit a closed
1-form w such that the covariant derivative of ¢ with respect to the Levi—Civita
connection V acts as

(Vxp)Y = —w(pY)X +w(Y)pX + g(X,9Y)B — g(X,Y)pB, (1.1)

where B = fw is the vector field g-associated to w [17]. The vanishing of w
in (1.1) is equivalent to the V-parallelism of ¢, namely to the condition that
M is cosymplectic. Moreover, w is exact if and only if M is globally conformal
cosymplectic. An f-Kenmotsu manifold, namely an l.c. cosymplectic manifold
such that w = —fn, f being a smooth function, is locally realized as a warped
product | — €, e[ xp2 F, € € RY, where F' is a Kéhler manifold and % is a smooth
positive function on | — €,e[. These manifolds are studied from the point of
view of the curvature, too. In particular, a locally symmetric non-cosymplectic
f-Kenmotsu manifold has negative constant sectional curvature [18].
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In this paper, we consider an l.c. cosymplectic manifold. Denoting by R the
curvature of V, firstly we evaluate the “cosymplectic defect” R(X,Y)op — ¢ o
R(X,Y), for any vector fields X, Y, and obtain general properties of the Ricci
and *-Ricci tensors. Then we focus our attention to the (k, u)-condition, proving
that, in the context of locally cosymplectic geometry, it is equivalent to the N (k)-
condition. So, we consider N (k)-l.c. cosymplectic spaces, namely connected l.c.
cosymplectic manifolds admitting a smooth function k such that R(X,Y,¢{) =
k(n(Y)X —n(X)Y). In particular, given an N (k)-space, the covariant derivative
Vw is a combination of w®w, g and n®n by means of suitable functions depending
on dw, ||w|| and k. This allows to obtain useful differential equations involving
dw, ||w|| and k. We also relate the N (k)-condition to the concept of C'(\)-manifold
introduced by JANSSENS and VANHECKE [14].

Classification theorems in dimension 2n 4+ 1 > 5 are stated. We prove that a
non-cosymplectic N (k)-1.c. cosymplectic space is either globally conformal cosym-
plectic or f-Kenmotsu or, possibly, it is locally expressed as a warped product
N xy2 N', N being a 2-dimensional manifold of curvature k and N’ a cosym-
plectic manifold isometric to a leaf of the distribution kerw N Kern. Moreover,
given a cosymplectic manifold N’, we define a class of smooth functions on R?
making R? x ;2 N’ an N (k)-globally conformal cosymplectic manifold such that
k is non-constant.

Suitable N (k)-l.c. cosymplectic spaces can be locally realized as a warped
product | — €,e[ X2 F, where F is a Kéhler manifold isometric to a leaf of
the distribution orthogonal to B. Examples of these manifolds are described,
considering on the hyperbolic space H2"*+! a family of almost contact metric
structures compatible with the metric of constant sectional curvature —c2, ¢ > 0.

Finally, N(k)-l.c. cosymplectic, non-cosymplectic and locally symmetric
spaces are considered. They are characterized as the l.c. cosymplectic (non-
cosymplectic) manifolds with constant sectional curvature k. Any of these man-
ifolds is either globally conformal cosymplectic or it is locally a warped product
| — €€ xp2 F, with h? = aexp(—2||w||t), a constant, ||w||?> = —k, F being a flat
Kahler manifold.

2. Some curvature formulas

An l.c. cosymplectic manifold (M, ¢, £, 7, g) is an almost contact metric man-
ifold admitting an open covering {U;},.; and, for any 4, a smooth function
pi : U; — R such that the almost contact metric structure defined in U; by

i =, & =exp(=pi)&u,, mi = exp(pi)nu,, 9i = exp(2p:i)g,u, (2.1)
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is cosymplectic.

The manifold M is globally conformal cosymplectic (g.c. cosymplectic) if
there exists a smooth function p: — R such that (¢, exp(—p)&, exp pn,exp(2p)g)
is a cosymplectic structure.

Several examples of l.c. cosymplectic manifolds are given in [7].

Now, we fix a 2n + 1-dimensional l.c. cosymplectic manifold (M, ,&,1,9),
so (1.1) is satisfied. By direct calculus we get w = V¢n + 5in. Hence w is the
Lee form and it is related to the local conformal change (2. 1) by w,y, = dp;. The
Lee vector field B = fw is expressed as B = V¢{ + 5&, and n(B) = w(§) = g—z.
Moreover, for any vector field X, one has:

Vx§=—w(@)X +n(X)B, (2.2)

X(w(§)) = (Vxw)€ — w(©w(X) + [lwl*n(X). (2.3)

We denote by R the curvature of V, R(X,Y) = [Vx,Vy] — V(xy]. For the
Riemannian curvature we use the convention R(X,Y,Z, W) = g(R(X,Y,W), Z)
and denote by p, p* the Ricci and *-Ricci tensors, by 7, 7* the scalar and *-scalar
curvatures. Since p*(X,Y) is the trace of the operator Z — ¢(R(X, Z,pY)),
with respect to an adapted local orthonormal frame {Xj,..., Xs,,&} we have

pH(X)Y) = E1§i§2n R(X, Xi, oY, pX;), 75 = Zl§i§2n P (X, Xi).
Furthermore we recall that, given a symmetric (0,2)-tensor field @, the
Kulkarni-Nomizu product g A @ of g and Q) acts as

(g A Q)(X7 Y, Z, W) = g(X7 Z)Q(K W) + g(}/a W)Q(Xv Z)
—g9(X,W)Q(Y, Z) — g(Y, 2)Q(X, W).

In particular, to simplify the notations, we put m = %g A g, since it is the (0,4)-
tensor field associated with the (1, 3)-tensor field 7 acting as

m(X,Y,Z) = g(Y, 2)X — g(X, 2)Y.
By direct calculus, applying (1.1), (2.2), (2.3), one proves the following statement.

Proposition 1. The curvature R of (M,p,&,n,g) satisfies, for any vector
fields X, Y, Z:

i) R(X,Y,0Z)—o(R(X,Y, Z)) = (Vyw)pZ —w(Y)w(pZ) + |w]*g(Y,9Z)) X
— (Vxw)pZ — w(X)w(pZ) + [w|?9(X, 92))Y = (Vyw)Z
—w(Y)w(Z2))pX + (Vxw)Z — w(X)w(Z))pY + (w(Y)g(X, ¢Z)
—w(X)g(Y,9Z) + w(pY)g(X,Z) — w(pX)g(Y,2))B + g(Y,9Z)Vx B

—9(X,pZ)VyB —g(Y,Z)VxpB + g(X, Z)VypB,
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i) R(X,Y,§) =Y(w(§)X = X(w(§)Y =n(Y)(w(X)B - VxB)
+n(X)(w(Y)B — VyB).

To the given manifold (M, ¢, &, n, g) we associate the (0, 2)-tensor field
Lo
P:Vw—w®w+§||w|| g.

Note that P is symmetric, w being closed and trP = —dw + (n — 3)|lwl|*.
Proposition 2. For any vector fields X,Y, Z, W we have:
1) R(X,Y,Z,W)*R(X,Y*, @Zv QDW) = (g/\P)(X,Y,Z,W)f(g/\P)(X,Y, @Za QDW);
i) (p=p")(X,Y) =2(n—1)P(X,Y) = P(pX, YY)+ P(X, n(Y) +trPg(X,Y),
iii) 7 — 7" =2(&(w(€)) — (2n — 1)dw + 2n(n — 1)||w||?).

PROOF. We sketch the proof of i), which is obtained by a quite long calculus.
Considering X, Y, Z, W tangent to M, firstly we write:

+9(R(X,Y,92),oW) + g(R(X, Y, £), Z)n(W).
Then, we apply i), ii) in Proposition 1 and the following relation, which is a
consequence of (1,1), (2.3):
9(VxeB, W) = g((Vx@)B, W) + g(Vx B, W) = n(Vx B)n(W)
= [wl®(g(X, W) = n(X)n(W)) — w(epX)w(pW)
—w(X)(W(W) = w(n(W)) + (Vxw)W = (Vxw)En(W)
1
= P(X,W) + Sllwl*g(X, W) = w(pX)w(eW) = X (w())n(W).
The relation ii) directly follows by i). Moreover, considering an adapted local

orthonormal frame {X7, ..., Xo,, £}, since {p X1, ..., 9Xo,,£} is an orthonormal
frame, also, from i) we get:

71" =An—1)trP =Y P(pX;,0X;) + P(§,€) = 2(2n — 1)trP + 2P (&, §).

1<i<2n

Then iii) follows, since (2.3) entails: P(£,&) = £(w(€)) — 3lw|?. O



Curvature of locally conformal cosymplectic manifolds 389

Corollary 3. For any vector fields X, Y one has:

—-

pH(X.Y) — p* (V. X) = Y(w(©(X) ~ X(@(E)(Y),
P (pX,0Y) = p" (Y. X) — (X — n(X)E)(@()n(Y),
PXE =0, p7(EX) = (X —n(X)E)w(©)),
plpX,pY) = p(X,Y) + (6w — (20 — D)|Jw|*)n(X)n(Y)

— (20 = D((Vxw)Y = Voxw)o¥ —w(X)w(Y) +w(pX)w(e)),
v) p(X,€) = (2n— DX(W(E)) — dwn(X).

=

i

=

ii

)
)
)
)

v

PROOF. We apply ii) in Proposition 2, use the symmetry of p and P and
then (2.3), so obtaining;:

p (X, Y) = p*(Y, X) = =P(X,&)n(Y) + P(Y, {)n(X)
= = X(w(@)n(Y) + Y(w(§))n(X).

Moreover, if {X1,..., Xo,,&} is an adapted local orthonormal frame, via Propo-
sition 1 we have:

peX, oY) = Y R(pX, X, 9V, X))

1<i<2n

> ARY, X, 0X,0Xi) = n(Y)g(R(pX, Xi,€), 0Xi)}

1<i<2n

= p*(Y, Y) ) Xi(w(©)g(X, X5),

1<1<2n

and ii) follows. Formula iii) is a consequence of i), ii). Furthermore, via Proposi-
tion 2 and the just stated formulas, we have:

p(X,Y) = p(eX,9Y) = (p— p")(X,Y) = (p— p) (X, pY) + p*(X,Y)
—p (Y, X) + (Y =n(Y)E)(w@))n(X) = (2n — 1)(P(X,Y) — P(pX,9Y))
+n(X)(P(EENY) =P, Y) +trPn(Y)) + Y (w(€))n(X) — £(w(€)n(X)n(Y).

This, combined with (2.3), implies iv) and v). O

Remark. If M is f-Kenmotsu, we have df = &(f)n,Vn = f(¢ —n®n)
and P = —¢(f)n®n— %ng. So, the formulas stated in Propositions 1, 2 and
Corollary 3 reduce to the ones proved in [18]. In particular, p* is symmetric and

pr=p+(2n—=1)f>+E&(f))g+ (f*+(2n—1E))n@n.
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3. The N (k)-condition

In contact geometry the behaviour of the tensor field h = %Lg(p, L¢ denoting
the Lie derivative with respect to &, plays an important role for the classification
of contact manifolds satisfying suitable curvature conditions [4]. The next result
shows that the anti-Lee form 6§ = —w o ¢ specifies h in the locally conformal
cosymplectic case.

Lemma 4. Let (M, ¢,£,1n,9) be an lc. cosymplectic manifold with Lee
form w. For any vector field X, one has h(X) = —iw(¢X)¢. Then, h vanishes if
and only if M is f-Kenmotsu.

PRroOF. Formulas (1.1), (2.2) imply:
2h(X) = (Vep) X = Vox & + 0(Vx§) = —w(pX)¢.

Therefore, h vanishes if and only if wop = 0, namely if and only if w is proportional
to 7. ([l

Proposition 5. Let (M, ¢,£,n, g) be an l.c. cosymplectic manifold. Assume
the existence of smooth functions k, u on M such that

R(X,Y,€) = k(n(Y)X = n(X)Y) + p(n(Y)h(X) = n(X)h(Y)), (3.1)
for any vector fields X, Y. Then, one has ph = 0.

ProOF. By Lemma 4 and the hypothesis, one has:

1 1
0= R(&¢B,&,¢§) = —pg(h(pB),&) = Spw(p’B) = —5ug(B, ¢ B).
Therefore ppB vanishes on the whole M and Lemma 4 yields the statement. [

In [5] the authors call (k, p)-manifold a contact metric manifold whose cur-
vature satisfies (3.1), k, p being suitable real numbers. In particular, if g = 0,
one obtains the concept of N (k)-contact metric manifold. Condition (3.1) with &,
w smooth functions is considered in [16] and the authors prove that, if M is a
(k, u)-contact metric manifold with &, u smooth functions and dim M > 5, then
either M is Sasakian (k = 1, h = 0) or k, p are both constants. A local clas-
sification of non-Sasakian (k, p)-contact manifolds, in any dimension, is due to
E. BOECKS [6]. Moreover, N (k)-almost cosymplectic manifolds are studied by
DACKO [10] and a generalization of (3.1) is also studied in [11]. Proposition 5 clar-
ifies that the concepts of (k, 1) and N(k)-manifold are equivalent in the context
of locally conformal cosymplectic geometry.
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Definition 6. An N (k)-l.c. cosymplectic space is a connected 1.c. cosymplectic
manifold (M, p,&,n, g) admitting a smooth function k such that

R(X,Y,8) = k(n(Y)X —n(X)Y), (3-2)

for any vector fields X, Y.

In [18] the authors prove that the curvature of an f-Kenmotsu manifold
satisfies (3.2) with k = —(&(f)+f?). Hence every connected f-Kenmotsu manifold
is an l.c. N(k)-cosymplectic space and k needs not to be constant.

Now we are going to state several formulas which are essential for the proof
of the theorems in Section 4.

Proposition 7. Let (M, p,&,n,g) be a 2n+ 1-dimensional N (k)-l.c. cosym-
plectic space with Lee form w. Then, we have:
i) (2n—1)dw(§) = (2nk + ow)n,

.. w n dw
i) VxB=-ktex 4 o(X)B 4 (BEDER2e 1 )12)n(X)E, X € X(M).

PROOF. By (3.2) the Ricci tensor satisfies, for any X tangent to M, p(X,§) =
2nkn(X). Then we apply v) in Corollary 3 and obtain i). Combining with (2.3),
for any vector field X we also have:

ow + 2nk B

9(VxB.&) = (Vxw)é = w(§)w(X) + ( on -1

||w||2) n(X).

Since Vw is symmetric, this implies:

6 2nk
Ves = w98 + (S5 - el €

Now we apply Proposition 1, equation i), the previous relation and use the hy-
pothesis, so obtaining:

VxB=—R(£X,£) + X(w(§)§ = £(w(€) X —n(X)(w(§)B - VeB) + w(X)B

2(2nk + 26
= k(X = 09 + (222 el g
2nk + 6
- %X +w(X)B.

Then ii) follows. U
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Given a (2n + 1)-dimensional N (k)-l.c. cosymplectic space with Lee form w,

we put:
_ k+w _ (2n+ 1k + 26w 9
o=t DRI e, (33)
The functions «, S fulfill:
20+ B+ |[w|? =k, a+ 8+ [w]® = Ew(©). (3.4)
They allow to express Vw by:
Vw=w®w+ag+ 0nn. (3.5)
In particular, Proposition 7 and (1.1) entail:
VxeB = ([w|* + a)pX —w(eX)B, X e X(M), (3.6)
d(Jwl?) = 2(|w]* + @)w + 28 w(E)n. (3.7)

Useful curvature identities can be derived applying the results in Section 2. In
fact, Proposition 1, (3.5), (3.6) entail, for any vector fields X, Y, Z:

R(X,Y,0Z) = o(R(X,Y, Z)) = (k= B)(9(Y,9Z)X — g(X,p2)Y — g(Y, Z)pX
+9(X, Z)pY) = Bn(Z)(n(Y)pX — n(X)eY)
+ Bm(X)g(Y,0Z) —n(Y)g(X, pZ))E. (3.8)

By (3.5) we also have P = (a + 1||w||?)g 4+ 81 ® n and also using (3.3), (3.4) we
obtain:

pr=p+2Mn-1)8-02n-1k)g—-(2n-1)F+kncmn, (3.9)
" =7+ 4n((n — 1)B — nk). (3.10)

In particular, p* is symmetric and by Proposition 7 and Corollary 3 one has:
P (X, Y) =p"(eX,9Y), p(X,Y)=p(eX, YY)+ 2nkn(X)n(Y).  (3.11)

Lemma 8. Let (M, ¢, £, n,g) be a 2n+1-dimensional N (k)-l.c. cosymplectic
space. For any X, Y € X(M) we have:

i) R(X,Y,B)=X(a)Y =Y ()X + (X(B)n(Y) =Y (B)n(X))§ + a(w(Y)X
—w(X)Y) = fw(§)(n(Y)X —n(X)Y) +28(n(X)w(Y) — n(Y)w(X))E,
i) R(X,Y,pB)=X(a)pY —Y(a)pX + (8 —k)(w(pY)X —w(pX)Y)
+ (a+ 8= k) (wY)pX —w(X)pY —2Bw(&)(n(Y)pX
= n(X)pY) = Bn(X)w(eY) = n(Y)w(pX))E,
iii) p(X,B) = —-2nX(a) — (X = n(X)§)(B) + 2(na + B)w(X)
—2(n + 1)Bw(§n(X)
iv) (X =nX)&)(a+B) = (a+ 28— k)(w(X) —w(@n(X)).
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PRrOOF. Formula i) is obtained by direct calculus, applying Proposition 7,
(3.3) and (2.3). Formula ii) follows by i) and (3.8), as well as iii) is a direct
consequence of i). Furthermore, with respect to an adapted local orthonormal
frame {X1,..., Xan,&}, by 1) and (3.2) we have:

(X, B) == > g(R(X,Xi, B), Xi) + g(R(X,£,€), B)
— (20— Daw(X) + (a — 208)w(©)n(X) — (20 — )X (a) — n(X)E(a)
+ k(w(X) —w(©n(X)).
Comparing with iii) we obtain iv). O

Proposition 9. Let (M, ¢,£,n,g) be an N(k)-l.c. cosymplectic space, with
dim M > 5 Then we have:

da = (a+ B8 — k)w — 2Bw(&)n,
dk = Bw+ (£(8) = 3Bw(&))n.
PrOOF. Putting dim M = 2n + 1, by (3.11) and Lemma 8 we obtain:
2nkw(§) = p(B,§) = —2n&(a) + 2n(a — fw(§),

so that £(a) = (o — 0 — k)w(&). By direct calculus, from ii) in Lemma 8, for any
X € X (M) one has:

plpX,¢B) = =X(a) + ((2n = 1)k = 2(n — 1) + a)w(X)
+ ((2n = 3)8 — 2nk)w(§)n(X).

On the other hand (3.11) and iii), iv) in Lemma 8 entail:

p(eX,¢B) = p(X, B) — 2nkw(§) n(X) = —(2n — 1) X (a)
+(2n —Da+k)w(X) — ((2n — 1)8 4 2nk)w(&) n(X).

Comparing the just stated formulas we have:
(n—1)(X(a) = (e + 8 — k)w(X) + 26w (§) n(X)) =0,

then the first equation, since n > 2. The second equation follows by (3.4), (3.7)
and iv) in Lemma 8. O
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Proposition 10. Let (M, ¢, £, n,g) be an N(k)-l.c. cosymplectic space with
dim M > 5. For any vector fields X, Y, U we have:

) R(X,Y,B) = (k= B)(w(Y)X —w(X)Y) + fw(§)(n(Y)X —n(X)Y)
+ B(X)w(Y) = n(Y)w(X ))
i) (VuR)(X,Y,€) =UKk)(n(Y)X = n(X)Y) + w(&)(R - km)(X,Y,U)
+ Bn(U)(w(Y) = w(©n(Y)X = (w(X) —w(@n(X))Y)
= Bn(U)(n(X)w(Y) = n(Y)w(X))E

PrOOF. Formula i) follows by Lemma 8 and Proposition 9. By direct calcu-
lus, applying (3.2) and (2.2) we have:

(VuR)(X,Y, &) = UR)(n(Y)X —n(X)Y) + k(Von)Y X — (Vun)XY)
—R(X,Y,Vy&) = Uk)(n(Y)X —n(X)Y) — kw(§)(9(Y, U)X — g(X,U)Y)
+kn(U)(w(Y) X = w(X)Y)+w(@R(X,Y,U) —n(U)R(X, Y, B).

Then, we apply i) and ii) follows. O

We end this section relating the N(k)-condition to the concept of C(\)-
manifold. In [14] the authors call almost C'(A)-manifold an almost contact metric
manifold whose Riemannian curvature satisfies:

R(X,Y,Z,W) = R(X,Y,0Z,oW) — Mg(X, Z)g(Y, W) — g(Y, Z)g(X, W)
— 9(X,02)g(Y, W) + g(X, oW)g(Y, pZ)), (3.12)

A being a suitable real number.
In particular, if M is f-Kenmotsu and f is constant, M is a C(— f?)-manifold.
We also remark that, in accordance with the notation in [14], (3.12) is equivalent
to:
R(X,Y,Z) = —p(R(X,Y,0Z)) + A(g(Y, 2) X
9(X, 2)Y +g(Y, 0Z)pX — g(X, 9Z)¢Y), (3.13)

with R(X, Y) = [Vx, Vy] — V[X7y].
Proposition 11. Let (M, y,&,1,g) be a connected l.c. cosymplectic manifold
with dim M = 2n + 1 > 5. The following conditions are equivalent:
i) M is an almost C(k)-manifold,
ii) M is an N(k)-space and (2n — 1)||w||? = 26w + (2n + 1)k.
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PROOF. In the hypothesis i), by (3.13) we obtain:
R(X,Y, &) =k(n(Y)X —n(X)Y), keR,

so M is an N(k)-space, k being a constant function. We prove that the corre-
sponding function 8 defined in (3.3) vanishes. In fact, given p € M, we consider
orthonormal vectors X,Y € T, M, both orthogonal to &, such that g,(X,¢Y) = 0.
By (3.8) we have, at p,

R(X,Y, 0X) = o(R(X,Y, X)) + (k — B(p) Y-
On the other hand (3.13) entails, at p,
R(X,Y,0X) = o(R(X,Y, X)) + koY

Then ((p) = 0. Since the vanishing of 3 is equivalent to (2n — 1)||w||? = 26w +
(2n + 1)k, we get ii).

Viceversa, in the hypothesis ii) £ vanishes and, by Proposition 9, k is con-
stant. Via (3.8) we also have, for any X,Y,Z € X(M):

R(Xv Y, @Z) = @(R(Xv Y, Z)) + k(g(}/a QDZ)X - g(X7 @Z)Y
—9(Y, Z)pX + g(X, Z)¢Y).

Hence M is an almost C(k)-manifold. O

4. The main results

Let (M, ¢,&,n,9) be an l.c. cosymplectic manifold with Lee form w and anti-
Lee form 8 = —w o . Since dn = 1 A w, the distribution D associated with the
subbundle kern of T'M is integrable. When w never vanishes, the distribution
D, associated with the subbundle kerw is integrable, also, and its orthogonal
distribution Di corresponds to the subbundle (B) of TM. We remark that D
and D; coincide if and only if M is f-Kenmotsu.

Assume that 6 never vanishes, equivalently [|w||? > w(£)? everywhere, then
the vector fields £ and B are pointwise linearly independent and the distribution
Dy associated with (B, &) has rank two. Since w is closed and dn = n A w, the
orthogonal distribution Ds , which is associated with KerwNKer, is integrable.
By Proposition 9, if M is an N(k)-space, k is constant on each leaf of Ds-.

We are going to state several results which clarify the role of the mentioned
distributions in the context of N(k)-1.c. cosymplectic spaces.
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Theorem 12. Let (M, p,€&,m,9) be an N(k)-Lc. cosymplectic space with

dim M = 2n 4+ 1 > 5 Then, one of the following cases occurs:
i) M is globally conformal cosymplectic,
ii) M is cosymplectic,

)
iii) M is f-Kenmotsu and k is constant on each leaf of D,
)

iv) the anti-Lee form 6 never vanishes and the distribution Dy is totally geodesic.
Each leaf F' of Dy is a totally umbilical submanifold of M with mean
curvature B and inherits from M a cosymplectic structure. Moreover, (M, g)
is locally a warped product N x 2 N', N being a 2-dimensional manifold of
Gaussian curvature k, f a positive smooth function and N’ a cosymplectic

manifold.

PROOF. Applying Proposition 9, (3.7) and (3.4) we have:
d(a+ wl*) = (o + w]*)w. (4.1)

Since w is closed, locally w can be expressed as —dlog 7, for some strictly positive
function 7 and (4.1) implies the existence of ¢ € R such that a + [|w|? = £.
Together with the connectedness of M, this means that either o + [|w|? # 0
everywhere or a + [|w||? = 0 [20].

Therefore, when a + ||w||? # 0,w = dlog |a + ||w]|?| is exact and i) occurs.

Now, we assume a = —||w||?, apply (3.4), (3.7) and obtain:
d([lw]]?) = 2(k + |lw]|*)w(€) . (4.2)
Since (2n — 1)||w||> = —=(2n — 1)a = k + dw, i) in Proposition 7 yields:

d(w(&)) = (k+ w]*)n, (4.3)

and using (4.2) we have d(||w|? — w(&)?) = 0. Therefore |0 = ||w|* — w(£)? is
constant, so either 6 vanishes or # never vanishes. Note that § = 0 is equivalent
to w = w(&)n and, in this case, either M is cosymplectic or M is f-Kenmotsu,
f = —w(§). Moreover, if M is f-Kenmotsu, by Proposition 9 we have: dk =
(&(B) — 2Bw(&))n and then dk A = 0, namely k is constant on any leaf of D.
Thus, the case a = —||w|? = —w(&)? yields ii) or iii).

Finally, we examine the case o = —||w||?,C? = [lw||? — w(§)?, with C' € R%.
Firstly, we prove that the distribution Dy, which has rank 2, is totally geodesic.
In fact, by (3.4), (3.5) we have:

Ew(§) =0 =k+]w]? (4.4)
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VxB =w(X)B — [lw]*X + (k + [lw]I*)n(X)E, (4.5)

for any X € X(M).

In particular, V¢B = w(§)B + k€ and VB = (k + |lw||?)w(€)E.

Since moreover V& = 0, V€ = B — w(§)E, Ds is totally geodesic and inte-
grable. Note that {£,C~1(B — w(£)€)} are orthonormal vector fields in Dy and
the curvature of a leaf of D5, which is a totally geodesic submanifold of M, is

R(§,C7H(B ~ w(€)€), &, C71(B — w(§)§)) = k.
Now, considering X € Dy, by (2.2) and (4.5) we have Vx¢ = —w(£)X,
VxB = —|w|*X.

Then the Weingarten operators ag, ap of a leaf F' of Dy act as ag = w(&)I7p,
ap = |wl||?I7F and the second fundamental form is given by a(X,Y) = g(X,Y)B.
Hence F’ is a totally umbilical submanifold of M with parallel mean curvature B.
Note that, given X tangent to F’, X + C2w(pX)p?B is tangent to F’, also.
Putting

90/ = (90+ 072@2B Qw O@)/TFU 5/ = CilgoB/F’a 77/ = _Oilwo QO/TFU (46)

it is easy to verify that (¢’,&’,n’) is an almost contact structure and the metric
¢’ induced by g is compatible with (¢’, &, 7).

We prove that ¢ is parallel with respect to the Levi-Civita connection V' on
(F',¢'). In fact, considering two vector fields X, Y on F’, by the Gauss equation
VxY =VL4Y + ¢ (X,Y)B, we have:

(V¢ )Y = Vx(¢'Y) = g'(X,¢'Y)B — p(VxY) = C %w(p(VyY))
= (Vx@)Y — g(X,9Y)B + g(X,Y)pB + Cw(¢Y)Vx (¢*B)
+C2(Vxw) (@Y ) + w((Vxp)Y))¢* B.
Then (Vs ¢')Y vanishes, since (1.1), (4.5), (2.2) and (2.3) imply:

(Vx@)Y —g(X,9Y)B +g(X,Y)pB = —w(¢Y)X, (4.7)
Vx(¢?B) = (|l —w(€)*)X = C*X, (Vxw)pY +w((Vxp)Y)=0. (4.8)

Finally, we point out that the stated properties of Dy and Di allow to con-
sider (M,g), locally, as a warped product (9.104 [2]). More precisely, given
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po € M, there exist an open neighborhood U of pjy, two Riemannian manifolds
(N,G),(N',G@) with TN ~ (B, ¢) , TN’ ~ Kerwn Kern, a positive smooth func-
tion f on N and an isometry ¢ : (U,g) — (N x N',G + f2G").

Then ™ = p; o9, p; denoting the projection onto the first factor, is a Rie-
mannian submersion with fibres isometric to the leaves of Dy . Hence (N', f2G’)
is equipped with the cosymplectic structure corresponding to the one defined in
(4.6). Moreover, By;; projects onto the vector field f%gradf, gradf denoting the
gradient of f with respect to G. So, given a basic vector field X m-related to X',
we have w(X) = —G(%gradf7 X")om = —dlog f(X') or. Since w vanishes on the
vertical distribution, we get w;y = —7*(dlog f). a

The following construction provides examples of N(k)-spaces which fall in
the class iv) of Theorem 12, k being a non-constant function.

Ezample. Given a positive smooth function h : R — R, we consider the

functions A, u, v : R? — R such that, for any (z,y) € R? \(z,y) = ex,s((y_)w) -,

w(z,y) = ex}r;((y—)x), v(z,y) = _% 1

Then the vector fields e; = )\a%, s = 1/8% + ,ua% are linearly independent at

each point, so we can consider the Riemannian metric G which makes {e1, e3} an
orthonormal frame on R?. Since [ej, e2] = —e; — Aea, the Levi-Civita connection
D on (R? G) is determined by:

Delel = €2, Deleg = —€1, D62€1 = )\62, D62€2 = —)\61. (49)

It follows that (R? G) has non-constant Gaussian curvature R'(eq, e, eq,e2) =
—(A% +e1(N) +1).

Let (F',¢', &, n',G’) be a cosymplectic manifold and denote by ¢ the (1, 1)-
tensor field on M = R? x F’ such that

1
pe1 =0, ey =pt', p&'=—=es, X =¢'X,
T (4.10)

X eTF with 7/(X)=0.

It is easy to verify that (¢, er,e! = be;,g = G + p=2G’) is an almost contact
metric structure on M. Since F” is a totally umbilical submanifold of M with
mean curvature grad log u, the Levi-Civita connection V on (M, g) satisfies, for
any vector field X on F’:

VxY =V5Y + g(X,Y)gradlogpu, Y € X (F’),
Vxer =V X =2X, Vxea =V, X =-X. (4.11)
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Recalling that R? is totally geodesic, by a direct calculus, also applying (4.9),
(4.11), one proves that (M, p,e1,el,g) is g.c. cosymplectic with Lee form w =
dlog p1. The anti-Lee form never vanishes, since ||pB|| = ||u&’|] = 1. Furthermore,
(4.9), (4.11) entail the curvature formulas, for any X, Y tangent to F:

R(X,K@l) :07 R(X7€2ael) 207 R(X,€1,€1) = _(A2+61(A)+1)X7

R(e1,ez,e1) = (A 4+ e1(N) + 1es.

Therefore, M is an N (k)-space with k = —(A\%2 +e;(\) +1).

It is known that the C(k)-condition for an f-Kenmotsu manifold M with
dim M > 5 entails k = — f2. Hence k is constant and either M is cosymplectic or
k < 0 [18]. This fits in the following more general result.

Proposition 13. Let (M, ¢, £, n,g) be an N(k)-l.c. cosymplectic space with
Lee form w. Assume that dim M = 2n+1 > 5 and (2n—1)||w||* = 20w+ (2n+1)k.
Then k is constant and one of the following cases occurs:
i) ||lw||? + k never vanishes, w is exact and § = (|w||? + k)2g is a cosymplectic
metric with curvature R — kmy. In particular, (M, g) is flat if and only if
(M, g) has constant sectional curvature,

ii) k=0 and M is cosymplectic,

iii) k= —|lw||> <0, M is f-Kenmotsu, f is constant and f? = —k,

iv) k = —|lw||* < 0, the anti-Lee form never vanishes and (M, g) is locally a
warped product N X2 N ’" N being a 2-dimensional manifold of constant

curvature and N’ cosymplectic. Moreover, (M,g) has constant sectional
curvature if and only if each leaf of Dy is flat.

PrRoOOF. By Proposition 11 the hypothesis is equivalent to the request
that M is an almost C(k)-manifold. In particular, k is constant. By (3.4) we
2
have: a = % and (4.1) yields:

d(k + [wl*) = (k + [l]*)w. (4.12)
Arguing as in the proof of Theorem 12, the connectedness of M and (4.10) imply
that either k + ||w||?> never vanishes or k = —||w|?. So, if k + ||w||® # 0, w =
dlog |k + ||w|?| is exact and the Levi-Civita connection V of the cosymplectic

structure (i, [k + ]2 7€, [k + [w]2ln,§ = (k + [w][2)2) acts as:

VxY =VxY +w(Y)X +w(X)Y — g(X,Y)B.
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Since Vw = w ® w + %g, by direct calculus we obtain: R=R—km, R
denoting the curvature of (M,g). Hence i) occurs. Now, we discuss the case
k = —|lw||?>. Obviously, M is cosymplectic if and only if k = 0. Assuming
k = —|jw||* < 0, we observe that w(¢) is constant. In fact dw = —2nk and
Proposition 7 entails d(w(§)) = 0. Hence, when ||w|| = |w(£)|, we have that M is
f-kenmotsu and f? = ||w||?> = —k, so that case iii) occurs.

Finally, we consider the case k = —||lw||?, ||w[|? > w(£)?. Then the anti-Lee
form, which has constant norm, never vanishes. By Theorem 12, (M, g) is locally
a warped product N x 2 N, where N is isometric to a leaf of Dy and N’ to a
leaf of Dy equipped with the structure defined in (4.6). By Proposition 10, also

applying the first Bianchi identity and (3.2), for any X,Y € X (M), we have:
R(X,Y,B) = kr(X,Y,B), R(B,¢ X)=km (B, X). (4.13)

Let (F',¢') be a leaf of Dy. Considering X € X(F'), since [X,{] = [X, B] = 0,
we have VX = VxB = kX, Ve X = Vx{ = —w(§)X. Then, also applying the
Gauss equation VxY = VY + ¢'(X,Y)B, we obtain, for any X,Y,Z € X(F'):

R(ﬁ,X,Y)ka(&X,Y), R(B7X7Y):k7r1(B7X7Y)v
R(X,Y,Z) = R(X,Y,Z) + km(X,Y, Z), (4.14)

R’ denoting the curvature of F’. Formulas (3.2), (4.13), (4.14) imply that the
flatness of each leaf of Dy is equivalent to the condition R = k. d

Remark. Proposition 13 also allows to describe almost C(0)-l.c. cosymplectic
spaces. In fact, we assume that the curvature of a connected l.c. cosymplectic
manifold (M, ¢,&,7n,g) with dim M = 2n + 1 > 5 satisfies, for any vector fields
XY, ZW : RX,)Y,Z,W) = R(X,Y,pZ,oW). By Proposition 11, M is an
N(0)-space and (2n — 1)|lw|?> = 26w. Therefore M satisfies the hypothesis of
Proposition 13. It follows that either M is cosymplectic or w never vanishes.
Furthermore, if w # 0, we have w = dlog ||w||? and R coincides with the curvature
of the cosymplectic metric § = [|w||*g.

Now, we state another classification of the spaces considered in Proposition 13
for which k = —||w||%.

Proposition 14. Let (M, ¢,&,n,g) be an N (k)-Lc. cosymplectic space with
dimM = 2n + 1 > 5. Assume that dw = 2n|w|? and k = —||w||* < 0. Then,
any leaf of the distribution D; is a totally umbilical submanifold of M with
mean curvature the Lee vector field B and inherits from M a Kéhler structure.
Furthermore, the following equivalences hold:
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a) (M, g) has constant sectional curvature if and only if all the leaves of D; are
flat.

b) (M, g) is Einstein if and only if all the leaves of D are Ricci-flat.

PRrROOF. By Proposition 13, k is constant. Moreover, for any X € X (M) we
have:
VxB =w(X)B — |w|?*X, (4.15)

and the Weingarten operator ap of a leaf N’ of Dy acts as apX = ||w]||?X.

So, the second fundamental form « is given by a(X,Y) = ¢'(X,Y)B, ¢
denoting the metric induced by g on N’.

Moreover, if w = w(§)n, then (N', J" = ¢jrns,g') is a Kdhler manifold [18].

Now, we consider the case ||w||? > w(£)?. Then C’ = |lw| +w(€) is a nonzero
constant and, for any X € Dy, pX — %w(ch)(i +¢) is in Dy, also. Let N’

flwll
be a leaf of D; and J' the endomorphism of TN’ defined by:

JX = X — Ci (77(X)<pB + w(pX) (B + 5))|N/ . (4.16)

o]

We prove that (J',¢') is an almost Hermitian structure.
w(&)

flwll

@By, simply denoted by &, 9B, are mutually orthogonal, [|§5]| = [l¢B| and
J'(¢B) = &), J' (&) = —¢B. Considering X tangent to N’ and orthogonal to &
and @B one has: n(X) = 0,J'X = pX, hence ||J'X|| = || X]|| and J2X = —X.
Therefore J' is an almost complex structure and ¢’ is compatible with J’.

In fact, since &, = ||w||{ — B is orthogonal to B and ¢B, §6|N, and

Now, we prove that J’ is parallel with respect to the Levi-Civita connection
V' of N'. Firstly, we point out that VxB = —|w|?X, VB = 0, for any
X € TN'. Hence we have: V¢ = ||wl[(Vx& —n(X)B + w(§)X) = 0, and
then (V' J)¢, = 0,(VxJ')pB = 0. Furthermore, given a vector field Y on
N’ orthogonal to &, and ¢B, V'Y is orthogonal to £, and ¢B, also. Then
(Vi J)Y = VoY —p(ViY) = (Vxp)Y — ¢ (X,9Y)B + ¢ (X,Y)eB = 0.
Therefore, (N', J’, ¢’') is Kéhler.

Finally, we state the equivalences a) and b). By the Codazzi equation, the
curvature R’ of a leaf N’ of D; acts as:

R/(Xa}/a 27 W) = R(Xv Yv Z7 W) - k(g/(Xv Z)g/(}/a W) - g/(}/v Z)gI(X7 W))a

for any X,Y,Z,W € TN'.
By Proposition 10, for any X,Y € X (M), we have:

R(X,Y,B) = k(w(Y)X — w(X)Y).
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Then a) follows, taking account of the symmetries of R.
Moreover, the Ricci tensor p’ of a leaf N’ of D; acts as:

P(X,Y) =p(X,Y) - 2nkg'(X,Y), X, Y €TN. (4.17)

and we have, also:
p(X,B) = 2nkw(X), X eTM. (4.18)

Then the scalar curvature of a leaf N’ of D; is given by:
7' =7 —2n(2n+ 1)k. (4.19)

Assume that (M, g) is Einstein. By (4.19) and (4.17) each leaf N’ of D; is an

/
T

2n+1

Einstein manifold with Ricci tensor p' = g'. Since dim N’ = 2n we also have:

7' =tracep’ = 25217’. Then 7/ = 0 and N’ is Ricci-flat.
The converse statement in b) follows by (4.17),(4.18). O

Theorem 15. Let (M, p,&,m,9) be an N(k)-Lc. cosymplectic space with
dim M = 2n + 1 > 5. Assume that the Lee form w satisfies: dw = 2n|lw||* and
k = —||w||? < 0. Then M is locally a warped product | — €, €[ X2 F, where F is
a Kéhler manifold, h?> = aexp(—2||w||t), for some positive constant a, t denoting
the Euclidean coordinate.

PrOOF. We know that TM = (B) @ kerw, the corresponding distributions
Di-, Dy are integrable, the integral manifolds of D; are totally umbilical Kihler
manifolds with second fundamental form o = g ® B and (4.15) entails that Di-

is totally geodesic. Then, as a manifold, M is locally a product | —€,e[ x F,
where T(] —€,e[) = (B) and F is K&hler. We can choose a neighborhood with
coordinates (t,z',...,2%") such that 7, B = [lw||&, 7] —e,e[x F =] —€,€]

being the first projection. Then 7 is a C°*°-submersion with vertical distribution
V = TF and horizontal distribution H = T'(] — ¢,€[). The splitting V & H is
orthogonal and 7 preserves the length of horizontal vectors, so 7 is a Riemannian
submersion. The vector field H = 2nB is basic, the O’Neill tensor A vanishes
and, by direct calculus, the trace-free part T° of the O’Neill tensor T vanishes.
Hence | —¢, e[ X F, and then M, is locally a warped product by a smooth function
h%, h > 0. Moreover H = 2nB is m-related to —%"gradoh7 where the gradient is
evaluated with respect to the Euclidean metric [2]. Since B is wr-related to ||w|| %,
we have: dlogh = —|w||dt, ||w| being constant. Hence h = Aexp(—|w||t), A
constant, and the warped metric is locally given by dt ® dt + A exp(—2||wl|t)g, §
being a Kahler metric.

O
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Ezample. On the hyperbolic space H?>"T1={(z!,... 22" T)e R?"+L; 1 >0}

we consider the metric g, = ﬁzl <i<onir dx' @ da’ of constant sectional
curvature —c?,¢ > 0. For any i € {1,...,2n+ 1} we put E; = cz’ 621., and

the action of the Levi—Civita connection with respect to the orthonormal frame
{E1,..., Eany1} is given by:

VEiEj :c((SijEl —(SleZ'), i,j € {17...,2n—|—1}. (420)

Let (,€,7,9.) be an almost contact metric structure on H2"+! such that ¢ and
¢ have constant components with respect to {Ei}1<i<2n+1 and assume n > 2.
We claim that (H2"*1, ¢, £, n,g.) is an N(—c?)-l.c. cosymplectic space whose Lee
form satisfies ||w||? = ¢2, éw = 2n|lw||%. In fact the N(—c?)-condition holds since
ge has constant sectional curvature —c?. We know that (H?"+1 ¢ ¢ n,g.) is in
the Chinea—Gonzales class C4 @ Cs @ C12 [8]. We remark that, as stated in [12], in
dimension 2n + 1 > 5, any manifold in this class is l.c. cosymplectic if and only if
the codifferential of the fundamental form ®, ®(X,Y") = g(X, ¢Y), satisfies:

0Pop+ (2n—1)Ven =0. (4.21)

Condition (4.21) is fulfilled by H2"*1.

By (4.20), we have: V¢&=—cp?(Ey), Yi<cicont1(VE9)Ei=—(2n—1)cpEr,
50 0P(9X) =1 ciconi1 9e(VE,9)Eiy 9 X) = (2n — 1)ege(9® Br, X) =
—(2n—1)(Ven)X.

Since moreover 61 = — >, ;co, 11 9e(VEE, Ei) = 2ncge(§, E1), the Lee form
acts as w(X) = cg.(E1,X). It follows that B = cFj is the Lee vector field
and w = +da', so |w| = ¢. By (4.20) we also have dw = 2nc?. Hence
(H2"+1 o, €,m, g.) satisfies the hypothesis of Proposition 14, the distribution D;
corresponding to the subbundle spanned by {Es, ..., Ea,+1}. Then the leaves of
D; carry a flat Kéhler structure and by Theorem 15 g. can be locally expressed
as dt ® dt + aexp(—2[|wl|t)go, t being the Euclidean coordinate, a € R* and gy a
Kahler metric. In this case, the previous expression holds everywhere, considering
t=12logzl,a=%,90 =Y scicony do’ ® da'.

Finally, we describe the action of the complex structure J’ on a leaf F of Dj.
If w = w(&)n, namely if { = £y or { = —Fy, then J' = ¢|pp, so J' has constant
components with respect to a suitable orthonormal frame. If ¢ = {*FE;, with
£ # 0 for some i > 2, as in Proposition 14 we consider the vector field & =
l|lwl||€ — ﬁB = c(& — €1 Ey), which is tangent to F and orthogonal to ¢ B. With
respect to an orthonormal frame {Y7,...,Ya,_2,&}, B}, J acts as J'(V;) = ¢Y;,
i€ {l,..., 20— 2}, J'(&) = pEr, J(9Ey) = —&h.
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The previous example ensures the existence of N(k)-l.c. conformal cosym-
plectic spaces which are locally symmetric. We also recall that, for any ¢ > 0, the
hyperbolic space (H?"*! g.) is the local model of non-cosymplectic f-Kenmotsu
locally symmetric spaces, f = —c? [18].

This fits in the following more general result.

Theorem 16. Let (M, p,&,n,9) be a connected, non-cosymplectic, l.c.

cosymplectic manifold with dim M = 2n + 1 > 5. The following conditions are
equivalent:

i) M has constant sectional curvature k,
iil) M is a locally symmetric N(k)-L.c. cosymplectic space.

Moreover, if one of the previous conditions holds, either k+ ||w||* # 0 everywhere
and g = (||w||*+k)?g is a flat cosymplectic metric on M, or k = —||w||? and (M, g)
is locally a warped product | — €,e[ X2 F, where F is a flat Kdhler manifold,
h? = aexp(—2||wl|t), t being the Euclidean coordinate, a = const > 0.

PRrROOF. The statement i) — ii) is obvious. Viceversa, assuming i), by (3.11),
for any vector field X, one has p(X, &) = 2nkn(X), hence (Vxp)(&, &) = 2nX (k).
Then k is constant, p being V-parallel. By Proposition 9 and Lemma 8 the
function (3 defined in (3.3) satisfies:

Blw—w(@)n) =0, db=28w(&)n. (4.22)

Then, applying Proposition 10 and the hypothesis, for any U, X, Y € X (M) we
have:

Since R — km; is V-parallel, w(§) is constant and then, if w(§) # 0, M has
constant sectional curvature k. Now, we assume w(§) = 0, apply (4.22) and
obtain fw = 0, B being constant. Hence, since M is non-cosymplectic, § vanishes,
namely (2n —1)||w||? = 26w + (2n+ 1)k. By Proposition 11 M is an almost C(k)-
manifold, that is, for any vector fields X, Y, Z, one has:
R(X,Y,0Z) = p(R(X,Y, Z)) = k(g(Y,p2) X — g(X, p2)Y
—9(Y, Z)eX + g(X, Z)¢Y).
Therefore the covariant derivative VR satisfies:
(VuR)(X,Y,0Z) —o((VuR)(X,Y, Z)) = (Vue)(R(X,Y, Z))
= R(X,Y, (Vup)Z) = k(g(Y, Z)(Vup)X — g(X, Z)(Vue)Y
+9(X, (Vup)2)Y —g(Y, (Vup)Z2)X). (4.23)
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By i) in Proposition 10, the hypothesis and (4.23) we also obtain:

and, by (1.1), we have: |lw||*(R — km1)(X,Y, pU) = 0.

Since moreover (R —km)(X,Y,£) =0, we get: ||w|*(R—km) = 0. Since M
is non-cosymplectic and R — km is parallel, we obtain R = kmy, namely M has
constant sectional curvature k.

Finally, assuming i), equivalently ii), M is a C(k)-space, so the function «
defined in (3.3) satisfies: 2o = k — ||w||? and (3.7) reduces to d(||w|?) = (k +
|w||?)w. Therefore, either k + ||w||? never vanishes or k + [|w||? = 0.

If k+ ||w||* # 0, w is exact and § = (k + ||w||?)%g is a cosymplectic metric
with curvature R = R — kmy = 0.

If k = —||w||?, we also have dw = 2n||w||?>. By Theorem 15, (M, g) is locally
a warped product | — €, e[ xp2 F, h? = aexp(—2||w||t), @ > 0, and F is a Kihler
manifold. The flatness of F' follows by Proposition 14, since F' is isometric to a
leaf of Dy and M has constant sectional curvature. O
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