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Abstract. Given a continuous strictly monotone function ¢ : I — R and a prob-
ability measure u on the Borel subsets of [0, 1], the two variable mean M, , : I? — I is
defined by

M, (z,y) = w’l(/ol etz + (1 - t)y)du(t)) (z,y €.

This class of means includes quasi-arithmetic as well as Lagrangian means. The aim of
this paper is to study their equality problem, i.e., to characterize those pairs (¢, 1) and
(1, v) such that

Mep(z,y) = My (z,y) (z,y€l

holds. Under at most fourth-order differentiability assumptions for the unknown func-
tions ¢ and v, a complete description of the solution set of the above functional equation
is obtained.

1. Introduction

Throughout this paper I will stand for a nonempty open real interval and
CM(I) will denote the class of real valued continuous strictly monotone functions
defined on I.
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Given ¢ € CM(I), the two variable quasi-arithmetic mean generated by ¢ is
the function M, : I? — I defined by

1 (w(x) + ¢(y)

My (z,y) = ¢~ 5

> (z,y € I).

The systematic treatment of these means was first given by HARDY, LITTLEWOOD
and POLYA [36]. The most basic problem, the characterization of the equality of
these means, is solved by the following theorem.

Theorem A ([36]). Let ¢,9 € CM(I). Then the means M, and M, are
equal to each other if and only if there exist two real constants a # 0 and b such
that ¥ = ap +b.

Another class of means whose definition is related to the Lagrange mean value
theorem were introduced by BERRONE and MORO [6], [5]: Given ¢ € CM(I), the
two variable Lagrangian mean generated by ¢ is the function Ly, : I? — I defined
by

1( ! /y (t)dt) if x #
Ly(z,y) := 4 Y=o Js 4 Y (x,y €1).

T ifex=y

The equality of these means is characterized by the following result of the
paper.
Theorem B ([6]). Let ¢, € CM(I). Then the means L, and Ly, are equal

to each other if and only if there exist two real constants a # 0 and b such that
= ap+0.

Both classes of means have a rich literature, see, e.g., the monographs of
BORWEIN-BORWEIN [8], MITRINOVIC-PECARIC-FINK [51], [52], NICULESCU—
PERSSON [55]. The characterization of quasi-arithmetic means was solved in-
dependently by KoLMoGOROV [41], NAcUMO [54], DE FINETTI [31] for the case
when the number of variables is non-fixed. For the two-variable case, ACzEL [1]-
[4], proved a characterization theorem involving the notion of bisymmetry. This
result was extended to the n-variable case by MAKSA—MUNNICH-MOKKEN [53].
Another characterization is due to MATKOWSKI [49].

A recently rediscovered and blossoming subject is the investigation of the
so-called invariance equation and the Gauss-iteration related to quasi-arithmetic
means: GAUSS [33], BLASINSKA-LESK—GLAZOWSKA-MATKOWSKI [7], BURATI [9],
[10], DAROCZY [11]-[15], DAROCZY-HAJDU [16], DARGCZY-HAIDU-NG [17], DA-
ROCZY—-LAJKO-LOVAS-MAKSA—PALES [18], DAROCZY-MAKSA [19], DAROCZY—
Maxksa-PALEs [20], [22], DAROCzY-NG [23], DAROCZY-PALES [25], [27], [26],
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[28], [30], [24], [29], DOMSTA-MATKOWSKI [32], GLAZOWSKA—JARCZYK—MAT-
KOWSKI [34], HAJDU [35], HARUKI-RASSIAS [37], JARCZYK—MATKOWSKI [40],
JARCZYK [38], MATKOWSKI [47], [48], [50],

The equality problem of means in various classes of two-variable means has
been solved. We refer here to LOSONCZI’s works [42]-[46] where the equality of
two-variable means is characterized. A key idea in these papers, under high order
differentiability assumptions, is to calculate and then compare the partial deriva-
tives of the means at points of the form (z,z). A paper where also the regularity
properties are proved (not just assumed) is due to DAROCZY-MAKSA-PALES
[21], where means that are simultaneously quasi-arithmetic and arithmetic means
weighted by a weight function are determined without assuming any regularity
properties of the unknown functions. A similar problem, the mixed equality prob-
lem of quasi-arithmetic and Lagrangian means has been recently considered by
J. JARCZYK [39], where the solutions satisfying an additional convexity condition
were determined. This equality problem was completely solved by the following
result of the second author:

Theorem C ([57]). Let ,vp € €M(I). Then the means M, and L, are
equal to each other if and only if one of the following cases holds:

(i) either there exist real constants a, b, ¢, d with ac # 0 such that
o) =ax+b, and YP(x)=cr+d (vel);

(ii) or there exist real constants a, b, ¢, d with ac # 0, and q ¢ I such that

p(r) =aln|z —q| +b, amiw@)=G£%F+d (x € I);

(iii) or there exist real constants a, b, ¢, d with ac # 0, and q ¢ I such that

) =ay/|r — b, and x:;d:vl;
o) = ay/Tr —q] + W)= == d (e )

(iv) or there exist real constants a, b, ¢, d, p, ¢ with ac # 0 and p > 0 such that

c(z —q)

ole) = aasinbpfe =)+ and vla) - LI

+d (zel)

(v) or there exist real constants a, b, ¢, d, p, ¢ with ac # 0, p >0, and I N [q —
1/p,q + 1/p] = () such that

o(x) = aarcosh(p(z —q)) +b and ¢(x)=
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(vi) or there exist real constants a, b, ¢, d, p, ¢ with ac # 0, p > 0, and I C
l[¢ —1/p,q+ 1/p] such that

c(r —q)
1 —p*(z —q)?

In this paper, we consider the following common generalization of quasi-

o(x) = aarcsin(p(z — q)) +b and ¢(z) = +d (zel).

arithmetic and Lagrangian means: Given a continuous strictly monotone function
¢ : I — R and a probability measure p on the Borel subsets of [0, 1], the two
variable mean M, , : I? — I is defined by

M, (2,y) = (pl(/ol p(te+ (1= y)du(t)) (zy€1).

If p= %, then M, , = M,. If u = Lebesgue measure on [0, 1], then
M,, = L,.

The aim of this paper is to study the equality problem of generalized quasi-
arithmetic means, i.e., to characterize those pairs (¢, ) and (¢, v) such that

M%M(xvy) = MT/MJ(‘Tvy) (x,y € I) (1)

holds. Due to the complexity of the problem, we will not solve it in its natural
generality. We shall need at most fourth-order differentiability properties of the
unknown functions ¢ and .

2. Notations and basic assumptions

Given a Borel probability measure p on the interval [0, 1], we define the kth
moment and the kth centralized moment of u by

1 1
o= [ dutt) and = [a=itaun (ke NU o).

Clearly, jip = po = 1 and g3 = 0. In view of the binomial theorem, we easily
obtain

w= [ (¢ — ) dut) = / é(—l)i(’j)tiﬁ’fidu@)

k
=St (Daat wew @)
1=0

7
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and

= [ (- an = 3 (V) a-mata

1=0
- z: (’:) Wit~ (k eN). (3)

The statement of the following lemma is obvious.

Lemma 1. Let yu be a Borel probability measure on [0,1] and k € N. Then
por, > 0 and equality can hold if and only if u is the Dirac measure dg, .

(In the sequel, §, will denote the Dirac measure concentrated at the point
T€10,1].)

On the other hand, the odd-order centralized moments can be zero. One
can prove that por—1 = 0 holds for all £ € N if and only if p is symmetric with
respect to its first moment fiy, i.e., if p(A) = p((2p1 — A) N [0,1]) for all Borel
sets A C [0, 1].

To formulate the main results of this paper, we consider the cases when
the first n moments of the measures p and v involved in (1) are identical. For
n € NU{0, 00}, we say that the nth-order moment condition M,, holds if u,v are
Borel probability measures on [0, 1], furthermore,

//Zk:/V\k for alllgkgn (4)

Thus the M, condition means that all the moments of u and v are equal, whence,
by well-known results of measure and approximation theory, the equality of the
two measure p and v follows. On the other hand, the condition My simply means
that u, v are probability measures on the Borel subsets of [0, 1]. For n € NU {0},
we say that the exzact nth-order moment condition M, holds if M,, is valid but
M, 41 fails, i.e.,

//Zk = /I/\k for all 1 < k <n and ﬂnJrl 75 /V\n+1- (5)

It is obvious that, for all pairs of measures p,r, exactly one of the conditions
MG, M5, M5, ..., Mo can hold, ie., My is the union of the pairwise exclusive
cases MG, M7, M5, ..., Ms.

In view of the formulae (2) and (3), it is immediate to see that, for n > 2,
M, holds if and only if 13 = 1 and pg = vy for 2 < k < n.

In order to describe the various regularity conditions on the two unknown
functions ¢ and v, for k € NU{oo}, we say that the nth-order regularity condition
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G, holds if ¢,1 : I — R are n-times continuously differentiable functions with
non-vanishing first-order derivatives. For convenience, we also say that Cy holds
if o, : I — R are just continuous strictly monotone functions.

3. Basic results

In our first result, we compute the first partial derivatives of the mean M, ,
at a point of the diagonal of I x I under a weak regularity assumption. We note
that, by Lebesgue theorem, ¢ is differentiable almost everywhere in I, however
the derivative of ¢ can be equal to zero almost everywhere even if ¢ is strictly
increasing.

Lemma 2. Let pu be a Borel probability measure, let ¢ : I — R be a
continuous strictly monotone function and assume that ¢ is differentiable at a
point p € I and ¢'(p) # 0. Then "M, ,.(p,p) = F1.

Proor. Using the differentiability of ¢ at p, one can easily see that the
function f : I — R defined by

fl@) = [ elr+ (1 =op)auty) @eD

is differentiable at p and f'(p) = fol to' (p)du(t) = ¢'(p)pii. We have that
My, (z,p) = ¢ '(f(z)) and ¢'(p) # 0 implies that ¢! is differentiable at
©(p) = f(p). Therefore, by the standard chain rule,

1/ -~

nMyp,u(p,p) = (¢71) (F() - f'(p) = 70 @' ()i = fin- O

As an immediate consequence of the previous result, we obtain the first

necessary condition for the equality of the generalized quasi-arithmetic means.

This shows that, under weak regularity assumptions, there is no solution of the
equality problem if the exact moment condition M holds.

Corollary 3. Assume Gy and My. Suppose that there exists a point p € I
such that ¢ and 1) are differentiable at p and ¢’ (p)y’'(p) # 0. Then, in order that
M ,, = My, be valid, it is necessary that

,Zzl = /V\la (6)
i.e., My be satisfied.
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Proor. Using Lemma 2 twice and the equality of the means M, , and My ,,
we get
= 01My u(p,p) = 01 My, (p, p) = 11 O

The necessary condition (6) does not involve the derivatives of ¢ and
explicitly. It remains an open problem to derive the necessity of (6) assuming
only the continuity and monotonicity of the functions ¢ and .

In view of Corollary 3, in the rest of the paper, we may assume that the
first-order moment condition M; holds.

In our next result, assuming C;, we obtain a characterization of the equality
(1) that does not involve the inverses of the unknown functions ¢ and .

Theorem 4. Assume €y and My. Then M, , = My, holds if and only if

1 1
/0 / (t—8)¢ (tz + (1 — Oy (s + (1 — $))du(t)di(s) =0 (z,y € T). (7)

PROOF. Necessity. In view of the continuous differentiability of p,1 : I — R
and that ¢’ and ¢’ do not vanish anywhere, the means M, , and M,y , are
continuously partially differentiable with respect to their variables. Thus, (1)
yields

O «pu(z y) = 81M¢,1,,(:17,y) and s ga,u(x y) = 82M¢,,,,(x,y) (z,y €1).
Hence,
I Mo, (2,y)02 My, (2, y) = O My (2,9) My, u(z,y) (z,y €1).  (8)

By an elementary calculation, (8) can be rewritten as

fo ty' (tw +(1—1) )d,u . fol(l — s)z//(sx +(1- s)y)du(s)
¢ (Mg u(,y)) Y (M, (. y))
fo (1 —t)¢ (te + ( — t)y)dp . fol s (sz + (1 — s)y)dv(s)
¢ (Myu(z,9)) U (My(2,9))

which simplifies to

(v,y €1),

1 1
/ b (tw + (1 — t)y)du(t)/ (1 —s) (sz+ (1 — s)y)dv(s)
1 0 0 1 )
= /0 (1—t)¢ (te+ (1 - t)y)du(t)/o sv' (sz 4+ (1= s)y)dv(s) (z,y € ).
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On can easily see that (9) is equivalent to (7).
Sufficiency. We have that (7) is equivalent to (9), which easily yields (8). There-
fore, it suffices to prove that (8) implies (1). For the sake of simplicity, denote

F(z,y) == M, . (z,y), G(z,y):=My,(x,y) (x,y€l).
Due to the mean value property, we have
F(z,z) =2 =G(z,z) (xel).

Thus it remains to prove F(z,y) = G(z,y) for x # y. Without loss of generality,
we can assume that x < y. Set z := F(x,y). Then z < z < y. By the continuity
and strict monotonicity of ¢, we have that the mapping s — F\(t, s) is continuous
and strictly increasing on I for all fixed ¢ € I. Thus, for ¢ € [z, 2],

F(t,z2) < F(z,2) =z = F(z,y) < F(t,y).
Therefore, for all ¢t € [z, z], there exists a unique element s € [z,y] such that
F(t,s) = z. Denote this element s by f(¢). Then f is a function mapping [z, 2]
into [z,y] and satisfying the identity
F@t, f(t) =2 (t€lzz]) (10)
and the boundary value conditions

fla)=y and f(z) == (11)

Due to the implicit function theorem, f is continuously differentiable on [z, z].
Differentiating (10) with respect to the variable ¢, it follows that

iy O f(1)
PO =5, )
On the other hand, by (8), we have

61F(t, (1) _ Gt f(t)
WE(t, f(t)  0:G(t, f(1))

(t € [z, 2]).

(t € [2,2]),

whence it follows that

G(t, f(t) + [/ (H)0:G(t, f(£) =0 (t € [z,2]).

Therefore, the mapping ¢t — G(¢, f(¢)) is constant on [z,z]. Thus, by (11) and
the definition of z,

Ga,y) = Gz, f(2)) = G(2, f(2)) = G(z,2) = z = F(2,y).

This proves the equality of F(z,y) and G(z,y), i.e., the equality of M, ,.(x,y)
and My ,(z,y), too. O
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Substituting « = y into (7) we get the condition
(11100 — fotr )" =0,

which simplifies to (6) because ¢’ and ¢’ do not vanish anywhere. The result of
Corollary 3 states the same condition under a weaker regularity assumption.

Assuming C,,4+1, we now deduce further conditions that are necessary for the
equality (1).

Theorem 5. Assume G, 1 for some n € N and M;. Then, in order that
Mg ,, = My, be valid, it is necessary that

(i+1) ,t/](n-l-l—i)

5 (”) (10 = i) S - e = 0. (12)

=0

Conversely, if p,¢ are analytic functions and (12) holds for all n € N, then
Mg, = My, is satisfied.

PROOF. Denote by m the joint value of fi; and 7;. Substituting z := u +

(I —=m)v and y := u — mwv into (7), in view of Theorem 4, we can see that (7)
holds for all x,y € I if and only if

F,(v) = /0 /0 (t —s)¢' (u+ (t —m)v)y' (u+ (s — m)v)du(t)dv(s) =0

(wel,vel,),

(13)

where I, := {v € R | (1 — m)v, —mv € I — u} (which is a neighborhood of
the origin). If €,41 holds then, for all fixed w € I, the function F, is n-times
continuously differentiable on I,,. Differentiating F;, n-times by applying the
Leibniz rule, we obtain

W= [ 1 / by (”) S (04 (¢ — m)u)
1=0

< D (4 (s — m)v) (t — s)(t —m)'(s —m)"du(t)dv(s).
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Now substituting v := 0, we get

A= [ [3 (§) A= ot

—Z()/ / (1= $)(t —m)'(s — m)"dp(t)du(s)p D ()" ()

=0

;( )/ / M)+ (s — m)ni

= (t=m)'(s —m)" ) dp(t)dv(s)ot D (w)p "0 (u)
i( ) pit1Vn—i = pivn—ie1) oD ()"0 (w).
i=0

If (13) holds, then F\™(0) = 0, whence the above formula for F{™ (0) divided by
o/ () () yields (12),

Conversely, assume that ¢ and ¢ are analytic and (12) holds for all n € N.
Then, for all fixed u € I, the function F, is analytic on the open interval I,,. On
the other hand, (12) shows that £ (0) = 0 for all n € N. The equality F,(0) =0
is a consequence of iy = 7;. Therefore, due to its analyticity, the function F, is
identically zero over I,,. Thus (13) holds, whence the equality of the means M, ,,
and My, ,, follows. O

In the particular case n = 1, the above theorem yields the following result.

Corollary 6. Assume C; and M;. Then, in order that M, , = My, be
valid, it is necessary that
[']72 = afe|"? (14)
for some constant o > 0.

PROOF. In the case n = 1, condition (12) of Theorem 5 results

" "

(M1V1 Movz)v + (uzuo — u11/1) - =0.

Using o = v9p = 1 and g1 = 1 = 0, the above equation can be rewritten as

" "

_VQW =+ ,U2<P— = 0
After integration, it follows that
—v2In ||+ p2In|¢’| = In (|‘/’/|7'/2 : |<P/|”2)

is a constant function, which yields (14). O
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Though we assumed Cq in Corollary 6, the necessary condition (14) involves
only the first-order derivatives of ¢ and . It remains an open problem to derive
the necessity of (14) under first-order continuous differentiability.

4. The case when M, holds

In this section we solve the equality problem (1) if the two measures p and v
coincide.

Theorem 7. Assume Cy and M. Then M, , = My, holds if and only if
(i) either y=v = ¢, for some 7 € [0,1] and ¢, ¢ are arbitrary,

(ii) or u = v is not a Dirac measure and there exist constants a # 0 and b such
that
Y =ap+b. (15)

Proor. If 4 = v = 4, then one can easily check that both sides of (1) are
equal to 7 + (1 — 7)y, hence (1) is satisfied for any functions ¢ and .

It is also elementary to see that condition (ii) is sufficient for the equality of
the means M, ,, and My, ,.

To show the necessity of (ii), assume that M, , = My, and g = v is not
a Dirac measure. Define now the function f : ¢(I) — R by f := ¢ op~t. To
prove that (15) holds for some constants a # 0 and b, it suffices to show that f
is affine (i.e., convex and concave at the same time). Indeed, if f is affine then
f(t) = at + b for some constants a and b. Substituting t = p(x), (15) follows.
(Note that, by the strict monotonicity of f, a cannot be zero.)

If f is not affine then either it is non-convex or non-concave over J := ¢(I).
Without loss of generality, we can assume that f is non-convex and ¢, 1) are
strictly increasing functions. Applying the characterization of non-convexity ob-
tained in [58], it follows that there exist a point ¢ € J such that f is strictly
concave at g, i.e., there exists a positive number § and a constant a such that, for
telq—94,qland s €]q,q+ [,

f@t) < flg)+a(t—q) and f(s) < f(q)+a(s —q).

Substituting ¢ := ¢(u), s := ¢(v), and denoting p := p~1(g), it follows that there
exists 7 > 0 such that, for v € |p —n,p[ and v € | p,p + 1|,

Y(u) < (p) +ale(u) —p(p)) and (v) <(p) +ale(v) —e(p).  (16)
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Introduce the function @ by @(u) := ¥ (p) + a(p(u) — ¢(p)). Then ¢ is an affine
transform of ¢, hence we have the identity M, , = Mgz ,. On the other hand,
by (16), for u € |p—n,p[and v € [ p,p+n[,

Pu) <pu), () <@v), and ¢P(p) =¢(p). (17)

By our assumption, p is not a Dirac measure, hence My ,, is strictly increasing
in both variables. Using also its continuity, we can easily find € |p — n,p|
and y € |p,p + n[ such that My, ,(x,y) = p. Define 7 € [0,1] by the equality
72 4+ (1 — 7)y = p. Using that u is not the Dirac measure d,, we show that
w(]7,1]) > 0. Indeed, if u(]7,1]) = 0, then wu([0,7[) > 0. If ¢ € [0, 7] then
ter+ (1 —t)y > 72 + (1 — 7)y = p, hence, by the strict monotonicity of 1,

U(p) = Y (My,u(z,y)) =/0 w(tw+(1—t)y)du(t)=/[0 ]w(t:er(l—t)y)du(t)

> /[ Wl (=) = [ G0 = 0, Do) = Vo),

[0,7
which is a contradiction. Thus p(]7,1]) > 0 must be valid. On the other hand,

ifte]n,ljthenp—n<z<tr+(1—-1t)y <7z+ (1—7)y=p. Hence, by the
first inequality in (17), we have

Ytz +(1—t)y) <otz + (1 —t)y) (te]r1])
and, using the second inequality in (17), we also get
Ytz + (1 —t)y) <otz + (1 —t)y) (te(0,7)).

Using these inequalities, p(]7,1]) > 0, and Mg, = M, , = My, we finally
obtain

Y(p) = p( My u(x,y)) = /0 Ytz + (1 —t)y)dpu(t)
< / Btz + (1— )y)du(t) = 3( Mz (z.9)) = F(My p(2.9)) = 3(p),

which contradicts the last equality in (17). This contradiction proves that f is
affine. (|
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5. The case when M}, holds for some 2 < n < oo

In this section we characterize the equality problem (1) assuming that at
least the first two moments of the measures p and v are the same but the mea-
sures are not identical. The investigation of this case requires twice continuous
differentiability of the unknown functions ¢ and .

Theorem 8. Assume C» and M, for some 2 < n < co. Then M, ,, = My,
holds if and only if there exist constants a # 0 and b such that

Y=ap+b (18)

and ¢ is a polynomial with degp < n.

PRrROOF. Since n > 2, condition M} implies that

p2 = o — [if = Do — U} = vy =1 f3.

If 8 were zero, then, by Lemma 1, u and v are equal to some Dirac measures d,
and d, (7,0 € [0,1]), respectively. By Corollary 3, we have ji; = 71 which yields
that 7 = 0. Hence p = v follows, which is impossible in the case when M holds
for some 2 < n < co. Consequently, 8 cannot be zero.

By Corollary 6, we have (14), which can be rewritten as [¢/|° = af¢’|?.
Hence, 1)’ = ay’ for some nonzero constant a which proves (18).

Using (18), we have the identity My, = M., ,, therefore (1) is equivalent to
the following equation

Mg&,u(fﬂ,y) = MSlJ,V(xay) (:Evy € I) (19)
Applying the function ¢ to both sides, we get
1
| elte+ -t -n0 =0 @ye. (20)
0

Using a recent result of PALES [56], it follows that a function ¢ satisfying the
linear functional equation (20) must be a polynomial, therefore it is infinitely
many times continuously differentiable on I. Differentiating (20) (n + 1)-times
with respect to x and then substituting y := x, we obtain

/01 e (@)d(p— ) (1) =0 (z € 1),

which yields (fip+1 — ﬁn+1)90(”+1) = 0. By assumption M}, [i+1 — Upy1 cannot
be zero, hence (1) = 0. Therefore, ¢ must be a polynomial with deg ¢ < n.
Now assume that ¢ is a polynomial with degy < n. Then, for fixed z,y € I,
the function f(t) := ¢(tx + (1 — t)y) is again a polynomial of degree not bigger
than n. Thus, by M, (20) and hence (19) follows. Now using (18), we can see
that (1) holds. O
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6. The case when M7 holds

In the investigation of this case we consider two subcases.
Subcase 1: pave = 0.

Theorem 9. Assume Cy and M with usvs = 0. Then M, , = My, holds
if and only if
(i) either p and v are arbitrary, v = 05, , and there exist constants a # 0 and b

such that
o(x) =ar+b (zel). (21)

(ii) or v and ¢ are arbitrary, u = d3,, and there exist constants ¢ # 0 and d such
that
Y(@)=cx+d (zel), (22)

PrROOF. If ps = o = 0, then ps = vo, which contradicts Mj. Thus, only
one of the values ps and v5 can be equal to zero.

In the first case, p is equal to a Dirac measure d, for some 7 € [0,1]. By
i1 = vy, it follows that 7 = 7. Now (14) can be rewritten as [¢'|*2 = «, which
results that ¢’ is a constant function. Hence (22) follows for some constants a # 0
and b.

Conversely, one can easily check that if condition (ii) holds, then (1) is indeed
satisfied.

The case v5 = 0 is analogous. (I

Subcase 2: pavs # 0.
In our first result, applying Theorem 5, we derive further necessary conditions
for the equality (1).

Theorem 10. Assume Co and My with psvs # 0 and assume that equality
My, = My, holds. Then

vo—r = tg— =: . (23)
If @3 is valid then the function ® : I — R introduced in (23) satisfies the differ-
ential equation
<@—ﬁ)q>’+<“—§—”—§>@2_o. (24)
Ho V2 Ha V5

If C4 is also valid, then ® satisfies the differential equation

3 3 — 312 — 32
(e (S Sy (1 v IR ()
Ho Vo 15 5] H2 vy
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If M7 holds then the three coefficients in this equation do not vanish simultane-
ously and  and v are analytic functions.

PROOF. If Gy is valid then, from (14), we get that (23) holds. By this
definition of the function ®, we have that

/! (b 1 @
£ L2 (26)
e (A 2

To show (24), assume Cs. Differentiating the equalities in (26), it follows that

" (I)/ (1)2 " (I)/ (1)2
o p2 o pp (O RN 2

In the particular case n = 2, condition (12) of Theorem 5 yields

m " m
¥

/!
(pave — Mo%)v +2(parn — M1V2)? g + (psrvo — M2V1)i;—, =0. (28)

Using p; = 1 = 0 and the identities (26), (27), equation (28) can be rewritten as

o P2 o P2
—V3<—+ —2> +M3<—+—2> =0.
1) D) M2 5

which results the differential equation (24).
If the regularity assumption €4 holds, then differentiating (27) again, one
obtains
(PNN (b// (b(b/ @3 ,(/)//// (b// @@/ @3

=— +3—+ = 43—+ —. (29)
[2 AT v w vi o vl

/

On the other hand, in the particular case n = 3, condition (12) of Theorem 5

yields
27 1 2
"
(H1vs — pova) Y + 3(povs — M1V3)? 0
" 1 "
+ 3(usr1 — M2V2)(';—, : % + (pavo — psvr) SL;, =0. (30)

Using u1 = 11 = 0, applying (26), (27), and (29), equation (30) can be rewritten
in the following form:
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0 P P3 o [P B
— Uy —+3—2+—3 +3M2V2— —+—2
170 vy vy M2 \ V2 vy

o B2\ D 0l o B3
—3/1421/2 —+—2 —+M4 —+3 ) +—3 :O,
M2 K3 ) V2 K2 H3 My

which results (25), an at most second-order differential equation for ®. Introduce
the notations

pa V4 _Bpg 3 w4 —3u3 vy —3v3
= Vg g, 8=y e (31)
125) ] 125 vy 125 Vs

First we show that the constants 7, v, and §, cannot be simultaneously zero if M}
holds. The equations 7 = 0 and v = 0 form a system of linear equations for the
unknowns g, V4. The determinant of this system is nonzero because pg — vo # 0
by Mj. Thus ps = v4 = 0. Then the equation § = 0 yields ps = v, which again
contradicts Mj. Therefore, the coefficients in (25) do not vanish simultaneously.

To show that ¢ and ¢ are analytic, in view of (26), it suffices to show that
® is analytic.

If n # 0, then (25) is an explicit second-order differential equation for ®.
Applying the results on the analyticity of the solutions of such equations, it follows
that ® is analytic.

If n = 0, then (25) could be rewritten as

P (v + 69%) = 0. (32)
We show that this equation is satisfied if and only if

7P’ + 62 = 0. (33)

Denote
J = {t € I:y®(t)+ () # 0}.

Then J is an open subset of I. By (32), ® has to be zero on J. By the openness
of J, it follows that ® is also zero on J. Hence J must be empty which means
that (33) holds. If v # 0, then (33) is a first-order explicit differential equation for
®. Thus, it follows that ® is analytic. If v = 0, then ¢ cannot be zero, therefore
® = 0, which again yields the analyticity of ®. ([

In our second result, we obtain a necessary and sufficient condition for the
equality problem (1) under the additional assumption that ® satisfies a first-order
polynomial differential equation.
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Theorem 11. Assume C3 and M7 with psvs # 0. Suppose that (23) holds
and that there exists integer numbers 0 < 2n < k and a constant vector
(coy.--ycn) # (0,...,0) such that the function ® : I — R introduced in (23)
satisfies the following first-order polynomial differential equation

3ok 2(9) = 0. (34)
=0

Then M, ,, = My, holds if and only if

(i) either there exist real constants a, b, ¢,d with ac # 0 such that
o(x)=ax+b, and Y(x)=cx+d (x€l); (35)

(ii) or there exist real constants a, b, ¢, d, p, ¢ with ac(p — q) # 0, pq > 0 such
that
o) =aeP* +b and P(x)=ce™ +d (xel) (36)

and, for n € N,

n

Z <7Z>pzqnl (Hiy1Vn—i — pilns1-i) = 0; (37)

=0

(iii) or there exist real constants a, b, ¢, d, p, ¢ with ac(p—q) # 0, (p—1)(¢—1) > 0,
and xg ¢ I such that, for x € I,

{a|x—xo|p—|—b, if p#£0
p(x) = and

aln|z — x| +0, if p=0

bz) = {C|x—x0|‘1+d, if ¢q#0 (38)

cln|z — x| +d, if ¢q=0

and, for n € N,

- -1 -1
Z(pi ><i—i)(“”1’/ni_“i%+li)—o- (39)
1=0

PROOF. To solve (34), we distinguish three cases.

Case 1: ® = 0 (which is trivially a solution of (34)). Then ¢” = 0, whence
¢ = a, and by (14), also ¥’ = ¢ for some nonzero constants a and c. Therefore,
in this case, statement (i) of the theorem must be valid.
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Conversely, if (i) holds, then, for all x,y € I,
My (@, y) =ma+ (1 —f)y and My, (z,y) =iz + (1 —10)y,

hence the equality of the means follows from fi; = 7.

In the rest of the proof we may assume that ® is not identically zero. Denote
by J a maximal subinterval of I where ® does not vanish. Clearly, J is open and
nonempty and (34) can be rewritten as

ici<%>i=0 (x e J). (40)

=0

Therefore, the values of the function % on J are equal to the roots of the poly-

nomial P(z) := >.""  ¢;z*. Due to the continuity, we get that

=c (zel), (41)

where the constant c is one of the roots of the polynomial P. Now we can consider
the cases ¢ =0 and ¢ # 0.

Case 2: ¢ = 0. Then, (41) says that ® = 0 on J. Thus, there exists a
nonzero constant p such that ® = psp on J. If J were a proper subinterval of I,
then one of the endpoints of J, say «, would be contained in I. By the continuity,
we have ®(«) = pop # 0, which results that J is not maximal. The contradiction
so obtained shows that J = 1.

Using the definition of ®, we get that ¢ = py’. Integrating this equality,
we can find a constant b such that ¢’ = p(¢ —b). This is a first-order linear
differential equation for ¢, whose general solution is of the form p(z) = aeP* + b
for some constant a. Of course, ap cannot be zero, otherwise ¢ is not strictly
monotone. Using (14), it follows that ¢ is also of the form stated in (36) of
(ii), where ¢ = (u2/v2)p. Clearly pqg = (ua/v2)p? > 0. The condition M3, i.e.,
e # vo implies that ¢ # p. The functions ¢ and v are obviously analytic, hence,
Theorem 5 can be applied. Using

) )
oV (z) -1 PV (z) _ -1 .
=p ) =¢ 7, (zel,jeN),

one can see that (12) is equivalent to (37), therefore, by Theorem 5, the means
M, ,, and My, are identical if and only if (37) holds for all n € N.
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Case 3: ¢ # 0. Then, with the notation p := 1+ 1/(uz2c) # 1, (41) can be

rewritten as &' (2) )
T
¥ mp-n €7

Integrating this equality, it follows, for some xg, that

1 x—x -
@ mip-n €7 (42)

Hence zy cannot be in J. If J were a proper subinterval of I, then one of the
endpoints of J, say «, would be an element of I. By taking the limit + — «
in the above equation, it follows that ® has a finite nonzero limit at a. By
continuity, this yields that ®(«) = “Z(_L;Ol) # 0, showing that J is not maximal.
The contradiction so obtained proves that J = I. Applying (42) and the definition
(23) of the function ®, we get

P@) B p-1
90/(95)_ p2 @ —x (@ e J).

Integrating this equation, it results that

. aplr — zoP~t, if p#0
¢'(x) =
alr —xo|7t,  if p=0

for some constant a. After integration this yields that ¢ is of the form (38). Using
(14), we get that 1 is also of the form (38) with ¢ := 1+ (u2/v2)(p—1). Obviously,
(p—1)(g—1) = (u2/v2)(p—1)? > 0. We also have ac # 0 otherwise ¢ or 9 is not
strictly monotone. The condition p # ¢ follows from s # vs.

Now assume that xo < infI (the case zo > sup/ is analogous). In view
of (38), the functions ¢ and 1) are analytic and we have

@) (P i
G- (M -0,

Y9 () : q—1 1—j ;
=G -1 - J 1 N).

1/}/(:17) (j ) ,]_ 1 ((E xO) ) ((E €1, € )
Using these formulae, we can see that (12) is valid if and only if (39) holds.
Therefore, by Theorem 5, the equality of the means M, , and My, is equivalent
to the validity of condition (39) for all n € N. 0
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Subcase 2.A: pove # 0 and (us,v3) # (0,0).

Theorem 12. Assume C3 and M with paove # 0 and (us,v3) # (0,0).
Then M, ,, = My, holds if and only if one of the alternatives (i), (ii), or (iii) of
Theorem 11 is satisfied.

PROOF. By Theorem 10, we have that (24) holds. We show that (24) is
not a trivial equation, i.e., one of the coefficients different from zero. Indeed, if
both coefficients were zero, then we would get a homogeneous system of linear
equations for the unknowns u3 and v3. Since the determinant of this linear system
is (u2 — v2)/(p2r2)? # 0 hence uz = vz = 0, which contradicts the assumption
(us,v3) # (0,0) of the theorem.

Thus (24) is a nontrivial first-order polynomial differential equation for ®.
The statement now follows from Theorem 10. (|

If us = v3 = 0, then the necessary condition (24) of Theorem 10 does not
result any information, Thus, we may apply differential equation (25). Unfortu-
nately, this equation can be solved explicitly if povy = vops. In the remaining
cases, we shall use again the necessary condition (12) of Theorem 5 in the cases
n=4andn=>5.

Subcase 2.B: pava £ 0, (us,v3) = (0,0), and povs = vopg.

Theorem 13. Assume €4 and M} with pove # 0, (us,vs) = (0,0), and
povs = vopia. Then M, ,, = My, holds if and only if one of the alternatives (i),
(ii), or (iii) of Theorem 11 is satisfied.

PRrROOF. As we have shown in Theorem 10, the functions ¢ and v are analytic
on I and @ defined by (23) satisfies

nd” + 0P’ + §0° = 0, (43)
where the constants 7,7, d are defined by (31).

Now, by povs = vopus, we have that n = 0 then, (43) is an equation of the
form (34). Thus, by Theorem 10, one of the alternatives (i), (ii), or (iii) must be
valid. ]
Subcase 2.C: pava £ 0, (us,vs) = (0,0), and povy # vapy.

Theorem 14. Assume C4 and M} with pave # 0, (u3,v3) = (0,0), pavy #
vapia, (ps,vs) # (0,0), and

(5 — v5)* + (pa — 3pare)? + (va — 3uore)? # 0. (44)

Then M, ,, = My, holds if and only if one of the alternatives (i), (ii), or (iii) of
Theorem 11 is satisfied.
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PRrROOF. As we have shown in Theorem 10, the functions ¢ and v are analytic
on I and ® defined by (23) satisfies (43), where the constants 7,,d are defined
by (31).

By condition povy # ey, we have that n # 0, therefore (43) is a second-
order differential equation that cannot be solved explicitly. However, using this
equation, the second and third (an also higher-order) derivatives of ® can be
expressed as a polynomial of ® and ®’. With the notations « := —v/n and
B := —4/n, easily follows from (43) that

" = ad®’ + 30® and " = a(d')? + (a® + 3B)D?D + aBD. (45)

In the particular case n = 4, condition (12) of Theorem 5 yields

" 1 " /1 1
¢ " Y
(H1va — #0%)7 + 4(p2vs — M1V4)? o T 6(psva — #2V3)? o
" " s0///// (46)
+4(pgrn — p3va) > u + (usv0 — pavi) % =0.
Differentiating (29), we get that
1 (I)”’ (I)(I)N (I)’ 2 (1)2(1)/ @4
A S S LD L
¥ M2 1253 H3 M2 Ha (47)
" (I)”’ (I)(I)N (I)’ 2 (1)2(1)/ @4
1/)/ =— +4—; 43! 2) +6—5 + —-
P Vo Vs V3 Vs v,

Now using 1 = 11 = pg = vz = 0, and (47), equation (46) simplifies to the
following (at most) third-order differential equation for ®:

(@ — E)(I)/N_FAL('U_S _ %)(I)(I)//+3(/L_g _ V_«3>((I)/)2

M2 V2 Ha 2 Kz Vs

+6<“—§ - ”—i)cp?@’ + (“—i - ”—i)qﬂ — 0.
My Vs Ko V3

Substituting the formulae from (45) into the above equation, we get

(& - ﬁ) (a(®)? + (a® +38) D> + afd) + 4(“—3 - ”—3) (a®%®’ 4 fD*)
e Vg Mz V3

Hs Vs "2 Hs Vs 25/ Hs Vs 4
+3(———>(q>) +6<———><I> o+ <———)<I> —0.
n3 v poov3 py V3
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Finally, we obtain the following (at most) first-order differential equation for &:

3 3
( +aﬂ2u5_ +OW21/5>(<I>')2

13 Z
6+4 24 308)u 6+4 24 38)2
(St OO O+ 0 SR gy
122 Vo
14 48u3 + afBu3 1+ 4802 + afBv3
+( 5#:4 6M2M5_ 654 ﬁ 21/5 (1)4:0 (48)
2 2

In the next step we show that the three constant coefficients in this equation
cannot be simultaneously zero. Indeed, if all these coefficients are zero then,
using that (us,vs) # (0,0), we can see that the following two vectors in R are
linearly dependent:

3+auy 6+4aps+ (a? +38)u3 1+48u3 + abus
'LL:(Ul,UQ,Ug) = )

ui 13 14

v_(v1,v2,v3)3_(3+ow2 6+4O‘V2+(O‘2+36)V§71"‘457/224_0‘6”%)' (49)

2 3 1
V3 vy Vg

Therefore, their vectorial product is zero, i.e., u;v; = u;v; for all 1 <¢ < j < 3.
The equations corresponding to the cases (i,7) = (1,2) and (4,5) = (1,3) are

72 (3 + ozluz) (6 +davy + (a® + 36)V§) =1y (3 + 041/2) (6 +dops + (a® + 35)@%)

and
115 (3 4 apo) (1 + 483 + aBry) = v3 (34 avs) (1 + 4813 + afu3).

After some calculations, simplifying also by the factor s — ve # 0, we arrive at
6a(pe + v2) + (@® — 9B)pave + 18 = 0 (50)

and
a3 + va + pave) + aBuivs + 3(ue +v2) = 0. (51)

Multiplying (50) by (pu2+v2), (51) by 6, and subtracting the equations so obtained,
finally dividing by pervs # 0, we get

(@® — 9B) (2 + v2) — 6aBusvs + 6a = 0. (52)
Using the formulae

oo Y 3uard —vap3)

n o pave(pavs — vapn)’
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k) 3 _ 3 3 2.2 _
ﬁ 2 _/L4V2 Vo + 1515 (‘LLQ I/Q), (53)

n N%VQQ (Have — vap2)

equations (50) and (52) can be rewritten in the form

I(p2 — v2) (Buave(pave — vapia) + pava(pe — v2))

= 0,
(pava — vapiz)?
(2 — v2)® (Bpave(pave + vapio) — pava(pz +12)) 0
,LL2V2(M4V2 - V4u2)2 ’
respectively. Using po — v # 0 and pqavs — vape # 0, we get
3uave(pave — vapia) + prava(pe — vo) =0,
3uave(pave + vapia) — prava(pe + vo) = 0.
Adding up, and subtracting these two equations, we obtain
6u4ugy22 — 2ugvqv9 = 0, 61/4,u§u2 — 2442 = 0,
whence it follows that
M4 = V4 = 3M2U2. (54)

In this case, (53) simplifies to

1 1 1 1
(i) = (ae)
M2 V2 Mz V3

Therefore, for the vectors u and v defined in (49), we get

u:U:<-—3 6mr+w)3w3+%)—£@)
pove’  pvi 133

Thus, the differential equation (48) reduces to the following form

3 (us — v5)(®')* + 6luz +v2)

M5 — Vs ‘I)/(I)Q
HaV2 pv3 ( )

3(u3 +v3) — psvs

(/1,5 — 1/5)(1)4 =0.
p3v3

+

The coefficients of this equation can simultaneously vanish if and only if us=vs.
However, this equality, together with (54) contradicts the condition (44) of the
theorem. The contradiction so obtained shows that the coefficients of (48) cannot
be identically zero under the assumptions of the theorem. Thus, (48) is a non-
trivial first-order polynomial differential equation of the form (34). Therefore, it
follows that ¢ and v satisfy one of the alternatives of Theorem 11. (|
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If either us = v5 = 0 or pus = v5 and g = v4 = 3uare, then (48) is useless,
thus we need to apply the necessary condition (12) of Theorem 5 in the case
n =>5.

Theorem 15. Assume C4 and M3 with psvs # 0, (us,v3) = (0,0),
HaVs # Vafia,

5 2 5uou2
(N6, Vg, 0) i (GMQLQ_ALLN 6u§2—4y4’ 3#2”2(”2#4 - M2V4) - (Mz - V2)N4V4) (55)

and r oG
(Mﬁa Vg, 0) 7& (Eu Ea D)u (56)

where

D = 45p5vg (o — v2)® (nava — pave)* ((pe — va)pava + 3pava(povs — pave))
(vap2 — v2)(2p2 — v2) (2 — 2v2)(Tpa — 8vo) vy
+ p2(p2 — v2)(2u2 — vo) (2 — 212)(8p2 — Tvo)puavi
— 6455 (p2 + v2) (6115 — Spaava + 6V3)p1avs
— Bpiovy (po — 2v2)(Tps + pove — v3) i
— 6psva(2pa — v2) (13 — pave — Tva)vi + 450505 (12 — vo) (Tpa — 2v2) 4
+ 4541503 (pg — v2) (22 — Tva)ra),
E = 403 (2 — v2) (n2 — 2v2) pjva + 45 (12 — v2) (22 — v2) pavy
+ pava(pa — vo) (713 — 22p9vs + Tps) pivi — Gpavs (22 + v2) (2 — 2v2) 1
— 6pgv2 (o + 2v2) (2u2 — v2 )V + 3u3vs (Tua — 24p0v0 — v3)pivs
+ 3303 (13 + 24p2ve — Tvg) pavi +90p505 (12 — va) (pava — vopia)?,
F := 3pgva(pava — pave) (pvavs — papavs + (3v — 3pu2) pava)
(6psvavs — Bpzpary + pa(Tpa — 2v9)pavs + 5va(pe — 2v2)pf),
G := 3pova(pova — paro) (Havovs — piopuavy + (3ve — 3uo)pavy)
(6u3v3vs — Bpopavs + vo(2pe — Tvo)pava + Spa(2pe — v2)v3). (57)

Then M, = My, holds if and only if either one of the alternatives (i), (ii), (iii)
of Theorem 11 is satisfied.

Proor. Following the argument of the proof of the previous theorem, we
get that the functions ¢ and v are analytic on I and ® defined by (23) satisfies
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(43), where the constants 7,7, d are defined by (31). We have n # 0, and, with
the notations a := —v/n and 8 := —4/n, (43) yields (45) and

D" = (402 + 63)D(P")? + (® + 9a8) P3P’ + (a6 + 36%)D°. (58)
Differentiating (47), we get that

1" (I)”” (I)(I)I” q)/(I)” (1)2(1)// P (I)/ 2 @3(1)/ @5
L 4105 +10 L1528

¢ e It It 13 13 uy g (59)
" g n & 2% N2 3P/ 5
1/}7: (122 5(1);};2 +1O®V(§ +10(I)V§ +15q>(;};9}) +1O®U§ %
In the particular case n = 5, condition (12) of Theorem 5 yields
i /! " ()0/// 1/}////
(H1vs — MOVG)T + 5(povs — M1V5)? SR 10(p3vs — pova) — - v

" " "1 " "

¥
90/ : W +5(/L5V1 —ILL4V2)7 . W + (,UGI/() - /L5V1) (pl =0.

+10(pav2 — psvs)

Now using u; = 11 = pug = v = 0, and the identities (26), (27), (29), (45), (47),
(58), and (59), we obtain

g 10—y 10—y + 15— 10— + —

(I)”” (I)(I)”’ (I)/(I)// (1)2(1)// (I)((I)/)Q (1)3(1)’ (1)5
— 5 —
VG( V2 Vs Vs vy vy 2 vy )

d (I)”/ (I)(I)” (I)I 2 (1)2(1)/ @4
+5M2V4—'(—+4 5 +3( 2) +6— +—4>
M2

12 vy vy vy Vg
o P2 0 P P3
— 10/LQV4<— + —2> : <— + 3—2 + —3)
M2 /142 120 V2 V2
@ o @3 o P2
+ 10M4U2<— + 3—2 + —3) . (— + —2)
M2 M2 M2 v2 15

P Yo P’ 2 (1)2(1)/ (1)4 P
—5#4V2<—+4 ) +3( 2) +6 3 +—4) -
H2 H2 H3 Ha Ha /) V2
(I)/”/ (I)(I)”/ (I)/(I)” @2(1)// P (I)/ 2 (1)3(1)/ @5
+us< +5—5 + 10— + 10—5— + 15 (3) + 10— +—5>:0,
2 Ha M3 Ha Ha Ha Ha

Using now the formulae (45) and (58), the above equation reduces to the following
first-order differential equation for ®:

(Arpig + Agvg + A3)®(®')? + (Byjs + Bave + Bs)d*d
+ (Cipg + Cov + C3)®° =0, (60)
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where

Ay = 305 ((40” + 68) 3 + 15aps + 15)
Ay = —pbv3 ((40® + 683)v3 + 15av, + 15)
As = —5u§u§’((aug + 3)usvs — (apz + 3)pavy)

By := pavs (0 + 9aB) 3 + (5a% + 255)u3 + 10aps + 10)

By = —p3us((® + 9aB)vs + (5a° + 258)v3 + 10aws + 10)

Bs = 51303 ((0®v3 + daws + v + 4)psva — (013 + Ao + B + 4) v
+ (2ap3 + 6p2)pavs — (2003 + 6v2)p3va)

Cy = V3 ((a®B + 36%) s + 5aBs + 108u5 + 1)

Co i= —p5 ((?B + 368%)vs + 5afvs + 108V + 1)

Oy := Spava ((afvs + 46V + 1)pgva — (Bl + 485 + 1pavy
+ (26506 + 2p2) pavs — (2036 + 2v2) p5va).

If the coeflicients in equation (60) vanish simultaneously, then ug, v and £ = 1 is
a nontrivial solution of the following system of homogeneous linear equations

Arpe + Agvg + A3 =0,  Bipg + Bavg + Bs§ =0,
Cipe + Covg + C3€ = 0. (61)
Therefore, the value D defined in (57), which is the determinant D of this system
has to be zero. The constant D was factorized by using the Maple 9 symbolic

package. Thus, in order that D be zero, we have two possibilities. The first
(simpler) case is when

(2 — vo)ptava + 3pova(pova — pave) = 0.

Then, again using Maple 9, we get the following values for the solutions pug and
vg of the linear system (61):

g = ST S
6= =5 —— U= 5 ——.
615 — pua 6v5 — v4

This, however, contradicts the assumption (55). Thus, in this case the three
coefficients of (60) cannot vanish simultaneously.
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The second case is when the last factor of D is zero, i.e., when

va(pa — va)(2p — va) (e — 2va)(Tpa — 8va)piva
+ pa(pig — v2) (22 — vo) (g — 2v2) (82 — Tva)pavy
— 6455 (p2 + v2) (6115 — Spaava + 6V3) puava
— Gpagvs (p — 2v0) (Tpl + pove — v3)
— 6pva (212 — v2) (i3 — piove — Tva )i + 450505 (Tia — 2v2) (112 — v2)ia
+ 45505 (12 — v2)(2p9 — Tva)va = 0.

Calculating with the help of the Maple 9 package, we get the following values for

the unknowns ug and vg:
F G

He =70 V6= oo
where E, F, and G are given by (57). In view of condition (56), we get again a
contradiction. Thus, in this case, the three coefficients of (60) cannot be simul-
taneously zero
Therefore, in each case, ® satisfies a nontrivial first order polynomial differ-
ential equation of the form (34). Hence, one of the alternatives of Theorem 11
must be valid. O

7. Applications

In this section we demonstrate some possible applications of our results.

Ezxample 1. Consider the functional equation

2z+y z+2y z zty
(pl(w( ) 4ol >>_¢1(w< ) 100 >+¢<y>), (62)

where ¢, : I — R are continuous strictly monotone functions.

Equation (62) is an obvious particular case of the equality problem (1), where
the measures p and v are given by

u—51/3+62/3 760"’1651/2"’51

5 and v 13
Then, i1 =171 = % and, for k € N,
(-1)* +1 (-1)*+1
/Lk:72-6k and Vk:718-2k .
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Hence
. 1 Y R
p1 =Y, H2 = 367 M3 ) g = 12967 ety
» 1 . B
vy =Y, vy = 367 V3 ’ vy = 1447

Thus the exact moment condition M3 holds. If €4 is assumed, then, by Theorem 8,
p, 9 : I — R satisfy (62) if and only if there exist constants a # 0 and b such that

Y=ap+b

and ¢ is an arbitrary strictly monotone polynomial with deg¢ < 3.
It remains an open problem to find the solutions of (62) under the regularity
assumption Cg only.

Ezxample 2. Consider the functional equation

! (w) =yt (/01 2th(ta + (1 — t)y)dt), (63)

where @, : I — R are continuous strictly monotone functions.

Equation (63) is also a particular case of the equality problem (1), where the
measures i and v are now given by

- 0o + 201

3 and dv(t) = 2tdt.

Then, 1y =7, = % and, for k£ € N, we have

TAGHETIES ==

and L his
2\ k 6k + 10 — (=2
Vk:/2t(t——) dt = + ( )k 5
0 3 (k4 1)(k 4+ 2)3++
Hence
_0 2 2 2
H1 =Y, :u2_97 M3 277 ,UJ4—27 )
=0 V_i V_——l V_—l
1 =Y 2_187 3 — 1357 4 — 1357

Thus the exact moment condition M7 holds. Since us # 0 # v3, Theorem 12 can
be applied. If C3 is assumed, then, one of the alternatives (i), (ii), and (iii) of
Theorem 11 holds.



On the equality of generalized quasi-arithmetic means 435

If the alternative (i) is valid then there exist real constants a, b, ¢, d with
ac # 0 such that ¢ and 1 are given by (35), i.e., they are affine functions. In this
case, the means M, ,(z,y) and My ,(z,y) are equal to the weighted arithmetic
mean 2””%

If (ii) were valid, then there exist real constants a, b, ¢, d, p, ¢ with
acpq(p — q) # 0 such that (36) and (37) hold for all n € N. In the case n = 1,
(37) yields

q(piv1 — pove) + p(pavo — pav) =0, (64)
whence ¢ = 4p. If n = 2, then (37) implies
@*(pave — povs) + pq(pavy — pave) + p*(psvo — porr) =0, (65)

resulting ¢? = 10p?, which contradicts ¢ = 4p.

If (iii) is valid then there exist real constants a, b, ¢, d, p, ¢ with
ac(p—1)(¢g—1)(p—q) # 0 and x¢ ¢ I such that (38) and (39) hold for all n € N.
In the case n =1, (39) yields

(¢ = 1)(r11 — pove) + (p — 1) (p2vo — pavi) =0, (66)

whence ¢ = 4p — 3. If n = 2, then (39) implies

W(le = pov3) + (p = 1)(g = ) (pav1 — pre)
+ W(m% — p2r1) =0, (67)

which results p = 0 and ¢ = 4p — 3 = —3. Instead of showing now that (39)
holds for all n > 3, we prove that the functions ¢, : I — R given by (38) satisfy
(63). For simplicity, we assume that zo = 0 < infI. Then ¢(z) = alnz + b and
P(x) = cr ™3 4+ d.

On one hand, we have

On the other hand,

1/11</012t1/)(ta:+ (1 —t)y)dt> -

_ ( 20y —x) —y
(y —z)2(tz + (1 = t)y)?

[N
S—
>
=
=
+
=l
| ~
~
S~—
NS
S~—
w
Q
=
~
|
Wl
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(o > _ (L)i en

(y—x)?x?  (y—x)y? z2y

which proves the equality in (63).
Ezxample 3. Consider the functional equation

- (2so<w> + w(y)) - <4w<x> + () + w(y>>

3 9 (68)

)

where ¢,1 : I — R are continuous strictly monotone functions.

Equation (68) is an obvious particular case of the equality problem (1), where
the measures p and v are given by

0o + 201 do + 451/2 + 461
= 73 an V= 49 .

Then, 1y =73 = % and, for k € N, we have

MkZ/Ol (t—g)kdﬂ(f)z(_;;{#

and .
1 k k k
2 —4 4(—1 4.2
I/k:/ t— = du(t):( AT .
0 3 9.6k
Hence
0 2 2 2
H1 =Y, H2 = 97 M3 275 Ha 27 3
0 1 1 1
v = Vg = — V3= —— V= —
1 ) 2 97 3 547 4 367

Thus the exact moment condition M7 holds. Since pu3 # 0 # v3, Theorem 12 can
be applied. If C3 is assumed, then, one of the alternatives (i), (ii), and (iii) of
Theorem 12 holds.

Clearly, if (i) holds, then ¢ and ¢ are affine functions and the two means on

the left and right hand sides of (68) are equal to the weighted arithmetic mean

24y
=3 -

If (ii) holds, then there exist constants a, b, ¢, d, p, ¢ with acpg(p—¢q) # 0 such
that (36) and (37) are satisfied for all n € N. In the case n = 1, (37) simplifies
to (64), which results ¢ = 2p. Instead of showing that (37) holds for all n > 2,
we prove that the functions ¢ and ¢ given by (36) are solutions of (68). Indeed,

1 20() + oy) :lln 2eP? + ePY :iln 2eP7 4 Py \
i’ 3 p 3 2p 3
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1 ! 4e?PT 4 42057 4 2Py

" 9

(46‘” + 45 4 eqy)
9

1
—1In

LR 1(252) + )
q

9

In this case, we can also see that the means on the two sides of (39) are weighted

exponential means.

If (iii) were valid then there exist real constants a, b, ¢, d, p, ¢ with

ac(p—1)(¢g—1)(p—q) # 0 and x¢ ¢ I such that (38) and (39) hold for all n € N.
In the case n = 1, (39) simplifies to (66) whence ¢ = 2p — 1 follows. If n = 2,
then (39) yields (67) which results p = 1 contradicting the conditions on the
parameters. Therefore, there is no solution of (68) in the case (iii).
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