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On a class of critical Riemann—Finsler metrics

By BIN CHEN (Hangzhou) and YI-BING SHEN (Hangzhou)

Abstract. A generalized Einstein—Hilbert functional in Finsler geometry is defined
and its Euler-Lagrange equation is derived, which depends on not only the Ricci scalar
but also the mean Landsberg curvature. Such critical metrics include usual Riemann—
Einstein metrics. Some non-Riemannian examples of critical metrics are given. More-
over, some rigidity theorems for a Finsler metric to be Riemannian are obtained.

0. Introduction

Finsler metrics are just the Riemannian metrics without the quadratic re-
striction [9]. Finsler manifolds are differentiable manifolds equipped with Finsler
metrics. Recently, the study of Finsler geometry has taken on a new look [4], [6],
[11], [16].

Let M be an n-dimensional compact manifold. As is well known [5], among
Riemannian metrics on M there is an important class of metrics called Einstein
metrics, which are the critical points of the normalized Einstein—Hilbert functional

o )
—_— R dppy (0.1)
Vol' =2/ (M) Jur ’
where R is the scalar curvature of the Riemannian metric, duys is the volume
element of M. This motivates us to consider the corresponding functional in
Finsler geometry. An attempt in this direction was tried by H. AKBAR-ZADEH [1],
[2]. Unfortunately, it seems that one could not obtain the tensor characteristic on
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generalized Einstein metrics from the variation calculus in [1] (also cf. D. BAO’s
comment [8]). It encourages us to look for the Finslerian analogue of critical
metrics from the point of view of differential geometry and variational calculus.
By virtue of the Chern connection on a Finsler manifold (M, F') with the
Finsler metric F', we can define the flag curvature and the Ricci scalar, which are
generalizations of the sectional curvature and the Ricci curvature in Riemannian
geometry, respectively, [4]. It is natural to define a similar functional in Finsler
geometry by using the Ricci scalar and the volume form induced from the pro-
jective sphere bundle over (M, F'). In fact, this functional can be defined by

1

= o san

/ Ric d,LLSM, (02)
SM

where Ric denotes the Ricci scalar and SM is the projective sphere bundle over
M with volume element djgys.1) One can check easily (0.2) is just the previous
(0.1) if F' is Riemannian by means of the integral trace formula (or Lemma 1.4
in [12]).

The purpose of this paper is to derive the Euler-Lagrange equation of the
functional (0.2) and to give some examples of Finsler metrics satisfying the Euler—
Lagrange equation. Moreover, some rigidity theorems for a Finsler metric to be
Riemannian are obtained. We find that the critical points of (0.2) depend on not
only the Ricci scalar but also the mean Landsberg curvature. Precisely, we have

Theorem 0.1. The Euler-Lagrange equation of the functional (0.2) is

2 ~ -2
Ric(z,y) = s} (tracechthracng - 5 7’) , (0.3)

where
~ 1 ) . .
Re = 5[172 Riclyiyrda’ @ da®, T = (Jyp + Ji — JiJp)da’ @ da,

r = [gy Ric dpusnr/ Vol(SM) is the average of Ric on SM, J = Jydx" is the mean
Landsberg tensor, “|” and “;” denote respectively the horizontal and the vertical
covariant derivatives with respect to the Chern connection, and “-” denotes the
covariant derivative along the Hilbert form.

Definition 0.1. A Finsler metric which is a critical point of the functional
(0.2) is called an &-critical metric.

It is easy to show that a Riemannian metric is an £-critical metric iff it is
Einstein. On the other hand, we have the following non-Riemannian examples.
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Ezxample 0.1. Let a be a Ricci-flat Riemannian metric and 3 is parallel with
respect to «, then the Randers metric ' = o + ( is an E-critical metric. In fact,
a non-Riemannian Berwald—Randers metric F' = o + 3 is E-critical if and only if
« is Ricci-flat. We shall discuss £-critical Randers metrics in the further paper.

Ezample 0.2. Let (M, g) and (N, h) be two Ricci-flat Riemannian manifolds,
then the metric

F(z,y) = Vo(g(@n, ynr), Man, yn))

is &-critical on the product manifold M x N, where the function ¢(s,t) can be

defined as
B(s,t) = s+t + ev/sk +tk,

Here € is a nonnegative real number and & is a positive integer.
We also have the following rigidity result.

Theorem 0.2. Let M be a compact closed manifold, and F' be a Finsler met-
ric on M with positive constant flag curvature and almost isotropic S-curvature.
Then F is an E-critical metric if and only if it is Riemann—FEinstein.

From the above theorem we have immediately the following

Corollary 0.1. Any E-critical Randers metric with positive constant flag
curvature on a compact closed manifold must be Riemannian.

The contents of this paper are arranged as follows. In §1, some necessary
notations and formulas are given. In §2, the Euler-Lagrange equation (0.3) of
the functional (0.2) is derived. In §3, some rigidity theorems are shown, and two
non-Riemannian examples of £-critical metrics are given. In the last section §4,
some results on surface are considered.

1. Preliminaries

Let M be an n-dimensional differentiable manifold with the tangent bundle
TM. The points in TM are denoted by (x,y), where x € M, y € T, M, and let
(2%;9%) be the local coordinates of TM with y = y'9/0x*. A Finsler metric on
M is a function F' : TM — [0,400) such that (i) F' is smooth in TM\{0}; (ii)
F(z,\y) = AF(z,y) for any A > 0; and (iii) The fundamental quadratic form

i 1
9= gir(z,y)de’ ® da®,  giy, == [QFQ] - (1.1)
yry®
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is positively definite. Here and from now on, the lower index y* always means par-
2 2
tial derivatives, Fy: := g—;, [Fz]yyk = %, etc. We shall use the convention
that Latin indices range from 1 to n(= dim M).
The canonical projection 7 : TM\{0} — M gives rise to a covector bundle
m*T*M, on which there exists the Hilbert form w = [F],idz’, whose dual is the

distinguished section
9 Sy
=0— ith (' := =. 1.2
=1 Eres with £ Ia (1.2)

The Cartan tensor and the Cartan form are respectively

F

A= Ajjpda’ @ da? @ da®, Ay, = 7 i (1.3)
I= Iz'dCUi, I; == Aijkgjkv (gjk) = (gz'j)_l- (1.4)
The nonlinear connection coefficients are given as
i i A i il 1
N =Y = Cpa¥’y"s Ol = 9" Cjny - Cigie = 1 A
where ’ygq are the 2nd kind formal Christoffel symbols of g;;. Define
) , , )

0 90 0 Sy’ = dy’ + Njidz". (1.5)

Sz Oxi T oyk’

It is well-known that there exists uniquely the Chern connection V on 7w*T'M

9 _ 0 i i k i 1y 0g1; | Oque  09gjk
o~ “igg @i = Twdrh T =50 (m oo owt ) 1Y
satisfying
J i k k 5yk
dx? N w; = 0, dgl‘j = GikW; — Grjw; = 2Aijk7F . (17)

The spray coeflicients are G* := ’yji- kyj y*, and one can check that

L i i

i i L i i
G:I‘jkyjyk, §[G}yj:Nj:ijyk, B

where “-” denotes the covariant derivative along the Hilbert form.

The curvature 2-forms of the Chern connection have the form

_ . 1 : 3y’
Q) = du) — wf Awf = SRy de® Ada' + Py de A - (1.9)
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which give the hh-curvature R and the hv-curvature P. The flag curvature tensor
and the Landsberg tensor are defined by

Rik = EjRj iklél, Likl = 7€ij ikl
respectively. By noting 6F/dz* = 0, the following formulae are well known

N, oy

oxk i

iiyj
kaﬁ

] s Lijr = gilLljk = Azjk (1.10)

The mean Landsberg tensor(see §2.1 in [11] or §8 in [16]) is the contraction of L
J = Jkdl‘k, Jk = gijLijk = jk. (111)
The Ricci scalar is defined by

. i ip i gl Z/j
RICZ:RZ‘ZZJRJ' ilg :ﬁ

(1.12)

IN;  ON;
ot oxJ

On the punctured bundle TM\{0}, there is the Sasaki type metric g;rdr’ ®
i k
dz* + gik‘s% ® 5%, which induces a Riemannian metric on the projective sphere

bundle SM X

. Syt oy
~ % k
Hence the volume form of SM can be expressed as

dpsa = Qdn Adz, Q= det (g?’“) (1.13)

where
dn = z:(—l)i_lyidy1 AERRWN Jy\l A---Ady", dx=dzt A Ada”.

The volume form of F' can be defined by

duy = op(z)de, op(z):= L / Qdn, (1.14)
SeM

Wn—1

where w,,_1 is the volume of the (n — 1)-dimensional standard sphere. The dis-
torsion 7 and S-curvature S are defined as(cf. §7.3 in [17])

det(gix)

.S =Tt 1.15
s Y (1.15)

7:=1In

where denotes the horizontal covariant derivative.

“ |77

On the Riemannian manifold (SM, §), we have the following divergence for-
mula
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Lemma 1.1 (see e.g. [12]). For any 1-form a = a;dx’ + ﬁi%yi (Bt = 0)
on SM, its divergence is

divg a = g™ (i — aidy, + Bir), (1.16)

where

“‘77

and “;” denote the horizontal and the vertical covariant derivatives
respectively, and J is the mean Landsberg tensor.

Lemma 1.2 (see e.g. [12]). For any function f on SM, we have div(fw) =
1§ where ¢ = (5 /62" is the horizontal part of /.

On each punctured tangent fibre T, M\0, we have the natural Riemannian
metric g;pdy’ ® dy*, and this metric gives rise to a Riemannian metric 7, =
F~1F,i.dy" @ dy* on the projective sphere fibre S;M, where {y'} should be
viewed as the homogeneous coordinates on S, M.

Lemma 1.3. Let a = a;dy’ (a;y* = 0) be an 1-form on (S, M, #,), then its
divergence is
divy, o = F?g"*[a;] v — Fg™ a1}, (1.17)

where I is the Cartan form.
By using (1.17), we have the following Green type formula.

Lemma 1.4. Let (M, F) be a Finsler manifold, then the following identity
holds for any functions ¢ and ¢ defined on SM

Dy [F2 )]s, 0l = / 0T F2],,p Q. (1.18)
SuM S M

PROOF. The special case of ) = 1 was proved in [12], and our proof is just

analogical to that. Set /g = y/det(gix) and a = ﬁ[ld% Then according to the
above lemma, one can verify that

Az, (Vgh) = g7 [F>¢lyyi /g + dive, (¢a) — 2n\/g0,
particularly, Az, (y/g) = divs, (). Then
"/’gij [F2¢]ylyﬂ\/§ - ¢gij [F2¢]ylyﬂ\/§
= VA, (V90) — 08+, (VgY) — (Pdo, a) + (pdy), )
= (VV9)Ar, ¢ — 0A:, (VoY) + Yo dive, (a) + (d(¥9), o).

Integrate on S, M with the volume form gdn7 then the classical Green’s formula
and divergence theorem give the result. O
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At the end of this section, we recall some special classes of Finsler metrics
[16]. A Finsler metric is locally Minkowskian if and only if both its hh-curvature
and hv-curvature vanish. A Berwald metric is a Finsler metric with vanishing
hv-curvature. If the (mean) Landsberg curvature vanishes identically, then the
metric is called a (weakly) Landsberg metric.

Finally, we remark that for Finsler metrics F' on compact manifold M the
functional (0.2) is homogenous with respect to F, i.e. E(AF) = E(F) for any
positive number .

2. The Euler—Lagrange equation

Let M be an n-dimensional differentiable manifold with boundary OM (per-
haps empty). Let F' be a Finsler metric on M, and F(t) be a variation of F' with
F(0) = F and F(t)|a(sar) = F(0)acsary- Define the variation function V' by

91 mpro V. (2.1)
o),

Then V|(sary = 0, and V' is a function on the projective sphere bundle SM. Since
we only consider variations with compact support, then VV|ygas) = 0 and the
divergence theorem will play its role without boundary value. A moment thought
shows V' may be an arbitrary function on SM with compact support. In fact,
given any V(x,y) on SM, we can define a variation of F(0) as F(t) := F(0)e'V/?
which are actually Finsler metrics for small ¢. For simplicity, we let all derivatives
with respect to t take their values at ¢ = 0, and omit the symbol of restriction
t = 0 after 9/0t.
Then the variation of the fundamental form (1.1) is

0] 1 1

&gik = Vik, Vik = §[F2V]y1‘,yk, Vko = ﬁ[F2V]yk, Voo = V. (2.2)
All through this paper, the lower index ”0” means taking contraction with the
distinguished vector ¢, i.e., vor = virl’, voo = vorl*. By the above setting, one
can easily obtain from (1.13) and (1.3)

0 1,

&dMSM =5 (9 [F?V]yiyp —nV) dpsnr, (2.3)
ggil = —gPuy, gl = o (2.4)
ot P ’
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0 1
acijk = 57 Vigik: Vojik = Viosk = Vij;0 = 0. (2.5)

On putting
, 1 .
Hy; = 59”(%“@ + Viklj — Vjk))s (2.6)

a direct computation shows

; a (095 | 09 Ogk a1 (Ovyy | v dujp
2H! = —pit [ 2L 4 25 2 L 2 ) 2.7
kg ! (&v’“ T )T Sab T Swi ol 27)
By (1.5) and (2.7), the variation of the formal Christoffel symbols then is

9 9914 | Ogue g vy | Ovy, vy,

09 p _ _ q _ Y99kq pl q _ 9Ukq

gt Tha = 7Y (axk 021 oat ) 79 Gk T ow T Bt

= 2H}, — 20" (N{Clgi + NjCiri — N} Cigi)

+ fg”l(N;ivzq;i + Ngvik;i — Njvkg;i)- (2.8)

Contracting (2.8) with y twice, we can get the variation of the spray coefficients

0 1
@GP - §gpl(”lk\q + Vil — Vign)y'y" = F2HE,. (2.9)

If we set TF := + 2 NP, we have from (1.8) and (2.9)

10

Noting that
{8 1 } _ _Thp 0

o]~ B gy
we firstly obtain from (1.8), (2.9) and (2.10)
v o (NG _ w5 (0N} yi:rikaN; _ 0o (2.11)
F2 0ot \ ozt F2éxt \ Ot F° oyk oxt
?Jj 0 5Nii i i
o (5xj = (1(T}) — Hgo(Thy, + Ji)- (2.12)

Setting an 1-form
0 = gixHoda® — Tiw,
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then from (2.11), (2.12) and Lemma 1.1-1.2 we have

%Ric = —V Ric+divy 0 + 2Hi, J;. (2.13)

Next, let’s calculate the last term in the RHS of (2.13)
2H{oJ; = 2u00Jig"™ — VirJig".
One can get from (2.2)
20000019™ = 2[veoJig"]j0 — 20k0J:9™ = 2[vkoJig" 0 — Vikdig"!
= div,(2[vkoJig™ |w — V. Jidy') + V divy (Jidy"). (2.14)

Note J;#* = 0, hence the 1-forms in the divergences are actually living on SM.
Moreover, one can immediately have

—Vipdig" = — divg(VJ) + V divy(J). (2.15)
Define 1-forms
i gk ki i ; oy’
&= gikHoodx + [2vk0Jig — Ti]w - VJ I - VJ, (216)
i ; oy’
k= Jidz' + J;—. (2.17)
F
It is easily to see from (2.13), (2.14) and (2.15)
% Ric = divg £ — V Ric+V divy k. (2.18)

Integrating (2.18) gives

d . O Ric . [0
dt Jsur Rie = /SM ( ot ) * /SM fic (atd'uSM>

1 .
= V (- Ric+divy k) + 3 / Ric (¢"[F?V]yi,0 —nV)
sM SM

=3 /SM V (¢"*[F? Ric]i,r — (n + 2) Ric +2divy k) , (2.19)
where we use {|p(sa) = 0 in the second identity and Lemma 1.4 in the last one.
On the other hand, Lemma 1.4 also gives the volume’s variation as

4 Vol(s ) = / L G V] — V) = L / V. (2.20)
dt sM 2 2 Jsm
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By (2.19) and (2.20), we reach

d 1 .
—SF:—/ V (F2¢*[Ric], i, .+ (n — 2)(Ric —r) + 2div, &) ,
dt ( ) 2V011_2/n(SM) Y ( g [ ]yy ( )( ) g )
where )
= i . 2.21
"7 Vol (SM) /SM Ric dusa (2:21)

Thus, according to the arbitrariness of V' defined by (2.1), we have proved the
following

Theorem 2.1. The Euler-Lagrange equation of £(F') defined by (0.2) is
F2g™*[Ric] ¢ + (n — 2)(Ric —r) + 2divy x = 0, (2.22)

where k = J;dzt + Jz‘s% and r is given in (2.21).

Remark. Expressing divy s explicitly by Lemma 1.1, one can show easily that
(2.22) is equivalent to

2 ~ -2
Ric(z,y) = s <tracech+tracng _n 5 7’) , (2.23)

where
~ 1 _ . .
Re = §[F2 Ricl i vdr’ @ da®, T = (i + Jiske — JiJr)dx" @ dz®.  (2.24)

Note that if F' is weakly Landsberg then J = 0 and the equation becomes sim-
pler. Fortunately, many weakly Landsberg metrics have been constructed in [13]
recently. One can see easily that any weakly Landsberg metric with constant
Ricci scalar must be E-critical.

On the other hand, by Lemma 1.3, the equation (2.22) can be expressed as

Ay, Ric+(V;, Ric, Vi, 7)s, + (n — 2)(Ric —r) + 2divy k = 0, (2.25)

where 7,, is the induced Riemannian metric on the projective sphere fibre S, M for
each z € M, A;, denotes the Laplacian with respect to 7, and 7 is the distorsion
of F.

From these equations we can find that the critical metrics depend on both
Ricci scalar and the mean Landsberg curvature. Taking some attentions to (2.23),
one can find the Euler-Lagrange equation is invariant under the homothetic trans-
formation of F, i.e., AF is E-critical for any positive constant A if F' is E-critical.
This is an expected result according to the normalized definition of £(F).
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3. Some special critical metrics

Proposition 3.1. A Riemannian metric F is E-critical if and only if it is
Riemann—Finstein.

PrOOF. If F' is Riemannian, then 7 = 1, I = 0 and hence k = 0. By (2.25),
we get
Az (Ric—r) = —(n — 2)(Ric —r). (3.1)

In Riemannian case, (S, M, ;) is a standard (n — 1)-sphere with the first eigen-
value (n —1). So, (3.1) implies that Ric —r = 0 given n > 3, while it is trivial for
n=2. (]

Proposition 3.1 means that Riemann-Einstein metrics remain critical in the
much bigger category, i.e. the category of Finsler geometry.

In general, by the Euler-Lagrange equation (2.22), even Finsler metrics with
constant flag curvature are not necessarily &-critical. Let F' have constant flag
curvature K. By F’s homogeneity of the equation (2.22), we may assume K =
1,0,—1. According to Akbar-Zadeh’s rigidity theorem on closed manifolds, we
only focus on the positive case K = 1. In such a case,

59

J=-KI=-I and k= Jids' —1I; R (3.2)
Moreover, the equation (2.22) becomes
divy k = 0. (3.3)
Recall the distorsion and S-curvature defined in (1.15), we get([16])
i dy'
and
Syi =T + T‘k;iﬁk =7; + T;i|k€k + 1 L il = )i + Ji. (3.5)
Combining (3.2),(3.4) and (3.5), we drive directly
k+dr = (J; + 7;)da’ = S,:da’. (3.6)
From (3.3) and (3.6) we see that F' is E-critical if and only if
Ay = divy(S,:da’). (3.7)

Definition 3.1 (cf. (5.6) in [11]). A Finsler metric F' is said to have almost
isotropic S-curvature if S = AF +df (y), where A and f are two functions defined
on M. Particularly, when ) is constant, we say F' has almost constant S-curvature.
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Now if F" has constant flag curvature K = 1 and almost constant S-curvature,
then by Lemma 1.2, we have

AQT = div§(>\w +df) = Agf (3.8)

Then Hopf’s maximum principal implies 7(x, y)— f (x) is constant if M is compact.
Thus, 7 is independent of y and F' is Riemannian.
On the other hand, we have the following

Lemma 3.1. If F has constant flag curvature and almost isotropic S-cur-
vature, then it has almost constant S-curvature.

PRrROOF. It is a direct corollary of Theorem 1.1 in [10]. O
By Lemma 3.1 and (3.8), we have proved the following

Proposition 3.2. Let M be a compact closed manifold, and F be a Finsler
metric with positive constant flag curvature and almost isotropic S-curvature.
Then F is E-critical if and only if F' is Riemannian.

Some rigidity theorems on S-curvature can be found in [14], [18]. Since
any Randers metric with constant flag curvature must have almost constant S-
curvature(see [19] or §11 of [16]), we have the following

Corollary 3.1. Any E-critical Randers metric with positive constant flag
curvature on a compact closed manifold must be Riemannian.

Similarly, one can see the following

Proposition 3.3. A Finsler metric with zero flag curvature is E-critical if
and only if its mean Landsberg tensor is divergence free.

The above results imply that it is not easy to look for examples of non-
Riemannian &-critical metrics. In the following, we give two examples of non-
Riemannian &-critical metrics.

Ezample 1. Berwald-Randers metrics.

A Randers metric

F(z,y) = a+ B = \/a;(2)yiyl + bi(x)y’

is a Berwald metric if and only if b = b;da’ is parallel with respect to the back-
ground Riemannian metric a = a;; dx' ®dx?, and hence the norm of b with respect
to a is constant.
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For a Berwald metric we have k = 0. Thus, (2.22) becomes
(n—2)r = g"[F? Ric],i,» — (n + 2) Ric. (3.9)

Denote the Ricci curvature tensor of a by Re® = R;pdz® @ dx*, then by the
parallelism of b and §2.1.3 of [6], we have

Rc®(b,y) =0, Ric(z,y) = Ruxy'y*/F>2. (3.10)
Substituting (3.10) and the expression of g** into (3.9), one can obtain
(n —2)rF3 = 2aF?R* + (2a|b||? — (n + 2)a — nB) Rixy'y", (3.11)
where R® is the scalar curvature of a.

Since a(—y) = a(y) and B(—y) = —B(y), the equation (3.11) is equivalent
to the system

(n —2)r(a? +36%) = 2(a? + B%)R* + (2||b]|? — n — 2) Rixy'y®,

(n —2)r(3a28 + %) = 4a?BR* — nBRuy'y*.

(3.12)

Setting y = b in (3.12), one will reach r = R* = 0 by noting 0 < ||b|| < 1.
Then, using (3.12) again, we have Ric(z,y) = Rixy'y*/F? = 0. Therefore, we
have the following

Proposition 3.4. A non-Riemannian Berwald—Randers metric F = a + [
is E-critical if and only if « is Ricci-flat.

Ezxample 2. Product manifolds.

Let (M, g) and (N, h) be two Riemannian manifolds, where
9=9uiny"y", h = Ry Y™y

Consider the product manifold L = M x N. Let ¢ : [0,00) x [0,00) — [0,00) be
a smooth function satisfying

(8) G(As, At) = Ad(s,1), (A > 0) and B(s,t) = 0 < (s,1) = 0;
(b) (bs > 0, (bt > 0, (bs + 25¢ss > O, (bt + 2t¢tt > 0;
(C) DsPr — 2005 + 45t[¢ss¢tt - d)stﬁbst] > 0.
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A typical example is ¢,y = s+t+eV/sF + tF where € is a nonnegative real number
and k is a positive integer.
Now set

F(x’y) = \/Qs(g(l‘lvyl)’h(z%y?))? (313)

where © = (x1,22) € L and y = y; ® y2 € T, L. Then F is a Berwald metric (see
§5 and §14 in [16]) on L with

Ric(F) = % Ric(g) + % Ric(h). (3.14)

If M and N be two Ricci-flat Riemannian manifolds, then F' defined as above
is E-critical. As is well known, Calabi—Yau manifolds are Ricci-flat. So, we can
construct many non-Riemannian &-critical Finsler metrics.

Before the end of this section, let’s define a new quantity p(x)

- meM Ric Qdn

p(x): fst Qdn (3.15)

For Riemannian metric it is just the scalar curvature R up to a constant. In fact,
by Lemma 1.4, one can easily drive p = %R. So, we give the following

Definition 3.2. The function p defined by (3.15) is called the normalized Ricci
curvature of the Finsler metric F.

We now have the following

Proposition 3.5. For n > 3, any weakly Landsberg E-critical metric must
has constant normalized Ricci curvature.

PROOF. Since J = 0, then (2.22) becomes
9" [F? Riclyiyr — 2n Ric+(n — 2)(Ric —r) = 0. (3.16)

Integrating on S, M with Qdn, Lemma 1.4 gives the result. (I

4. Critical metrics on surfaces

Now let M be a connected orientable surface. By Z. Szabd’s rigidity theorem
for surfaces, any Berwald surface is £-critical. A Finsler metric F' is said to have
isotropic flag curvature if its flag curvature depends only on x. On surfaces, the
flag curvature is just the Ricci scalar. Then it is equivalent to saying to have
isotropic Ricci scalar. Theorem 7.2.4 in [11] implies
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Proposition 4.1. Any compact closed surface with nonpositive isotropic
flag curvature is E-critical.

PrOOF. In this case, the flag curvature K = K(x) < 0, then Theorem 7.2.4
in [11] means F is weakly Landsberg (J = 0). Therefore, we can get the result
from Ric(x,y) = K(z), x = 0 and (2.22). O

Now, we want to know under what conditions an &-critical metric is of
isotropic flag curvature or even Riemannian. It is well-known that there is the
Berwald frames on p*T'M where p is the canonical projection p : SM — M, and
hence on SM we have

el:Fjﬁi_Fyli, 62:£1i+£2i, 63:Fy2Fi_Fy1 i’
Vg ozt /g 6x? oxt 0x? V9 oyt g oy?
where g = det(g;x). The first two are horizontal, while the third is vertical. The

dual frames are denoted by w!, w?, w3.

It can be easily found that the Cartan form has only one component
I=TIuwt, (4.1)

where the left I is the Cartan form while the right one is called the Cartan scalar.
Since there is no confusion, we use the same latter I.
The Chern connection 1-forms are given by (see [4])

1
“iow —Iw? —wd

— 5 .
wi w2 w 0

By using the connection 1-forms, one can have the mean Landsberg tensor

=N

J =V, (Iw') = Ju', (4.2)

where again we use the same latter, and the right J = Iy := es([) is called the
Landsberg scalar. There is an elegant formula for I, J and the flag curvature K,
which reads

Ks+KI+Jy, =0, (4.3)

where K3 := e3(K) and Jo := ez(J). So, using the connection 1-forms, we can
express the Euler-Lagrange equation in another way.

Proposition 4.2. A Finsler metric F' on the surface M is E-critical if and
only if
K3 + IK3 + 21Jy + 2Jo3 + 2J1 = 2.2, (4.4)

where K33 := eze3(K), etc.
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Corollary 4.1. Let F' be an &-critical metric. If J is horizontal constant,
then F' is a Landsberg metric with isotropic flag curvature.

PROOF. Since J is horizontal constant, then J; = Jy = 0, hence
Kgs + 1K3 =2J% > 0. (4.5)

The maximum principal on S, M shows K5 =0, then K = K(z) and J=0. O

Remark. If M is closed, then VJ =0 < VioizJ = 0 < J = 0. In fact, since
divgar(J) = traceViorizJ — HJ||3, the integration on SM gives the result.

Similarly, we have

Corollary 4.2. Let M be an oriented closed surface and F' be an E-critical
metric. If J is vertical constant, then I is a Landsberg metric with isotropic flag
curvature.

ProOOF. Now write J = J(x). Let J(x1) = maxJ, J(z2) = minJ. There-
fore, at z; (i =1,2), we have

Kas(wi,y) + I(xi, y)Ks (i, y) = 2J%(2;) > 0, (4.6)

and hence K3(x;,y) =0, J(z;) =0, and then J =0, K3 =0, K = K(x). O
By (4.3), Corollary 4.1 and Deicke’s theorem , we immediately have

Corollary 4.3. Let F be an E-critical metric with nonzero flag curvature.
If its Landsberg scalar is horizontal constant, then F' must be Riemannian.

Definition 4.1 (see e.g. [16]). A Finsler metric F is said to have relatively
constant Landsberg curvature if the Landsberg curvature L satisfies L = AA where
A is a constant and A denotes the Cartan tensor.

For surfaces, it reduces to J = AI.

Lemma 4.1 (see e.g. [10]). Let M? be a surface, and F be a Finsler metric
with relatively constant Landsberg curvature, ie. J = Al for some constant \.
Then the flag curvature has the form

K(z,y) = =X + o(x)e™ ") (4.7)

where o(x) is a function on M, T is the distorsion.

The theorem in [10] is more general, and we only consider the case of surfaces.
By this lemma, we have
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Proposition 4.3. Let F' be an E-critical metric with constant relative Lands-
berg curvature A # 0. If Iy = 0, then F' is Riemannian.

PROOF. By (5.3) and Lemma 5.1, we have
Ky=-NI—-KI=—0e "1,
K3z =NI*+ KI? - N°I; — KI3 = 0™ "I? —0e " I.
Substituted into the Euler-Lagrange equation, it turns out

202 + 21\ —oe T3 = 0.
Note 73 = I, then

2((IeT)z — I*€)A? +2e"LHA — ol3 = 0.
Integrating on S, M, we obtain

/ I?e™ =0,
Sa M

where we use [¢ ,, Is = [¢ ,,(Ie7)s = 0, I = 0 and A # 0. Now, I%¢” =0
means F' is Riemannian. ([l

Before finishing this section, we give two non-Riemannian examples with &-
critical metrics. However, the metrics given below may be not globally smooth,
ie. they have singular directions.

Ezxample 3. Berwald—Rund surface.

The Berwald-Rund surface is a Finsler surface with I = 3/ V2 and J = 0,
but is only y-local(see §10.3 of [4]). Since its Gaussian curvature is not smooth,
we change (5.4) into another form. By (5.3), (5.4) can be rewritten as —K I35 +
21Jy + Jog + 2J; = 2J2. Then we see that the Berwald-Rund surface satisfies
this equation.

Ezxample 4. Asanov metric.

In [3], G. S. AsANoOV defined ff;D—spaces which are certain almost reg-
ular Finsler manifolds. When the parameter g is not zero, the metric is non-
Riemannian with Cartan scalar I = |g|. Then for any nonzero number g, the
.7:.7-'§D metric satisfies the equation —K1Is + 2I.Jy + Joz + 2J; = 2J%. Under
this condition, its curvature doesn’t vanish, and hence the metric is not locally
Minkwski. The details can be found in §5 of [3].
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