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(ay B)-metrics with relatively isotropic mean
Landsberg curvature

By XINYUE CHENG (Chongging), HUI WANG (Chongqing)
and MINGFENG WANG (Chongqing)

Abstract. («, 8)-metrics form an important class of computable Finsler metrics.
In this paper, we obtain firstly a formula of mean Cartan torsion for (a, 3)-metrics and
characterize Riemann metrics among (a, 8)-metrics. Further, we obtain a sufficient and
necessary condition for an (a, 3)-metric to be of relatively isotropic mean Landsberg
curvature.

1. Introduction

In Finsler geometry, there are several very important non-Riemannian quan-
tities. The Cartan torsion C is a primary quantity. There is another quantity
which is determined by the Busemann—Hausdorff volume form, that is the so-
called distortion 7. The vertical differential of 7 on each tangent space gives rise
to the mean Cartan torsion I := Tykdl'k. C, 7 and I are the basic geometric
quantities which characterize Riemannian metrics among Finslers metrics. Dif-
ferentiating C along geodesics gives rise to the Landsberg curvature L.The hori-
zontal derivative of 7 along geodesics is the so-called S-curvature S := T‘kyk. The
horizontal derivative of I along geodesics is called the mean Landsberg curvature
J =1 #y*. The Riemann curvature measures the shape of the space while the
non-Riemannian quantities describe the change of the “color” on the space. Hence
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Finsler spaces are “colorful” geometric spaces. It is found that the flag curvature
is closely related to these non-Riemannian quantities[3], [9], [10].

By the definition, J/I can be regarded as the relative growth rate of the mean
Cartan torsion along geodesic. We call a Finsler metric F' is of relatively isotropic
mean Landsberg curvature if F' satisfies J + ¢FI = 0, where ¢ = ¢(x) is a scalar
function on the Finsler manifold. In particular, when ¢ = 0, Finsler metrics with
J = 0 are called weakly Landsberg metrics. Many known Finsler metrics satisfy
J+cFI =0 (cf. [3], [4], [9]). In [11], Z. SHEN proves that a projectively flat
Randers metric of constant flag curvature on an n-dimensional manifold is either
locally Minkowskian or after a scaling, isometric to a Finsler metric on the unit
ball B™ in the following form

= VP = (2P — @.9)?) | {z.) (@)
1—|z|? 1—|z|2 " 14 (a,z)

y € T,R™, (1)

where a € R"™ is a constant vector with |a| < 1. The Randers metric in (1)
satisfies J £ £F,I = 0. In [4], the first author and Z. SHEN classify Randers
metrics of isotropic flag curvature K = K(z) satistying J + ¢(x)F' I = 0 for some
¢(x). Further, CHENG-MO—SHEN characterize flag curvature of Finsler metrics
of scalar flag curvature with relatively isotropic mean Landsberg curvature [3].

In the past several years, we witness a rapid development in Finsler geometry.
Various curvatures have been studied and their geometric meanings are better
understood. This is partially due to the study of a special class of Finsler metrics.
The special Finsler metrics we are going to discuss are expressed in terms of
a Riemannian metric @ = /a;;4*y’ and a 1-form § = b;y*. They are called
(a, B)-metrics. The simplest (o, 3)-metrics are the Randers metrics F' = o + .
(ar, B)-metrics form an important class of Finsler metrics with many applications
in physics and biology (cf. [1]). Most important, («, 3)-metrics are “ computable”
and they are of many interesting curvature properties.

Let o = y/a;j(x)y’y7 be a Riemannian metric and 8 = b;(z)y" be a 1-form
on an n-dimensional manifold M. Using « and § one can define a function F on
TM as follows

F= a¢(3)> §= - (2)

where ¢ = ¢(s) is a C* positive function on an open interval (—b,, b,). The norm
|8z]la of B with respect to « is defined by

= su ﬂ(az,y): a' (x)b;(x)b;(x
el = sun B [ oot ).
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We assume that

B(s) — s¢'(s) + (b* — s3)¢"(s) >0, (|s] <b<bp), (3)

so that F = a¢(s), where s = 3/, is a positive definite Finsler metric if and
only if b(z) := ||fz|la < bo for all z € M.

Recently, B. L1 and Z. SHEN characterize weakly Landsberg metrics in (a, 3)-
metrics and show that there exist weakly Landsberg metrics which are not Lands-
berg metrics in dimension greater than two [8].

In this paper, we study (a, §)-metrics with relatively isotropic mean Lands-
berg curvature and prove the following

Theorem 1.1. Let F' = a¢(f/a) be an (a, §)-metric on an n-dimensional
manifold M (n > 3), where a = y/a;;(z)y’y? is a Riemannian metric and 3 =
bi(z)y" is a 1-form. Then F is of relatively isotropic mean Landsberg curvature,
i.e. there exists a scalar function ¢ = ¢(x) on M such that J+ ¢(z)F I =0, if and
only if 3 satisfies

sij = 0, (4)
7"1‘]' = k(bQQij — bzbj) + (Tbibj, (5)

where k = k(z) and 0 = o(x) are scalar functions on M and ¢ = ¢(s) satisfies
the following ODE:

{U1k+ 50U} + c(z)P(¢ — s¢’) =0, (6)

where ®, Uy, U3 are defined as follows

¢/

Q::¢_S¢,, A=1+sQ+ (b° - s°)Q, (7)
® = —(nA+1+5Q)(Q — Q") — (> = s*)(1 +sQ)Q", 8)
NG M Q
Wy =20+ 1)(Q — 5Q') + 3 (10)

and
Uy i= s Ui+ b2b—252 Uy (11)
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By Theorem 1.1, we can see that J = 0 if and only if 3 satisfies
Sij = 0, Tij = k(bQCLij — bzb]) + O'bibj

and ¢ = ¢(s) satisfies
\Iflk —+ SO'\Pg = 0

This is just the result of Proposition 3.1 in [8].

Ezample 1.2. Let ¢(s) = 1+ s. Then F = a¢(f/a) = a + § is a Randers
metric on the manifold. By a direct computation, we can prove that F is of
relatively isotropic mean Landsberg curvature, J + ¢(z)FI = 0, if and only if 3
satisfies (4) and (5) with & = 2¢/b? and o = 2¢(1 — b?)/b%, that is, 3 is closed
and r;; = 2c(a;; — b;b;). This result is first given by the first author and Z. SHEN
in [4].

2. Preliminaries

Let F = F(x,y) be a Finsler metric on an n-dimensional manifold M. Let

1
9ij(z,y) == §[F2]y'iyf (z,y)
and (g¥) := (gi;)~*. For a non-zero vector y = yi%u € T, M, F induces an
inner product on T, M
gy(ua U) = gijulvja
where u = ui%, v = vj% € T,M. g ={g,} is called the fundamental tensor
of F.

bt 1 19
— 2 _ 109
Ciae = 7 [F ]y =3 Ak

Define symmetric trilinear form C := Cjji (7, y)dz' @ dz’/ @ dz* on TM\{0} . We
call C the Cartan torsion. The mean Cartan torsion I = I;dz® is defined by

I; = g""Cijp.

Further, we have ([3], [7], [9])

I = ¢/"Cijp = aiy’ [lﬂ \/det(gjk)}. (12)
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For a Finsler metric F, the geodesics are characterized locally by a system

of 2nd ODEs: )
LEAPYet (x dx) =0,

dt? dt
where )
i Lol 2 mo_ 2
G = 29 { (P yiy™ = [Fs . (13)

G' are called the geodesic coefficients of F. The Landsberg curvature
L = Liji(z,y)ds’ @ do? @ da* is a horizontal tensor on TM \ {0} defined by
(cf. [9], [10])

(14)

yiyiyk’

1
Lijk := —EFFym [G™]

F is called a Landsberg metric if L = 0. The mean Landsberg curvature J = J;dx'
is defined by

Ji = gjkLijk. (15)

We call F' a weakly Landsberg metric if J = 0. We say that F' is of relatively
isotropic mean Landsberg curvature if J; + c(z)FI; = 0 for a scalar function c(x)
on M.

Now we consider an («, 8)-metric on an n-dimensional manifold M, F =
ag(s), s = f/a. By a linear algebra technique, one obtains (cf. [2], [7], [9])

det(gij) = ¢" T (p — 5¢")"*[(¢ — s¢') + (b* — 5)¢"] det(as;), (16)
where b(x) := || 8z |-

In order to study the geometric properties of («, 3)-metrics, one needs a
formula for the geodesic coeflicients of an («, 5)-metric. Let

1 1
rij = 5 (bag +bj1a)s  sig = 5 (it = bypa),

. ,th . pm - i _1m

s'i=a"spg,  ri =0y, 85 = bis'; = 0" sy,
where “|” denotes the covariant derivative with respect to the Levi-Civita con-
nection of . We will denote rog := ri;y'y’, s% = sijyj, etc. Let G* and G*

denote the geodesic coefficients of F' and « respectively in the same coordinate
system. By a direct computation, one gets the following formula [7], [9]:
Q/

Gi :Gi_A'_aQsiO—f—@{ —20&@804—7‘00} {i-‘rwbl}, (17)
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where 0 Q’
— S
O="58

The Landsberg curvature of («, 3)-metrics is given by Z. SHEN [12] as follows

Ly = —é{hjhkcz + h;Cl 4+ hehiCj + 3(Ejhi + Exhj + Ethyr) ), (18)

where

p=¢(¢—s¢),
hj =b; —a'sy;,
hjr =aj  — Ck_zyjyk»
Cj = a(Xyroo + Yaaso)h; — 3Q"Dj,
Ej = a(Xgroo + Ysaso)h; — (Q — sQ')Dj,

D. — a? A 1
i = x (Bsjo +1j0 = Qasy) — < (roo — Qaso)y;,
where y; = ajkyk and
Xi= ghp {2007 +3(Q - Q) + (7 - )Q1Q").
KXo = x5 {(Q — sQ) + s + Q) — (8 — 1)@ — 5@},
Y, = -2QX,+ 3Q;QN,
o 20, + (@200

Then the mean Landsberg curvature of («, 3)-metrics is given by B. L1 and
Z. SHEN [8] as follows

1 2a3 P '
J; = gam{bzfsa [A“”“)(QSQ )} (o + Ty

a? P
+ m |:\I/1 + SA:| (7'00 — QOKQSO)hj
+ af = a®Q'soh; + aQ(a’s; — y;s0) + a*Asjg
P
+a2(7’j0 — 2CKQSJ') — (’I"()O — 20[@8())yj:| A} . (19)

For our aim, we need the following formula for the mean Cartan torsion of («, 3)-

metrics.
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Lemma 2.1. For an («, 8)-metric F = a¢(8/«a), the mean Cartan torsion

is given by
L= —— 26— s¢)h (20)
TN
PROOF. By use of (12) and (16), after a direct computation, one can obtain

1 ¢/ 3¢// (b2 _ 82)(;5/// _ 38@5”
I =— )= —-mn-2 h;. 21
2 {(n+ )QZS (n )¢—s¢’+¢—s¢’+(62—52)¢>” ( )
Further, by use of a Maple programm, one can get (20). ([l

By Deicke’s theorem, a Finsler metric is Riemannian metric if and only if
I =0 [2]. By (3) and the assumption ¢(s) > 0, we have ¢(s) — s¢'(s) > 0,
|s|] <b < by (cf. [7]). Thus, from Lemma 2.1, we have the following

Proposition 2.2. An («, 3)-metric F is a Riemannian metric if and only if
d=0.

In the following we always assume that F' is not a Riemannian metric, that
is, ® # 0. From (19) and (20), we have the following
1 203 ®
*m{m [K +n+1)(@Q - SQ/)} (80 +70)h;
a? d
+ m |:\Ifl + SZ] (7’00 — 20[@80)hj
+af — a®Q'soh; + aQ(a’s; — yjso) + a*Asjg

Jj + C(IL’)FI] =

P
+ 042(7’]‘0 — QO[QS]') — (7'00 — ZOZQSO)yj] K

+ c(x)a* ®(¢ — sqb’)hj}. (22)

3. Necessary conditions

We have known that J can be expressed in terms of a, 8 and ¢(s), ¢'(s)
and etc, where s = /a. But the formula (19) is very complicated. So the
equation J + ¢(z)FI = 0 is complicated too because one has to deal with the
terms ¢(s), qb/(s), etc. To overcome this difficulty, a useful technique is to take a
special local coordinate system at a point x as in [12] such that
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where b = || 3¢ ||o. Then we take another special coordinate: (s,u?) — (y*) given
by
1_ S ~ A_ A
y'= =0 yi=uh

where & = /> _,(y4)2. We have

b b
a=——a, f=-—m—a.

b2 — g2 b2 — g2

Because the expression (22) involves r;;, s;; etc, one needs the following expres-
sions:

r = b’rlla rTA = brlAa S1 = Oa SA = b81A7

s2a? 9 s _ _
T00 = 35 2 ri1+ N T10 + To0,
S _ _
T = ———=T T S10 =8
10 o2 11 + "0, 10 10,

where 719 = r1au?, 510 = s14u”?, Too = rapuuf. We have 7o = rau? = b,
50 = SAUA = b§10.

By a direct computation and using the formula (22), one can show that
J1 + ¢(xz)FI; = 0 is equivalent to that

{Ws[s*r11a% + (B> — s*)Fgo] — b*Wargo | + c(2)sb*®(p — s¢')a® = 0 (23)

and
(2501 + b°W5)710 + b7 (Uy — 2QW1)510 = 0, (24)
Ja+ce(@)FIy =0 (A=2,---,n)is equivalent to that

(0]
{Ws[s?r116” + (0% — 5°)Foo] — b*WaFoo fya + bQZ

+c(x)sh*®(¢p — s¢')a*ys =0 (25)

[Fooya — (Fao + ASag)a’]

and

${25W1 + b* Wy }F10ya + sb”{ Wy — 2QV }510ya

(0]
+ bQK{S(ﬁoyA —r14a%) = (b?Q + As)(510ya — s140%)} = 0. (26)
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Lemma 3.1. (n > 3) For an (a, §)-metric F, if J; + c¢(x)FI; = 0 at a
point x, then we have

SAB — 0, (27)
rag = kb%0am, (28)
11 = O’bz, (29)

where k = k(z) and 0 = o(x) are scalar functions on M.
ProOF. It follows from (23) and (25) that
Fooya — (Fao + Asag)a® = 0. (30)
Since n > 3, (30) implies (27) and (28). Letting o := r11/b?, we obtain (29). O

Lemma 3.2. (n > 3) For an («, 3)-metric F, if J;+c(x)FI; = 0 at a point «,
then

s14=0, r4=0. (31)
PROOF. It follows from (24) and (26) that
{37’10 — (b2Q + As)§10}yA - {ﬁA - (b2Q + As)slA}dz =0. (32)
Since n > 3, we obtain from (32) that
sr14 — (V?Q + As)sy4 = 0. (33)
Then we can claim that s;4 = 0 and r;4 = 0. See Lemma 4.2 in [8] for more
details. (]

From Lemma 3.1 and 3.2, one obtains the following

Corollary 3.3. For an arbitrary («, §)-metric F' on an n-dimensional man-
ifold M (n > 3), if J; + c(z)FI; = 0, then 8 must be closed.

Now, plugging (28) and (29) into (23) yield
{U1k+ 50U} + c(z)P(¢ — s¢’) = 0. (34)
Let us summarize what we have proved.

Proposition 3.4. Let F' = a¢(s) be an («a, 3)-metric on an n-dimensional
manifold (n > 3). Suppose that J; + c(x)FI; =0 at a point x. Then [ satisfies

si; =0, (35)
ri; = k(b%a;; — bib;) + obb; (36)
and ¢ = ¢(s) satisfies
{U1k+ soUs3} + c(z)®(p — s5¢') = 0.
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4. Sufficient conditions

In this section, we are going to prove the sufficient conditions for an (a, 3)-
metric F' = a¢(8/a) to be of relatively isotropic mean Landsberg curvature.
Assume that o and [ satisfy (4) and (5), we have

Sj0 = 07 S; = 07 So = 07 (37)
TjO = k(be] — Bbj) + Uﬁbj, ro = O’ﬁbQ, (38)
roo = k(b’a® — %) + o 5. (39)

Substituting them into (22), we obtain
Jj+c(x)FI; = —i{\ﬂlk + s0W3 + c(z)®(p — s¢') } hj.
By our assumption (6) on ¢, we have
Jj+c(x)FI; = 0.

This completes the proof of the sufficient conditions.
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