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Integral group ring of the Suzuki sporadic simple group

By VICTOR A. BOVDI (Debrecen), ALEXANDER B. KONOVALOV (St Andrews)
and EDUARDO DO NASCIMENTO MARCOS (Sao Paulo)

Abstract. Using the Luthar—Passi method, we investigate the classical Zassenhaus
conjecture for the normalized unit group of the integral group ring of the Suzuki sporadic
simple group Suz. As a consequence, for this group we confirm the Kimmerle’s conjecture
on prime graphs.

1. Introduction and main results

Let V(ZG) be the normalized unit group of the integral group ring ZG of a
finite group G. A long-standing conjecture of H. ZASSENHAUS (ZC) says that
every torsion unit u € V(ZG) is conjugate within the rational group algebra QG
to an element in G (see [32]).

For finite simple groups the main tool for the investigation of the Zassenhaus
conjecture is the LUTHAR-PASSI method, introduced in [28] to solve it for A5 and
then applied in [29] for the case of S5. Later M. HERTWECK extended the Luthar—
Passi method and applied it for the investigation of the Zassenhaus conjecture for
PSL(2,p), p="7,11,13 in [21], and for PSL(2,9) = Ag in [25]. The Luthar—Passi
method proved to be useful for groups containing non-trivial normal subgroups
as well. For some recent results we refer to [7], [9], [22], [21], [23], [26]. Also, some
related properties and some weakened variations of the Zassenhaus conjecture can
be found in [3], [5], [29].
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We introduce some notation. By #(G) we denote the set of all primes divid-
ing the order of G. The Gruenberg—Kegel graph (or the prime graph) of G is the
graph 7(G) with vertices labeled by the primes in #(G) and with an edge from
p to ¢ if there is an element of order pq in the group G. In [27] W. KIMMERLE
proposed the following weakened variation of the Zassenhaus conjecture:

(KC) If G is a finite group then n(G) = n(V(ZGQ)).

In particular, in the same paper W. KIMMERLE verified that (KC) holds for
finite Frobenius and solvable groups. We remark that with respect to the so-called
p-version of the Zassenhaus conjecture the investigation of Frobenius groups was
completed by M. HERTWECK and the first author in [6]. In [8], [9], [15], [16],
[13], [14], [12], [11], [10] (KC) was confirmed for the Mathieu simple groups M,
Mo, Mso, Mss, Msy, sporadic Janko simple groups Jy, Jo and Js, the Higman—
Sims group H S, the McLaughlin sporadic group McL and the Rudvalis sporadic
group Ru.

Here we continue these investigations for the Suzuki simple group Suz. Al-
though using the Luthar-Passi method we cannot prove the rational conjugacy
for torsion units of its integral group ring, our main result gives a lot of infor-
mation on partial augmentations of these units. In particular, we confirm the
Kimmerle’s conjecture for this group.

Let G be the Suzuki sporadic simple group Suz and let

C = {C1,Caq, Cap, Cs4, C3p, Csc, Cyq, Cap, Cac, Cad, Csa, Csp, Coas
Ceb, Cécs Cod, Coe, Cras Cga, Csh, Csey Coay Coby Croas
C10b, Ci1a, C12as Cr26, Cr2e, Ci2d5 Cr2e, Ci3ay Ci13ps Clda,
Cisa, Cisp, Cises Cigas Cishy C20as Co1as Co1p, Cosat

be the collection of all its conjugacy classes, where the first index denotes the
order of the elements of this conjugacy class and Cy = {1}. Supposeu =) a,g9 €
V(ZG) has finite order k > 1. Denote by vnt = vne(u) = ec,, (u) = 3 cq,, Qg
the partial augmentation of v with respect to C,;. From the Berman-Higman
Theorem (see [4] and [31], Ch. 5, p. 102) one knows that 11 = a; =0, so

Z Unt = 1. (1)

Crt€C\C1

Hence, for any character x of G, we get that x(u) = >_ vnix(hnt), where hy,; is a
representative of the conjugacy class Ch.
Our main result is the following theorem.
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Theorem 1. Let G denote the Suzuki sporadic simple group Suz. Let u be
a torsion unit of V(ZQG) of order |u| and denote by

m(u) = (V2a7 V2by V3ay V3b, V3¢, Viay Vab, Vac, Vad, Vsas Vsby V6ayr V6b, Vees V6d, Vée,
V7as V8ay V8by V8cs Y9as Y9bs V10as V10bs Y1las V12a; V12bs V12¢) V12d, V12es

42
V13as VY13by V1da, V15as V15by V15cy Vi8ay V18bs V20as V21as V21b V24a) €z

the tuple of partial augmentations of u. The following properties hold.

(i) There is no elements of orders 22, 26, 33, 35, 39, 55, 65, 77, 91 and 143 in
V(ZG). Equivalently, if [u| ¢ {28,30,36, 40,42, 45, 56, 60, 63, 72, 84, 90, 120,
126,168, 180,252, 360, 504}, then |u| coincides with the order of some element
g €G.

(i) If |u| € {7,11} then w is rationally conjugate to some g € G.

(iii) If |u| = 2, then one has (vaq,vaep) € {(4,—3),(3,—2),(2,-1),(1,0),(0,1),
(-1,2),(-2,3),(=3,4) }.

(iv) If |u] =5, then one has (vsq,vsy) € {(5,—4), (4, -3),(3,-2),(2,-1),(1,0),
(O? 1)7 (*1? 2)7 (*2? 3)7 (73, 4)}

(v) If |u| = 13, then one has {(V134,V136) | =8 < 1134 < 9, Vi3q + V136 = 1}.
For the case of torsion units of order 3, using our implementation of the

Luthar—Passi method, which we intend to make available in the GAP package
LAGUNA [17], we are able to compute the set of 104 tuples containing (likely as

a proper subset) possible tuples of partial augmentations, listed in the Appendix.
As an immediate consequence of part (i) of the Theorem we obtain

Corollary 1. If G = Suz then n(G) = n(V(ZG)).

2. Preliminaries

The following result is a reformulation of the Zassenhaus conjecture in terms
of vanishing of partial augmentations of torsion units.

Proposition 1 ([28] and Theorem 2.5 in [30]). Let u € V(ZG) be of order k.
Then u is conjugate in QG to an element g € G if and only if for each d dividing
k there is precisely one conjugacy class C' with partial augmentation ec(u?) # 0.

The next result now yield that several partial augmentations are zero.
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Proposition 2 ([22], Proposition 3.1; [21], Proposition 2.2). Let G be a
finite group and let u be a torsion unit in V(ZQG). If © is an element of G whose
p-part, for some prime p, has order strictly greater than the order of the p-part
of u, then €, (u) = 0.

The key restriction on partial augmentations is given by the following result
that is the cornerstone of the Luthar—Passi method.

Proposition 3 ([21], [28]). Let either p = 0 or p a prime divisor of |G|.
Suppose that u € V(ZG) has finite order k and assume k and p are coprime in
case p # 0. If z is a complex primitive k-th root of unity and x is either a classical
character or a p-Brauer character of G, then for every integer | the number

1 -
plu X p) = 3 Y Troeaeix?)s""}
d|k
is a non-negative integer.

Note that if p = 0, we will use the notation p;(u, x, *) for p;(u,x,0).
Finally, we will use the well-known bound for orders of torsion units.

Proposition 4 ([18]). The order of a torsion element u € V(ZG) is a divisor
of the exponent of G.

3. Proof of the theorem

In this section we denote by G the Suzuki sporadic simple group Suz. The
character table of GG, as well as the p-Brauer character tables, which will be
denoted by BEZT(p) where p € {2,3,5,7,11,13}, can be found using the com-
putational algebra system GAP [19], which derives these data from [2], [1]. For
the characters and conjugacy classes we will use throughout the paper the same
notation, indexation inclusive, as used in the GAP Character Table Library.

It is well known (see [19], [20]) that |G| = 448345497600 = 2!3.37.52.7-11-13
and exp(G) = 360360 = 23 -32-5-7-11-13.

Since the group G possesses elements of orders 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 18, 20, 21 and 24, first of all we investigate units of some of these
orders (except for the units of orders 4, 6, 8, 9, 10, 12, 14, 15, 18, 20, 21 and 24).
After this, by Proposition 4, the order of each torsion unit divides the exponent
of G, so to prove the Kimmerle’s conjecture, it remains to consider units of orders
22, 26, 33, 35, 39, 55, 65, 77, 91 and 143. We will prove that no units of all these
orders do appear in V(ZG). Since we omit orders 28, 30, 36, 40, 42, 45 and 63
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that do not contribute to (KC), we need to add to the list of exceptions in part
(i) of Theorem also orders 56, 60, 72, 84, 90, 120, 126, 168, 180, 252, 360 and 504,
but no more because of restrictions imposed by the exponent of G.
Now we consider separately each possible value of |u].

e Let |u| € {7,11}. Since there is only one conjugacy class in G consisting of
elements or order |u|, this case follows at once from Proposition 2. Thus, for
units of orders 5 and 7 we obtained that there is precisely one conjugacy class
with non-zero partial augmentation. Proposition 1 then yields part (ii) of the
Theorem.

e Let u be an involution. By (1) and Proposition 2 we get v, + vop = 1. Put
t1 = 15194 — vop and to = Tro, — 3vg,. Applying Proposition 3 to the ordinary
character yo and 3-Brauer character x3 we get the following system of inequalities

(t1 +143) > 0; pa(u, X2, %) = 5 (—t1 + 143) > 0;

po(u, X2, %) =

N = N
N~ N~

MO(’U/’ X35 3) = (2t2 + 78) > 07 [,Ll(u, X373> = (_2t2 + 78) > 0.

From the requirement that all p;(u, x;,p) must be non-negative integers it can
be deduced that (v24, v2p) satisfies the conditions of part (iii) of the Theorem.

e Let |u| = 3. By (1) and Proposition 2 we obtain that vs, + vgp + v3. = 1. Put
t1 = 3bv3,+8v3p — 3. and to = 14v3, — 13v3 —4v3.. Again applying Proposition 3
to the ordinary characters ys, x3 and 2-Brauer characters yo and x7, we obtain
the following system of inequalities

1 1

o (, X2, %) = §(2t1 + 143) > 0; 1 (u, X2, %) = §(_t1 +143) > 0;
1 1

po(u, X3, %) = g(—t2 + 364) > 0; p(u, X3, %) = g(% +364) > 0;
1

po(u, x2,2) = g(—501/3a + dvgy + 4z, + 110) > 0;

1
,ug(u, X7, 2) = 5(1421/3(1 — 201/35 + 161/3c + 638) > O,

that has only 101 non-trivial and three trivial solutions (v3,, Vap, V3.) which are
listed in the Appendix.

e Let u be a unit of order 5. By (1) and Proposition 2 we have vs, +v5, = 1. Put
t1 = 8v54 + 3vsp. From the ordinary character table and Brauer character tables
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for p = 2,3 we obtain the following system of inequalities

1 1
1 1
po(u, x2,2) = 3(—2Ou5a +110) > 0; po(u, x2,3) = 5(16V5a — 4ug, + 64) > 0.

From the requirement that all y;(u, x;j,p) must be non-negative integers it can
be deduced that (vsq,vs,) satisfies the condition of part (iv) of the Theorem.

e Let u be a unit of order 13. By (1) and Proposition 2 we have v13, + v135 = 1.
Put t; = Try3q — 6v135. Applying Proposition 3 to the Brauer character tables
for p = 2,3, we get the following system of inequalities

1 1
p(u, x2,2) = ﬁ(tl +110) > 0;  p1(u, x10,3) = B(—tl +5103) > 0;

o (U, x2,2) = %<_6V13a + Tvigy + 110) > 0,
which has integral solution (1134, ¥135) listed in part (v) of the Theorem.
e Let |u| = 22. By (1) and Proposition 2 we have vo, + vop + v114 = 1. Put
t1 = 1509, — vop and ty = 44vy, + v114. Since |u'l| = 2, by part (iii) of the
Theorem we have eight cases, which we consider separately.
Case 1. Let x(u'') = x(2a). Using Proposition 3 for the characters xa2, x3 and
x4 of G, we get the following system of inequalities

1 1
ILLO(U,XQ, *) = 5(101&1 + 158) 2 O, /.1,11(11,7)(27*) = ﬁ(—lOtl + 128) Z O,

1 1
o (u, X3,%) = i(lOtg +418) > 0;  pa1(u, x3,%) = ﬁ(—IOtQ +330) > 0;

/1,11(11,, X4, * —120V2a — 200V2b + 10V11a + 758) > 0;

): ﬁ(
1
pa (X2, %) = 55 (15020 — vap +128) 2 0;

1
p(u, X3, %) = 5(44V2a + 1114 + 319) > 0.
Case 2. Let x(u'') = x(2b). Using Proposition 3 for the characters xa, x3 and
x4 of G, we obtain the following system

1 1
o (u, xo,*) = ﬁ(lOtl +142) > 0;  pi1(u, x2,%) = ﬁ(—lOtl + 144) > 0;
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1
ts + 363) > 0;

1
Ml(uax2a*) = ﬁ(tl + 144) > 0; ,U/I(’UqXS,*) — ﬁ(

1 1
o (u, X3,%) = ﬁ(lOtQ +374) > 0;  p11(u, xs3,%) = ﬁ(—lotg +374) > 0;

1
o (U, Xa, %) = 5(10(121/2(1 + 20v9p — v114) + 790) > 0;
1
,LL11(U,X4, *) = 5(710(12112@ + 20v9; — Vlla) + 750) > 0.

Case 3. Let x(u'') = 4x(2a) — 3x(2b). Using Proposition 3 for the characters x»
and xs of G, we obtain the following system

1 1
po(u, X2, %) = i(loh +206) > 0;  pi(u, xo,%) = ﬁ(tl +80) > 0;

1 1
/’(‘ll(ua X2 *) = 7(_10t1 + 80) > 07 MO(uaXBa *) = 7(102‘:2 + 550) > Oa

22 22
1 1
w1 (u, x3,%) = ﬁ(tg +187) > 0; w11 (u, x3,%) = i(—lOtQ +198) > 0.

Case 4. Let x(u't) = 3x(2a) — 2x(2b). Using Proposition 3 for the characters o
and x3 of G, we obtain the following system

1 1
lu‘O(uaXQa *) = i(lOtl + 190) > 07 Ml(UaX% *) = ﬁ(tl + 96) > 0;

1 1
pa(u, x2, %) = ﬁ(—lotl +96) > 0;  po(u, x3,%) = ﬁ(lOtQ +506) > 0;

1 1
,LL]_(U,, X3, *) = ﬁ(tQ + 231) Z 07 Mll(U,X?n*) = 5(_1(”2 + 242) Z 0.

Case 5. Let x(u'l) = 2x(2a) — x(2b). Using Proposition 3 for the characters 2
and y3 of G, we obtain the following system

1 1
po(u, X2, %) = E(IOtl +174) > 0;  pi(u, xe, %) = i(tl +112) > 0;

1
/”Lll(ua X2, *) = E(_lotl + 112) > 0; NJO(U7X37 *) = ﬁ(]‘OtQ + 462) >0
1 1
Ml(U,X3, *) = ﬁ(tQ + 275) > 0; Mll(u7X37*) = ﬁ(_lotQ + 286) > 0.

Case 6. Let x(u'l) = —x(2a) + 2x(2b). Using Proposition 3 for the characters
X2, X3 and x4 of G, we obtain the following system

1 1
o (u, xa, %) = ﬁ(lOtl +126) > 0;  pi1(u, x2,%) = ﬁ(—lOtl +160) > 0;
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1

/’LO(U7X37 *) = ﬁ(lOtQ + 330) Z 07 Mll(u7X37 *) = ﬁ(_10t2 + 418) Z 0
1 1

pa(u, X2, %) = 2 —(t1 + 160) > 0; pa(u, X3, %) = ﬁ(tz +407) >0
1

Mo(u, X4, ) 22 (120V2a + 2001/2;, — 101/11(1 + 798) > 0.

Case 7. Let x(u'') = —2x(2a) + 3x(2b). Using Proposition 3 for the characters
x2 and xs of G, we obtain the following system

1 1

po(u, X2, %) = @(10151 +110) > 0; g1 (u, x2, %) = ﬁ(*mtl +176) > 0;
1 1

po(u, X3, %) = ﬁ(lOtz +286) > 0;  pa1(u, x3,%) = ﬁ(—lotz +462) > 0;

1 1
ﬁ(tl +176) > 0; w1 (u, x3,%) = 55 —(t2 +451) >

Case 8. Let y(u'l) = —3x(2a) + 4x(2b). Using Proposition 3 for the characters
x2 and x3 of G, we obtain the following system

H1 (U, X2, *) =

1
— (=101 + 192) > 0;

1
—(10t; +110) > 0;  pi1(u, x2,%) = 2

MO(ua X2, *) = 29

1 1
po(u, X3, %) = o5 (1002 +242) 2 0; pa(u, X3, %) = 55 (=10t2 + 506) = 0;

22
1 1
p(u, X2, %) = 7 o5 (t1 +192) > 0; p(u, x3, %) = 79 55 (t2 +495) > 0.

In all eight cases we obtained systems of inequalities that have no solutions.

e Let |u| = 26. By (1) and Proposition 2 we have vo, + vop + 113, + 135 = 1. Put

t1 = 15v9q — vop, to = Vo, and t3 = 2435, + 359, — 61134 + TV13p. Since

|u'3] = 2 and |u?| = 13, by parts (iii) and (v) of the Theorem we need to consider

8 - 18 = 144 cases. We will index them by x(u'?) and consider two possibilities.
First, let x(u'®) € {x(2a),4x(2a) — 3x(2b), 3x(2a) — 2x(2b), 2x(2a) — x(2b),

—x(2a) + 2x(2b), —2x(2a) + 3x(2b), —3x(2a) + 4x(2b)} and put

408,320), if x(u'?) = x(2a);

540,188), if x(u'®) = 4x(2a) — 3x(2b);
496,232), if y(u'3) = 3x(2a) — 2x(2b);
a) = x(20);

320,408), if x(u'®) = —x(2a) + 2x(2b);
276,452), if yx(u'®) = —2x(2a) + 3x(2b);

( ) (u')

( ) (u) =

(496,232) (u) =
(o, B) = (452 276), if x(u'®) =2x(2

( ) (u')

( ) (u™)

(232,496), if x(u'®) = —3x(2a) + 4x(2b).
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Now using Proposition 3 for the character x3, we obtain the following system

1

= — 2 > 0;
26(5 8t2—|—0&) > 0;

1
Mo(uaxl’n *) /-Ll?)(uvxi’n *) = ?6(_528t2 + ﬂ) > Oa

which has no integral solution.
Second, suppose that y(u'?) = x(2b). Using Proposition 3 for the characters
X2, X3, X4 and x31, we obtain the following system

1
p1 (U, X2, %) = = (—12t; + 144) > 0;

1
= — (12t 142) > 0;
Mo(u, X2, *) 26( 1+ ) = 07 2

1
po(u, X3, %) = — (528t + 364) > 0;

1

—t5 + 93583) > 0;

1
p(u, x31, %) = %(ti’) +93512) > 0; pa(u, X31, %)

1
= 276(
1
w1z (u, xo,*) = %(—180@@ + 12v9, + 144) > 0;

1
o, Xa, %) = 5 (144w + 24003, + 800) > 0,

which has no integral solution.

e Let |u| = 33. By (1) and Proposition 2 we have vz, + vap + v3e + V114 = 1.
Since |u'!| = 3, we have to consider 104 cases accordingly to the Appendix. Put
t1 = 353, + 83y — V3, to = 143, — 13v3p — 4v3. — V114 and t3 = 105v3, — 3vgp +
613, — V114 First, when y(u!l) takes values from the first column of the following
table, we have appropriate coefficients «; given in the second column

X(ull) (O[l,OéQ,Oé37OZ4,Oé5,CY6)
x(3a) 213,108, 346, 388, 980, 665)
(3b) 159, 135, 361, 400, 764, 773)

DO

X(3a) — 14x(3b) + 13x(3¢)
X(3a) — 13x(3b) + 12x(3¢)
x(3a) — 12x(3b) + 11x(3¢)
(3a) — 11x(3b) + 11x(3c)
x(3a) — 10x(3b) + 10x(3c)
x(3a) — 10x(3b) + 10x(3c)

N DN

=

(
(
(33, 33,47, 58, 1430, 440)
(51,189, 65, 76, 1412, 449)
(69, 180, 83, 94, 1394, 458)
(105,162, 496, 130, 1358, 476)
(33, 33,478, 166, 1160, 575)
(123,153, 487, 148, 1340, 485)

1
po(u, X2, %) = —=(20t1 + a1) > 0;

~ 33

From the last table we obtain the system

1
p11(w, X2, %) = — (—10t; + az) > 0;

~ 33
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1 1
po(u, X3, %) = E(—QOtz +az) >0; i, x3,%) = ﬁ(mfz + ay) > 0;
1 1
po(u, X4, %) = ﬁ(mts +as) > 0; par(u, Xa, *) = ﬁ(—lot?) +ag) >0,

which has no integral solution.
Finally, if x(u'') € {x(3¢),2x(3a) — 15x(3b) + 14x(3c)}, then we get

1 1
po(u, xa2,%) = 5(20151 +15) > 0; w3 (u, xa, %) = ﬁ(_%l +15) >0,

and if y(u'') = 2x(3a) — 11x(3b) + 10x(3c), we get
1 1

po(u, X2,%) = ﬁ(QOtl +87) > 0; w11 (u, xa, %) = ﬁ(—lOtl +171) >0,
both of which have no integer solutions.
e Let |u| = 35. By (1) and Proposition 2 we have vs, + vsp + 17 = 1. Put
t1 = 8usq + 3Usy + 3vra and ty = vsq — 4vsp. Since |u”| = 5, by part (vi) of the
Theorem we have to consider nine cases.
Case 1. Let x(u”) = x(5a), then

1 1
to(u, x2,%) = £(24t1 +193) > 0; wr(u, X2, %) = —(—6t1 + 153) > 0;

35
1 1
po(u, x3, %) = ﬁ(—24t2 +360) > 0;  pur(u, x3,%) = g(ﬁtz +365) > 0;
1
/u(u, X2, 2) = £(301/5a + 12v74 + 103) > 0.

Case 2. Let x(u”) = x(5b), then

1 1
to(u, x2,%) = £(24t1 +173) > 0; pr(u, xa2,%) = —(—6t1 + 158) > 0;

35
1 1
po(u, x3, %) = g(—24f2 +380) > 0;  pur(u, x3,%) = £(6t2 +360) > 0;

1
po(u, X4, %) = £(2401/5a + T2v74 +798) > 0.
Case 3. Let x(u”) = 5x(5a) — 4x(5b), then

1 1
to(u, x2,%) = £(24t1 +273) > 0; wr(u, xo, %) = g(_&l +133) > 0;

1 1
po(u, x3,%) = o= (—24t2 +280) > 0;  pr(u, x3,%) = 35

6ts + 385) > 0.
35 (6t2 + ) >
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Case 4. Let x(u”) = 4x(5a) — 3x(5b), then

497

1 1
1 1

to(u, x3,%) = £(—24t2 +300) >0;  pr(u,xs,%) = £(6t2 + 380) > 0;
1

to(u, x2,3) = == (96v5, — 24vsp, + 2417, + 146) > 0.

35

Case 5. Let x(u”) = 3x(5a) — 2x(5b), then

1 1

polu, X2, %) = 22(2401 +233) 2 05 pr(u, X2, %) = 52 (=6t1 +143) 2 0;
1

po(u, x3,%) = g(—%tz +320) > 05 pur(u, x3,%) = £(6t2 +375) > 0;
1

to(u, x2,3) = == (96v5, — 24vsp, + 2474 + 126) > 0.

35
Case 6. Let x(u”) = 2x(5a) — x(5b), then
1
pofu X2, %) = 52 (24 +213) 2 0

1
po(u, x3,%) = g(—24t2 +340) > 0;

1
po(u, X7,2) = 2
Case 7. Let x(u”) = —x(5a) + 2x(5b), then

1
Ho(u, X2, %) = 5= (24t +153) = 0;

1
pr(u, X2, %) = o= (=6t + 148) > 0;

35

1
:U’7(u7 X35 *) = %(6752 + 370) Z 07

(T2v54 — 48vs, + 2417, + 676) > 0.

1
p7(u, x2, %) = =—(—6t1 + 163) > 0;

35

1 1
po(u, x3,%) = £(724t2 +400) > 0;  pr(u,xs3,%) = %(Gtg +355) > 0.

Case 8. Let x(u”) = —2x(5a) + 3x(5b), then

1

po(u, X2, %) = g(%fl +133) > 0; ps (s X2, %)
1

po(u, x3,%) = %(—24@ +420) > 0;  pr(u, x3, %)
1

o, X2,3) = o= (96v5, — 24vsp, + 2417, + 26) > 0.

35

— 1( 6t, + 112) > 0;
“ 350 Ot =

1

= — (6t 350) > 0;
35( 2+ )_ 9
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Case 9. Let x(u”) = —3x(5a) + 4x(5b), then

1 1
po(u, X2, %) = £(24t1 +113) > 0; s (u, X2, %) = g(*ﬁtl +92) > 0;

1 1
po(u, X3, %) = %(*24752 +440) > 0;  pr(u, x3,%) = g(% +345) > 0;
1
35
In all of the above cases we obtained systems that have no integer solutions.
e Let u be a unit of order 39. By (1) and Proposition 2 we have

,uo(u, X2, 3) (961/5a — 24vsy + 24v7, + 6) > 0.

V3q + V3b + V3e + V134 + V13p = 1.

Put t1 = 3513, + 8vsp — v3e, to = 143, — 1303, — 4vse, t3 = 3bv3, — V3p + 23,
and t4 = v, — Tv134 + 6v135. Since [ul3| = 3 and |u?®| = 13, by part (vi) of the
Theorem and the Appendix we have to consider 1872 cases. Using the LAGUNA
package [17], we find out that in all cases we have the system of inequalities which
has no integral solutions

1 1
/.L()(U,, X2 *) = @(241"1 + 213) > 0; /’Ll(uvx% *) = @(tl + 108) > 0;

1 1
[ng(’u,, X2, *) = —(—12t1 + 108) Z 0, ,LLQ(U,X?,, *) = @(—24t2 + 336) Z O,

39
1 1
pa(u, x3, %) = @(*tz +378) > 0; p13(u, X3, %) = @(1%2 +378) > 0;
1 1
1o (U, X4, %) = @(72153 +990) > 0; w1 (u, x31,%) = @(—M +93548) > 0;

1
a(u, Xa1,%) = 55 (2ta + 93548) > 0.

e Let |u| = 55. By (1) and Proposition 2 we have vs, + vs, + v114 = 1. Put
t1 = 8usq + 35, and  to = Vs, — 4vsp — V114. Since |ull| = 5, by part (iv) of
the Theorem we have to consider nine cases that we collect into four groups.
Case 1. When x(u'l) € {x(5a), x(5b), 4x(5a) —3x(5b), 3x(5a) — 2x(5b), 2x(5a) —
x(5b),, —x(5a) + 2x(5b) } then we put

(175,135) if x(u'l) = x(5a);
(155,140) if x(u'l) = x(5b);
) (285,120) if  x(u') = 4x(5a) — 3x(5b);
(@5) (215,125) if y(ull) = 3x(5a) — 2x(5b);
(195,130) if x(u'l) = 2x(5a) — x(5b);
(135,145) if x(u'l) = —x(5a) + 2x(5b)
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Using Proposition 3 for the character o of G, we get the system

1 1
po(u, X2, %) = %(40151 +a) > 0; p1(u, X2, %) = %(*10151 +8) >0

1
p1(u, X2, %) = %(tl +8) >0,

which has no integral solution.
In the remaining three cases below we have no integral solutions as well.

Case 2. Let x(u'') = 5x(5a) — 4x(5b), then
1 1
o (u, X2, %) = (4Ot1 +255) >0;  pi1(u, x2,%) = %(710151 + 115) > 0;

1 1
(U, xa, %) = %(tl +115) > 0; o (U, X3, %) = %(—40152 +290) > 0;

1 1
/1,11(’[1,7)(37 ) 55(10t2 + 395) > 0; ,ul(U,X;g, *) = g(—tg + 384) > 0.

—it Case 3. Let y(u'l) = —2x(5a) + 3x(5b), then

1
— (=10t 4 150) > 0;

1
Mo (u X2, ) (40t1 + 115) > 0 Nll(uax%*) = 55

1 1
11 (u, X2, %) = %(tl + 150) > 0; to(u, x3,%) = 55( to +430) > 0;

1 1
p(u, X3, %) = %(—tz +349) > 0;  pia(u, x3,%) = %(10152 + 360) > 0.
Case 4. Let x(u'') = —3x(5a) + 4x(5b), then
1 1
to(u, X2, %) = %(40161 +95) > 0; w1 (u, x2,%) = %(—10161 + 155) > 0;

1 1
p(u, X2, %) = %(tl +155) > 0; pan(u, x3, %) = 55(10752 + 355) > 0;

1
fo(u, X3, %) = 55( 40ty +450) > 0;  pa(u, x3,%) = 55( ta +344) > 0.

e Let |u| = 65. By (1) and Proposition 2 we have vs, + Vs, + V134 + 135 = 1. Put
t1 = 8Usq + 3Usp, ta = Vsq — dusy and t3 = 10vs, — 6v13, + Tvizp. Since |ul?| =5
and |u®| = 13, by parts (iv) and (v) of the Theorem we have to consider 162 cases.
(175,135) if x(u'?®) = x(5a);

(155,40) if x(u'®) = x(5b);

(255,115) if x(u'®) = 5x(5a) — 4x(5b);

(135,145) if x(u'?) = —x(5a) + 2x(5b);
( (u™?)
( (u™?)

First, let (o, 8) =

X\u
115,150) if y(u'3) = —2x(5a) + 3x(5b);
95,155) i —3x(5a) + 4x(5b).

X u13

—



500 V. A. Bovdi, A. B. Konovalov and E. N. Marcos

Then the following pair of inequalities has no integral solution

i(—12151 +6)>0

1
= (48t > 0; . X2, %) =
po(u, X2, *) 65( 1+ a) > 0; p1s(u, X2, %) 5

In the remaining cases we put

(235,120, 380,300), if x(u'®) = 4x(5a) — 3x(5b);
(a1, 09, 03,a4) = < (215,125,375,320), if x(u'?®) = 3x(5a) — 2x(5b);
(195,130, 370,340), if y(u'®) = 2x(5a) — x(5b),

and also we parametrize (as, ag) by values of x(u'?) and x(u®) accordingly to the

following table

x(u“’) = x(u13) = x(u'?) = x(u®)
4x(5a)—3x(5b) | 3x(5a)—2x(5b) | 2x(5a)—x(5b)
(93508, 93708) | (93518,93668) | (93528,93628) | x(13a)
(93521,93721) | (93531,93681) | (93541,93641) | x(13b)
(93404, 93604) | (93414,93564) | (93424,93524) | 9x(13a) — 8x(
(93417,93617) | (93427,93577) | (93437,93537) | 8x(13a) — 7x(13b)
(93430, 93630) | (93440,93590) | (93450,93550) | 7x(13a) — 6x(13b
(93443,93643) | (93453,93603) | (93463,93563) | 6x(13a) — 5x(13b
(93456, 93656) | (93466,93616) | (93476,93576) | 5x(13a) — 4x(13
(93469, 93669) | (93479,93629) | (93489,93589) | 4x(13a) — 3x(13b
(as,a6) | (93482,93682) | (93492,93642) | (93502,93602) | 3x(13a) — 2x(13b
(93495,93695) | (93505,93655) | (93515,93615) | 2x(13a) — x(13b)
(93534,93734) | (93544,93694) | (93554,93654) | —x(13a) + 2x(13b)
(93547,93747) | (93557,93707) | (93567,93667) | —2x(13a) + 3x(13b)
(93560, 93760) | (93570,93720) | (93580,93680) | —3x(13a) + 4x(13b)
(93573,93773) | (93583,93733) | (93593,93693) | —4x(13a) + 5x(13b)
(93586,93786) | (93596,93746) | (93606,93706) | —5x(13a) + 6x(13b)
(93599,93799) | (93609,93759) | (93619,93719) | —6x(13a) + Tx(13b)
(93612,93812) | (93622,93772) | (93632,93732) | —7x(13a) + 8x(13b)
(93625, 93825) | (93635,93785) | (93645,93745) | —8x(13a) + 9x(13b)

In all of these cases we obtain the following system

1 1

MO(U>X2>*) = %(48t1 + al) Z 07 M13(U7X27 *) = %( 12tl + 042) 0
1 1

po(u, X3, %) = 65( 48ty +az) > 0;  paz(u, x3,%) = %(12752 +ay) >0
1 1

p (u, X31,%) = %(tz’) +as) > 0; pao(u, x31, %) = 65( 4tz + ag) > 0,
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that has no integral solutions.
e Let u be a unit of order 77. By (1) and Proposition 2 we have vz, + v114 = 1.
Then we obtain the following unsolvable system of inequalities

1 1
o (u, X2, %) = ﬁ(180V7a +161) > 0;  po(u,x2,2) = 7—7(—1201/7,1 +98) > 0.
e Let |u| = 91. By (1) and Proposition 2 we have vz, + v134 + v135 = 1. Since
|u”| = 13, by part (v) of the Theorem we have to consider 18 cases. But in all

cases we obtain the same non-compatible system of inequalities

1 1
1o (u, xo, %) = 9—1(2161/7(1 +161) > 0; 113 (u, xa,*) = ﬁ(—361/7a + 140) > 0.

e Let |u| = 143. By (1) and Proposition 2 we have vy14 + 134 + 135 = 1. Since
|utl| = 13, by part (v) of the Theorem we have to consider 18 cases. But in all
cases we obtain the same unsolvable system of inequalities

120v114 + 88) > 0; /jJ()(’LL7 X4, * —120v114 + 770) > 0.

1 1
po(u, x3,3) = m( ) = m(

Appendix. Possible partial augmentations (vs,, vs3p, V3.) for units of order 3:

{(=3,v3p,v3c) | 5 < vy <7, v3q 4 13y + 13, = 1}
U{(=2,v3p,13.) | 1 Swgp <11, w3 + vy + 3. = 1}
U{(=1,v3p,30) | =3 < wzp < 14, v3q + 13 + 13 = 1}
U{(0,v3p,v3c) | =7 S wgp <16, v3q + v3p + 3. = 1}
U{(1,v3p,v3e) | =11 < vy <12, v3q + v3p + 13 = 1}
U{(2,vsp,v3¢) | =15 < wgp < 8, v3q + vy + V3. = 1}
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