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A note on the growth rate in the Fazekas—Klesov general law
of large numbers and on the weak law of large numbers
for tail series

By SOO HAK SUNG (Taejon), TIEN-CHUNG HU (Hsinchu)
and ANDREI VOLODIN (Regina)

Abstract. Using the Hajek—Rényi type maximal inequality, FAZEKAS and KLESOV
(2000) obtained the strong law of large numbers for sequences of random variables. Un-
der the same conditions as those in FAZEKAS and KLEsov, Hu and HU (2006) obtained
the strong growth rate for sums of random variables which improves FAZEKAS and
KLESOV’s result. We further extend and improve these results. Next, the approach of
using Héjek—Rényi type maximal inequality for proving limit theorems is applied to the
weak law of large numbers for tail series.

1. Introduction

FazekAs and KLESOV (2000) gave a general method for obtaining the strong
law of large numbers for sequences of random variables by using a Hajek—Rényi
type maximal inequality. This general method, or better to say approach, of
proving strong law of large numbers suggests to use directly a maximal inequality
(the so-called Héjek—Rényi inequality) for a sequence of normed partial sums of
dependent random variables. Under the same conditions as those in FAZEKAS
and KLEsov (2000), Hu and Hu (2006) found the method for obtaining the
strong growth rate for sums of random variables. Although the proof of Hu and
Hu (2006) owes much to that of FAzZEKAS and KLESOV (2000), their result is
sharper.
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In this paper, we find a new method for obtaining the strong growth rate for
sums of random variables by using the ideas of FAZEKAS and KLESOV (2000). Our
result generalizes and sharpens the results of Hu and Hu (2006). Moreover, our
method can be applied to almost all cases of a dependence structure considered
in Hu and Hu (2006), and we can get better results. We further extend and
improve these results. Next, the approach of using Hajek—Rényi type maximal
inequality for proving limit theorems is applied to the weak law of large numbers
for tail series.

We use the following notation. Let {X,,, n > 1} denote a sequence of random
variables defined on a fixed probability space (2, F, P). The partial sums of the
random variables are S, = Y | X; forn > 1 and Sy = 0. Let (z) be a positive
function satisfying

f: o(n)

(x) T oo on [c,00) for some ¢ > 0. (1)

2. Main Results

The following lemma generalizes Dini’s theorem for scalar series (cf. Lem-
ma 1.1 in Hu and Hu (2006)).

Lemma 1. Let a1,as9,... be a sequence of nonnegative real numbers such
that a,, > 0 for infinitely many n. Let v, = Y ;- a; for n > 1. Let ¢(z) be a
positive function satisfying (1). If >"7°  a, < 0o, then Y ° | anp(1/vy,) < 0.

PROOF. Without loss of generality, we may assume that ¢ = 1 and v; < 1.
For each k > 0, define ng by ny = min{n : v, < 27*}. It follows that

oo oo Mk+1—1 oo ng+1—1
Y anp(jvn) =" > anw(l/vn)SZs@(l/vnm—l) Y an
n=1 k=0 n=ng = n=ng
oo
2k+1
<> 1 v, < 32T
k=0 k=0

where we assume that in the case ngy1 = ng, the sum Z"’““k L=o.
Note that Y >7 , ¢(n)/n? < oo is equivalent to > - p(2¥) /2% < oo, since

00 <P( 4i 2ki—1%0 :4i@(n i 2k+1
= 2 k=0 n=2* n=1 k=0

The result follows by (1). O
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Tt is easy to find examples of functions ¢(x) that satisfy (1). Such functions
are |2|° or |z|°(log |z|)®, where 0 < § < 1 and « is any real number. HU and Hu
(2006) used Lemma 1 with ¢(x) = |2|° (0 < § < 1) to obtain the strong growth
rate for sums of random variables.

The following lemma is due to FAZEKAS and KLESOV (2000), Theorem 2.1.
Lemma 2. Let {b,, n > 1} be a nondecreasing unbounded sequence of
positive numbers and {a,, n > 1} be a sequence of nonnegative real numbers

such that a,, > 0 for infinitely many n. Let r and C be fixed positive numbers.
Assume that for each n > 1

E(lrgax 1; |) < ciai
i=1

and
oo
Z apb, " < oo.
n=1

Then the strong law of large numbers holds, that is,

lim S,,/b, =0 a.s.

The following theorem gives a sharper result than Theorem 2.1 of FAZEKAS
and KLESOvV (2000) (Lemma 2) and Lemma 1.2 of Hu and Hu (2006).

Theorem 1. Assume that all the conditions of Lemma 2 are satisfied. Let
p(x) be a positive function satisfying (1). Let

Bn = 1121ax bip(1/v;)~ Ur forn > 1,

where v, = Y .o
(i) If the sequence {(,, n > 1} is bounded, then S, /5, = O(1) a.s
(ii) If the sequence {B,, n > 1} is unbounded, then S,/3, = o(1) a.s., i.e.,
lim,, 00 Spn/Bn = 0 a.s.

a;b;". Then the following statements hold.

PROOF. It is easy to see that {f,} is a nondecreasing sequence of positive
numbers. Since [, > bnga(vi)_l/T7 we have by Lemma 1 that

i i o(1/vp)b," < 0.

If the sequence {8,, n > 1} is unbounded, then lim, . S,/6, = 0 a.s. by
Lemma 2.
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Now assume that {8,} is bounded by some constant D > 0. Then

o0 o0
Zan < DTZanﬁ;T < 00.
n=1

n=1

It follows by the monotone convergence theorem that

= 1 y < .
E(ig];l) |Sn|) nlinéoE(@aan |Sl|) < anlan < 00
Thus sup,,>; [Sn| < oo as. Since 0 < #; < 3, for all n > 1, we have that
Sn/Bn = 0(1) as. O

Remarks. 1. In both cases either S, /5, = O(1) a.s. or S,,/3, = o(1) a.s., it
can be easily obtained that lim, . S, /b, =0 a.s.

2. For the special case of p(z) = |z|° (0 < § < 1), in Lemma 1.2 of Hu
and Hu (2006) it is proved that S, /3, = O(1) a.s. under the same conditions as
those in Theorem 1. We can safely state that Theorem 1 extends and sharpens
the result of HU and Hu (2006). Hence we can sharpen many results proved in
Hu and Hu (2006).

It is interesting to investigate the cases in which the sequence {f3,, n > 1}
is unbounded. But first we derive a useful condition on ¢(x).

Lemma 3. If ¢(x) is a positive function satisfying (1), then

lim ¢(n)/n = 0.
n—oo
PrROOF. Without loss of generality, we may assume that ¢(z) is a non-

decreasing on [1,00). According to the proof of Lemma 1, we have that
Yoo 0(2%)/2% < 0o and hence limg_, o0 p(2%)/2% = 0. For 28 < n < 2k+1,

k k+1
©(2%) < ¢(n) < ©(2 )_
2k+1 n 2k

Thus we have that lim, . ¢(n)/n = 0. O

The following lemma shows that {3,} defined in Theorem 1 is unbounded
when «a,, =1 for all n > 1.
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Lemma 4. Let by,bs, ... be a nondecreasing unbounded sequence of positive
numbers and ¢(z) be a positive function satisfying (1). Assume that

oo
Zb;’“ < oo for somer > 0.

n=1

Let 3, = maxi<i<n bi(1/v;)~Y" for n > 1, where v, = .50 b, ". Then {3,} is

i=n "1
unbounded.

PROOF. For each k£ > 0, define ny by
ng = min{n : b, > 2’“}.

Let dy, = ny, — ni—1 for k > 1. Then we have that

nk+171
Uny = > by =gyl > 27D > 1277, (2)

n=ng

It follows that for all large k

2Tb:ug > i _ |: QTb:Lk /dk+1 :|1/7‘ dllf{‘:l
” .

n 1/vp 71/r> n
by, 0(1/ny) 20 k<‘0< (2Tbgk/dk+1) 2

3)

diy1

Since limy, .o v, = 0, (2) implies that limg, |, £0,k—oco 0, /dr+1 = 00. By (3) and
Lemma 3, we obtain that limg, ,, £0k—oc bn,@(1/n,)~Y/" = co. Hence {8,} is
unbounded. O

As a consequence of Theorem 1 and Lemma 4, we obtain the following result.

Theorem 2. Let by, b, ... be a nondecreasing unbounded sequence of posi-
tive numbers and ¢(x) be a positive function satistying (1). Let r and C' be fixed
positive numbers. Assume that for each n > 1

B( max |si|)r <Cn

1<i<n
and

o0
Z b," < oco.
n=1

Let 3, = maxi<i<nbip(1/v;)~Y/" for n > 1, where v, = > oo b;". Then
lim;, 00 Sn/0Bn =0 a.s.
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3. Application to associated random variables

By using Theorem 1 and Theorem 2, we can extend and sharpen many results
from Hu and Hu (2006). For an illustration we show how Theorem 3.2 of Hu
and Hu (2006) for (positively) associated random variables can be improved. The
interested reader could consider an extension of other results of Hu and Hu (2006)
devoted to negatively associated random variables and martingale differences.

The concept of associated random variables was introduced by ESARY et al.
(1967) in the following way. A finite family of random variables {X;, 1 <i < n}
with finite second moments is said to be associated if for any real coordinate-wise
nondecreasing scalar functions f and g on R,

Cov (f(X1,..., Xn),9(X1,...,Xn)) > 0.

An infinite family of random variables {X;, ¢ > 1} is associated if every finite
subfamily is associated.

Theorem 3. Let {X,,, n > 1} be a sequence of associated random vari-
ables with mean zero and finite variance, and {b,, n > 1} be a nondecreasing
unbounded sequence of positive numbers. Assume that

. ES? - ES? |
y o el <o,

2
n=1 b"
Let 3, = maxi<i<n bip(1/v;) 712 forn > 1, where v,, = > o2 (ES? — ES? |)/b3.
Then the following statements hold.
(i) If {Bn, n > 1} is bounded, then S, /B, = O(1) a.s.
(ii) If {Bn, n > 1} is unbounded, then S, /B, = o(1) a.s., i.e., lim;,, o0 Spn/Bn =0
a.s.

PROOF. The proof is similar to that of Theorem 3.2 in Hu and Hu (2006).
Since { X, } is a sequence of associated random variables, {—X,,} is also a sequence
of associated random variables. From Theorem 2 of NEWMAN and WRIGHT
(1981), we have

E( max Sf) < E(lrglag(n SZ-)2 + E( max (—Si)>2 < 2ES2.

1<i<n 1<i<n

By the definition of associated random variables, we get

ES2 = ES?_, + EX2 +2Cov (Sy—1, X,) > ES?_,.
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Let o, = ES2 — ES?_, for n > 1. Then
n (o] o
2 n
E(lrglagxn Si> <2 Eﬂ «; and 5_1 E < 0

Thus the result follows from Theorem 1. O

Remark 3. Under the same conditions of Theorem 3 with o(z) = |z|° (0 <
d < 1), Hu and Hu (2006) proved that S,,/8, = O(1) a.s. which improves The-
orem 3.3 of PRAKASA RAO (2002). Thus Theorem 3 extends the result of Hu
and HU (2006). In particular, we point out the fact that Theorem 3 sharpens the
result of HU and Hu (2006) when {3,, n > 1} is unbounded. An example of a
situation is which {8,, n > 1} is unbounded can be easily obtained. For exam-
ple,if ES2—FES2_, =1foralln > 1, then {f,, n > 1} is unbounded by Lemma 4.

4. Weak law of large numbers for tail series

The rate of convergence for an almost surely convergent series S,, = Z?zl X
of variables {X,,, n > 1} is studied in this section. More specifically, if S,, con-
verges almost surely to a random variable S, then the tail series T, = S —S,_1 =
Z;’;n X; is a well-defined sequence of random variable (referred to as the tail
series) with T,, — 0 almost surely. The main result provides conditions for

sup |Tx|/bp,—0 in probability (4)
k>n

to hold for a given numerical sequence 0 < b, = o(1). These results are, of
course, of greatest interest when b, = o(1). NAM and ROSALSKY (1996) provided
an example showing inter alia that a.s. convergence to 0 does not necessarily hold
for the expression in (4).

Theorem 4 is a very general result and we will see that some previously
obtained results are immediate corollaries of it. In Theorem 4, a condition is
imposed in general on the joint distributions of the random variables {X,,, n > 1}.
However, in the Corollary {X,,, n > 1} is a martingale difference sequence of
random variables. Certainly, the result is true when {X,,, n > 1} is a sequence of
independent random variables. In the Corollary a moment condition on the | X, |
and a limit behavior of b,, are imposed.

Theorem 4. Let {X,,, n>1} be a sequence of random variables, {b,,, n > 1}
be a sequence of nonnegative numbers, {a,, n > 1} be a sequence of positive
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numbers, and r > 0. Let moreover
o0
Z o < 00.
=1
If for all natural numbers n < m
k T m
E(éf?m ZXj > = Zaj’

then the series )" | X, converges a.s. and the tail series {T, = Y 7~ X;, n > 1}
is a well-defined sequence of random variables. Next, if

oo

Zaj =o(b,) as n — oo,

j=n
then the tail series obeys the limit law

SUPg>n ||
by,

PrOOF. For arbitrary e >0 and n > 1

—0 in probability.

P{ sup ZXj —ZXj > 5}
m>n j=1 j=1
m n T
< e’:‘TE( sup ZXj - Z X; ) (by the Markov inequality)
m>n j=1 =1
k r
=& TyggnmE<n+r1nSakX§m 4Z~_1Xj >
j=n

(by the Lebesgue monotone convergence theorem)

m
<e " lim Zaj = o(1).

Jj=n
Then by Corollary 3.3.4 of CHOW and TEICHER (1997), p. 68, >_°7 | X,, converges
a.s. Thus, the tail series {T,, = Z;‘;n X;, n > 1} is a well-defined sequence of

random variables.
Next, for arbitrary € > 0

p (i

- > 5} < (eb,)"E (sup |Tk|r> (by the Markov inequality)
n k>n
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(by the Lebesgue monotone convergence theorem)

)
)

X; ) (by Fatou’s lemma)

lim
m—o0 4

N—oo n<k<N

= (eb,)™" hm E( max

m

N—oo n<k<N m—oo

= (eb,)™" hm E( max lim

= (eby)™" hm E( lim max

N—o00 m—0oo n<k<N

S

Jj=k

>
=
) bn)” Tl;,?lglofg a; =o(1)

=n

N—o00 m—o0 n<k<N

< (eb,)™" lim liminfE< max

m— oo n<k<m

< (eby) " lim infE( max

The conclusion of the theorem now follows easily. (I

The next Corollary was obtained by ROSALSKY and ROSENBLATT (1998).
Our proof seems to be much simpler.

Corollary. Let {S,, = Z?:l X, n > 1} be a martingale and 1 <r < 2. If
> ien EIX;|" = O(by,), then the series ) 7| X, converges a.s.
If Z;’in E|X;|" = o(b},), then the tail series obeys the limit law

SUPg>n |Tk|
by,

PRrROOF. By the BURKHOLDER-DAVIS-GUNDY inequality (cf., for example

CHOw and TEICHER (1997)) we have that for allm >n > 1

—0 in probability.

< A"
j=n
We have
k r 00
APDOE<annka§Xm ZXj ) SC’ZE\X]-V:o(l) as n — oo
j=n j=n

under the conditions of the Corollary.
The Corollary follows immediately from Theorem 4. O

Certainly, Theorem 4 could be generalized on the Banach space setting. We
refer the interested reader to the papers ROSALSKY and VOLODIN (2001) and
(2003) for such type of generalizations.
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