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Generators of topological rings

By MIHAIL URSUL (Oradea) and MOHAMED AHMED M. SALIM (Al Ain)

Dedicated to Professor Adalbert Bovdi on his 70th birthday

Abstract. H. FuiitaA and D. SHAKHMATOV, in [FS], have introduced the con-
cept of a finitely generated — modulo open sets — topological group. In this paper we
transfer their results to topological rings which are finitely generated modulo open sets.
Moreover, we are introducing the concept of the free compact associative ring cF,(X)
of prime characteristic p over a set X. For a countable set X, the free ring cFp(X) is
universal in the following two means: (i) that it contains an isomorphic copy of every
compact second countable associative ring of characteristic p; (ii) every compact second
countable associative ring with 1 of characteristic p is a continuous homomorphic image
of cFp(X). We introduce also the concept of a free topologically nilpotent compact ring
of prime characteristic over a set. We give a realization of the free compact topologically
nilpotent ring with a countable set of generators and prove that it is a domain. It is
obtained that every compact second countable topologically nilpotent compact ring is a
continuous homomorphic image of a compact domain. There are compact rings of prime
characteristic which are not continuous images of compact reduced rings.

1. Introduction

H. Fuiita and D. SHAKHMATOV have considered in a recent paper [FS] some
topological generalizations of finitely generated groups. In this paper we prove
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analogous results for topological rings, where the methods of [FS] are adapted in
Section 3.

In [U1], it was proved that a linearly compact ring having a set of topological
generators of cardinality less than 2% is strictly linearly compact. A generalization
of this result will be given in Theorem 4.1, from which follows that every left
linearly compact finitely generated modulo open sets ring R having a fundamental
system of neighborhoods of 0 consisting of ideals is strictly linearly compact.

In [Mv], A. I. MAL’CEV, has proved that every countable or finite associa-
tive ring can be embedded in a two-generated associative ring. Also, we should
mension the well known result that a free associative algebra of countably rank
is a subalgebra of rank two [Co, § 0.7, Ex. 6]. While in this context, we consider
the following question: can an associative compact separable ring be embedded
in a compact associative ring with two topological generators? A negative answer
is given in Example 5.1.

In Section 5, we prove that for a prime p the two free rings c[F), (2) and cF), (w)
are universal in the sense that every compact associative second countable ring
of characteristic p can be embedded in ¢F), (2) and cF, (w), respectively. In addi-
tion, every compact associative second countable ring with 1 of characteristic p
is a continuous homomorphic image of ¢F, (w). We introduce the notion of a
free compact topologically nilpotent ring of prime characteristic. We prove that
the free compact topologically nilpotent ring with a countable set of generators
is a domain. This implies that every second countable compact topologically
nilpotent ring of prime characteristic is a continuous homomorphic image of a
compact domain. Not every compact ring of prime characteristic is a continuous
homomorphic image of a compact reduced ring.

In Section 6, we outline the construction of a compact right and left Noe-
therian ring without left classical quotient ring in abstract sense.

2. Notation

All topological rings are assumed to be Ts, not necessarily associative. We
use the terminology on topological rings as it is given in [W]. We will identify
w with the set of natural numbers, where w is the first infinite ordinal. In the
set of natural numbers N, if m,n € N, m < n, then [m,n| will denote the set
{m,m+1,...,n} of naturals. If X is a subset of a ring R then (X) stands for
the subring generated by X and (X) for the ideal generated by X; and if R is an
associative ring, then J(R) stands for the Jacobson radical of R. A Galois field
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containing p™ elements, where p is prime, is denoted by F,». For each n € N and
each ring R, M (n, R) stands for the ring of n x n-matrices over R. In a topological
space X, the closure of a subset A of X is denoted by A; and the weight of X is
denoted by wX.

3. Topological rings finitely generated modulo open sets

Recall that a topological ring R is said to be:

(i) compactly generated provided that R = (K) for some compact subspace K
of R,

(ii) o-compact if there exists a sequence {K, : n € w} of compact subsets such
that R = Upew K,

(iii) w-bounded if for every neighborhood V of 0 there exists a countable subset
S C Rsuchthat R=S+7V,

(iv) totally bounded if for every neighborhood V of 0 there exists a finite subset
S such that R=S+V,

(v) finitely generated modulo open sets if for every nonempty open set U C R,
there exists a finite subset F' C R such that R = (F UU),

(vi) almost metrizable provided there exist a nonempty compact subset K C R
and a sequence {U, },cw of open subsets containing K such that every open
subset of R containing K contains some U,,. The family {U, }nc. is called a
neighborhood basis of K.

Theorem 3.1. If a topological ring R contains a compactly generated dense
subring then its additive group is w-bounded and R is finitely generated modulo
open sets.

PrROOF. Let V be an arbitrary neighborhood of 0, and let K be a compact
subset of R for which (K) is a dense subring. We may assume without loss in
generality that 0 € K and K is symmetric. Obviously, there exist compact subsets
K,, 0 € K,, n € w such that (K) = Upe,K,. For every n € w there exists a
finite subset F), of K, such that K,, C F,,+V; and hence R = (Upe, Fr) +V + V.

We have to prove that R is finitely generated modulo open sets. Let U be
any nonempty subset of R. If u € U, then —u + U is a 0-neighborhood of R.
There exists a finite subset T' of K such that K C T —u+U. Put F = TU{—u};
then (FUU) = R. O
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Lemma 3.2 ([FS]). Let X be a topological space and let K C X be a
compact set with a neighborhood basis {Uy, }necw. Suppose that we have compact
sets Cp, C Ug<pUy for all n € w. Then the set C = K U (U Cn) is also
compact.

new

Theorem 3.3. An almost metrizable topological ring R contains a dense
compactly generated subring if and only if it is w-bounded and finitely generated
modulo open sets.

PROOF. The implication (=) is obviously true, so it suffices to prove the
implication (< ). Let K be a compact subset of R with a countable neighborhood
basis {Up, }new- Since the additive group of R is w-bounded, for each n € w there
exists a countable subset S,, C R such that R = S, + U,. The set S = Upc,Sy, i
countable, so we can fix its enumeration S = {s,, }ncw. Let r € R and let V be an
arbitrary neighborhood of 0. Then K — V is a neighborhood of K, and so there
exists n € w such that K ¢ U,, ¢ K — V. Since S,, + U, = R, there is s € S,
suchthat r€e s+U, Cs+ K —-V. Letr=s+k—vwithke Kandv e V.
Then

r+v=s+ke(r+V)N(S+K)#a.

It follows that S + K is dense in R. By the conditions for each n € w there
is a finite subset Fj, such that R = (F, UU,). Set Ey = FyU{so}; it follows that
R = (Fy U Up). So there is a finite subset E1 C Uy such that

U {51} C <E0 U E1>,

which implies that (Ey U F; U U;) = R. Hence there is a finite set Ey C Uy
such that Fp U {s2} C (Ep U Ey U E2). We obtain in this way finite subsets
E,+1 CU,,n € wsuch that

Fn+1 U {Sn+1} C <E0 UELU---U En+1>.

By Lemma 3.2 the set C' = K U (,,¢,, £n) is compact. The subring (C) is
dense since it contains S + K. It follows that R contains a compactly generated

dense subring. O

Corollary 3.4. A topological ring with the first axiom of countability con-
tains a dense compactly generated subring if and only if it is separable and finitely
generated modulo open sets.

Lemma 3.5. If a o-compact almost metrizable ring R contains a dense
compactly generated subring, then R itself is compactly generated.
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PROOF. Suppose that R = U,¢, Ly, where L, are compact, and let H =
(Lo) be dense in R. Let K C R be a compact set with a neighborhood basis
{U,}new; we may assume that U, C U, for every n € w. For n € w and
l €L, then (I — Upy1) N H # @. Then there exist v; € Upy1 and by € H
such that [ — u; = hy, hence | = hy +u; € hy + U,41. By compactness of L,
there exists a finite subset F,, of H such that L, C U,4+1 + F,. Evidently,
C, = (L, — F,) NUp41 is a compact subset and is contained in U,. We claim
that L,, C Cp,+ F,. Indeed, ifl € L,,, then | = u+ f, where u € U, 41 and f € F,.
It follows that u =1 — f € (L, — F,,)NUy,41 C Cy, which implies that [ € C,, + F,,,
and so L,, C C,,+F,, C (C,ULy). Therefore, by setting, C = LyUKU (U, -, Cn),

new —n

we obtain (C) = R. It follows from Lemma 3.2 that C' is compact. O

Evidently, a topological ring without proper open subrings is finitely gener-
ated modulo open sets.

Corollary 3.6. Let R be an almost metrizable o-compact ring. If R is either
without proper open subrings or is a connected ring or is totally bounded, then
it is compactly generated.

Theorem 3.7. For a locally compact ring R the following conditions are
equivalent:

(i) R has a dense compactly generated subring,
(ii) R is compactly generated,

(iii) R is finitely generated modulo open sets.

PROOF. (i)=>(ii) Evidently.

(ii) = (iii) Follows from Theorem 3.1.

(iii) = (i) There exists a finite subset F' such that (F UU) = R. Then
R = (FUU) is compactly generated. a

4. Topologically finitely generated modulo open
sets linearly compact rings

In ([U1], Theorem 2), we have proved that a linearly compact topological
ring having a set of topological generators of cardinality less than 2 is strictly
linearly compact. Here, we will extend this result.

Recall that a complete linearly topologized module M is called strictly lin-
early compact provided for each open submodule V' the factor module M/V is
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artinian. A topological ring R is called strictly linearly compact provided the left
topological R-module rR is strictly linearly compact.

Theorem 4.1. Let M a linearly compact module such that for every open
submodule V' the factor module M/V has cardinality less than 2. Then M is
strictly linearly compact.

PROOF. The module M is topologically isomorphic to the inverse limit
imM/V, where V' runs over all open submodules of M. By ([U1], Theorem 2),
each M/V is strictly linearly compact. Then M is strictly linearly compact as the
class of strictly linearly compact modules is closed under taking of inverse limits
by ([B2], Chapter III, Exercise 19). O

Corollary 4.2. Every o-compact linearly compact R-module is strictly lin-
early compact. Every linearly compact ring finitely generated modulo open sets R
having a fundamental system of neighborhoods of 0 consisting of ideals is strictly
linearly compact.

Open Question. Is it true that every linearly compact ring R finitely
generated modulo open sets is strictly linearly compact?

5. Free compact rings

Recall that a topological space is called separable if it contains a dense subset
of cardinality < w, see ([E], 1.1.3).

Example 5.1. A separable compact associative Hausdorff ring which cannot
be embedded in a compact ring with a finite number of topological generators.

Fix a prime number p and let F, be the field of p elements. According to
Theorem of Hewitt—Marczewski-Pondiczery ([E],Theorem 2.3.15), the compact
ring R = F), ¢ = 2%, is separable. We claim that R cannot be embedded in
a compact associative ring with a finite number of topological generators. As-
sume on the contrary that there exists a compact ring S with a finite number of
topological generators that contains R. Denote by Sy the connected component
of S, i.e., the maximal connected subgroup of the additive group of S. Since
So N R = 0, the ring R is topologically isomorphic to a subring of S/Sy. Since
S/Sp is topologically finitely generated, it is metrizable ([U2], Theorem 27.30),
and hence R is metrizable, a contradiction.
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Lemma 5.1. Let p be a prime and let R,, = M (1,F,) x --- x M(n,F,). For
each i € [1,n], fix a pair of generators x;, y; of M(i,IF,); then R,, = (z,y), where
x=(x1,...,2n) and y = (Y1, -, Yn)-

PRrOOF. Obviously, pr;({(z,y)) = M(i,F,), where pr; means the projection
of R, on M (i,Fp), i€ [1,n]. Furthermore, denote

I; = ker(pri{z,y)), i €[l,n].

Since I1NIzN---NI,, = 0, then (z,y) is a subdirect product of M (¢,F,). Therefore
(x,y) is a finite semisimple in the sense of Jacobson ring; and hence has identity.
If i,5 € [1,n], i # j, then

<xay>/1i = M(LFI))’ and <$,y>/1j = M(]7]FP)

which implies that I; # I;. Thus I;+1; = (z,y) for i, € [1,n], i # j since both I;
and I; are maximal ideals. By Chinese Remainder Theorem ([AF], p. 103), (z,y)
is isomorphic to the direct product

((z,9)/10) X - x (2, y) /1) = M(LFp) x - - x M(n, Fp);

and it follows that (z,y) = R,. O

Lemma 5.2. For any prime p, the ring R = [[}2, M(n,F,) is compact
second countable and has two topological generators.

PRrROOF. For each n € N, fix a pair z,, and y, of generators of M(n,F,)
and set * = (x,), y = (yn) in R. Let g, denotes the projection of R on R, =
M(1,F,) x --- x M(n,F,). By Lemma 5.1, ¢,({z,y)) = R, which means that
(x,y) is dense in R. O

Let R be a finite associative ring with identity 1 of prime characteristic p.
Then R is a subring of EndR, where R considered as a vector I, -space. Indeed,
the mapping R — EndR: r — L, (x +— rz) is an embedding of R in EndR.

The following Remark is well known, see [C]:

Remark 5.1. Every compact ring R of prime characteristic p is an open ideal
of a compact ring S of characteristic p.

Indeed, considering the group S = F, x R with the product topology and
multiplication

(a,2)(8,y) = (af, ay + Bz + zy),
the ring R is topologically isomorphic to the open ideal {0} x R.
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Theorem 5.3. Every associative compact second countable ring S of prime
characteristic p is topologically isomorphic to a subring of R = [[,,cy M (n,F)).

PrROOF. We may consider, according to Remark 5.1, that S has an identity.
Fix a fundamental system {S;};cy of Og consisting of two-sided ideals and asso-
ciate to each ¢ € N a number k; € N for which S/S; is embedded in M (3,F,). We
can assume without loss of generality that k; < k;y1,7 € N; then S is embedded
in [[;cn M (ks, F,) which is embedded in R. |

Let X be a set and p be a prime. Considering the ring F, (X) of all non-
commutative polynomials over X with coefficients from F,, let B be the set of
all cofinite ideals V' of F,, (X) with the property that X\V is finite. Then B is a
filter basis, NB = 0, and hence B gives a totally bounded ring topology 7.

The completion (cF, (X),cT) is a compact ring of characteristic p and has
the following universal property: every mapping f : X — S in a compact ring
S with 1 and charS = p with the property that X \ f~1(V) is finite for every
0-neighborhood V' of S has an extension [ : cF, (X) — S, f(1) =1 . The ring
(cFp (X)), cT) is called the free compact ring of characteristic p over X. We will
denote the ring (cF, (X),cT) briefly by cF, (X). When X = {x1,29,...,2,} is
finite, we will write cFF,, (z1,%2,...,Zy).

Note that the ring cF, (X) is analogous to the free pro-p-group, see
([Se], 1.1.5).

Lemma 5.4. For any set X, w(cF, (X)) = max{|X|,w}.

Proor. It is well known that every compact totally disconnected ring with
a finite number of topological generators is metrizable ([U2], Theorem 27.30).
Therefore, the assertion is true when X is finite. Assume that X is infinite,
then the ring cF, (X) is mapped on Fff , and hence w(cF, (X)) > |X|. Every
open ideal of (F,, (X),7) contains a cofinite ideal of the form (X\F), where F' is
finite. Since the cardinality of the family of sets of the form X\F, where F runs
over finite subsets of X, is |X|, we obtain that w(F, (X),7) < |X|. Therefore
w(cF, (X)) <|X| which implies that w(cF, (X)) = |X]. O

Theorem 5.5. Let p be a prime and X = {z,y}. The ring cF, (z,y) con-
tains an isomorphic copy of every compact second countable associative ring of
characteristic p.

PROOF. Let R = ¢F), (z,y). Consider the Wedderburn-Mal’cev decomposi-
tion R = S & J(R) (a topological direct sum of subgroups S and J(R)) of R,
where S is a compact semisimple ring. The existence of this decomposition for
compact rings was proved in [Ze], see also ([U2], p. 170). Evidently, 1 € S.
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By KAPLANSKY’s Theorem ([K], [U2]), we have that

S Ziop [[ M (i, F) .
iCw
Identifying S with [];.,, M (n;, F;), we claim that the ring M (n,F,) appears in
the decomposition of S for each n € w. As the ring M (n,F,) can be gener-
ated by two elements, there exists a surjective homomorphism h : ¢F, (z,y) —
M (n,F,). Evidently, h (S) = M (n,F,), and hence S contains an ideal isomorphic
to M (n,Fp). It follows that S contains an ideal isomorphic to []°~, M (n,F,)
which, by Theorem 5.3, contains an isomorphic copy of every compact second
countable associative ring of characteristic p. O

Theorem 5.6. If |X| = w, then ¢F, (X) has the property that every com-
pact second countable associative ring with 1 of prime characteristic p is a con-
tinuous homomorphic image of ¢F,, (X)) and every compact second countable as-
sociative ring of characteristic p is a subring of ¢F, (X).

PRrROOF. The ring cF, (X) contains a copy of the topological ring cF, (x,y).
By Theorem 5.5, ¢F,, (X) contains an isomorphic copy of every compact second
countable associative ring of prime characteristic p.

Let R be any compact second countable associative ring of characteristic p.
We may assume without loss of generality that R is infinite, then R(+) Zp
(Z/pZ)“. Tt follows from the structure of (Z/pZ)* that R contains a countable
subset Y such that R(+) is topologically generated by Y and for every open ideal
V of Y, the set Y \ V is finite. Fix any bijection f : w — Y. There exists a
continuous homomorphism % : ¢, (X) — R extending f such that (1) =1. O

The notion of a free compact topologically nilpotent associative ring of prime
characteristic p over a set X is similar to the notion of a free compact ring.
Namely, let X be a set and p be a prime number. Consider the free ring F,,(X) of
all noncommutative polynomials over X with coefficients from IF,, without terms
of degree zero. Let B be the set of all cofinite ideals V' of F,,(X) with the property
that X\V is finite and F,(X)/V is nilpotent. Then B is a filter basis, NB = 0,
and hence B gives a totally bounded ring topology 7.

The completion (cF,(X),cT) is a compact ring of characteristic p and has
the following universal property: every mapping f : X — S in a compact ring
topologically nilpotent ring S of characteristic p with the property that X\ f (V)
is finite for every O-neighborhood V of S has an extension f s Fp(X) — S.
The ring (cF,(X),cT) is called the free compact topologically nilpotent ring of
characteristic p over X.
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Remark 5.2. We will need some properties of inverse limits of topological
rings. Let {Rq : fap, €2} be an inverse system of topological rings, R = limR,
and 7, denotes the canonical projection of R in R,. Then:

(i) The family {7, (Va)}acq where V, is a neighborhood of Og,, is a fundamen-
tal system of Og.

This implies immediately the following fact:

(ii) If S is a subring of R = limR, and 7,(95) is dense in R, for every a € ,

then S is a dense subring of R.

(iii) If R, are compact and the canonical projections f,3 are surjective, then 7,

are surjective ([E], Corollary 3.2.15).

Theorem 5.7. The free compact topologically nilpotent ring R of prime
characteristic p with a countable number of topological generators is a domain.

PRrooF. Consider for each n € N the ring R,, of formal noncommutative series

on n variables x1,...,z,. Consider the ring R = limR, where f, : Rpy1 — Ry
be the continuous homomorphism which sends z; to x;, i = 1,...,n and x,41
to 0. It is well known that each R,, is a domain. Set y; = (0...0x;z;...), (i — 1
Z€ros).

Claim I. For each n € N the subring (y1,...,yn) is a free associative ring in
the class of rings of characteristic p with y,...,y, as free generators.

Claim II. The subring P = (y; : i € N) is the free associative ring of charac-
teristic p with y;,7 € N as free generators.

Claim III. The subring P is dense in R. Indeed, m,(y1,...,yn) is (z1,...,2Zn),
which is dense in R,, (see, [B1], Chapter II, §5).

Claim IV. R is a domain. This follows immediately since the inverse limit of
domains is a domain.

Claim V. The ring R is second countable.

Claim VI. The ring R is free in the class of all second countable compact
topologically nilpotent rings of characteristic p.

Indeed, let S be a second countable compact topologically nilpotent ring of
characteristic p. Let S = (a; : i € N) where {a; : i« € N} has the property that
lim; .a; =0. Let f1: P — S, y; — a;.

We claim that f; is continuous. Indeed, let V’ be an open ideal of S. Let
n € N such that a; € V' for i > n. Let m € N,S™ C V', m > n. Consider the
neighborhood W' = ((z1)™ x -+ x (z1, ..., 2n)™ X [[15 1 (1, ... 2:)) NP of Op.
Ifwe W, then w=g1(y1,.--,Yn) + 92(Y1, -« - s Yns Yn+1s- - - s Yntk), where go =0
or each monomial of ga(y1, ..., Yn, Yntl,---,Ynt+k) contains at least one element
from {Yn+1,---,Yntk}. Then pri(w) = gi(pri(ya),...,pri(yn)) for each i < n
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is of degree > m (here pr; is the projection of [, .y on R;). This implies that
filgi(y1s- - yn)] € V7. Tt is obviously that f1[g2(y1, - -« Yns YUntls - Yntk)] € V'
and so fi(w) € V',

We extend by continuity f; to a continuous homomorphism f : R — S,
obviously, f is surjective. O

Corollary 5.8. Every compact second countable topologically nilpotent ring
of prime characteristic is a continuous homomorphic image of a compact domain

Recall that an associative ring is called reduced provided it has no nonzero
nilpotent elements.

Ezample 5.2. The ring M(2,F53) is not a continuous image of a compact
reduced ring.

Assume the contrary: let R be a compact reduced ring and f : R — M (2,F5)
be a continuous surjective homomorphism. Pick up e1; € M(2,Fs). By ([U2],
Theorem 4.20) there exists an idempotent e € R, f(e) = e11; evidently e is central,
a contradiction. (]

6. Compact Noetherian rings

It is well known that a compact Noetherian ring has a finite number of topo-
logical generators ([U2], Corollary 6.45, p. 135). We have modified an example of
L. W. SMALL, see [Sm], in order to obtain a compact left and right Noetherian
ring having no classical quotient ring in abstract sense.

For a prime p, let Z, denotes the ring of p-adic numbers with the natural

. . b
compact topology, and let T be the ring of 2 x 2 matrices of the form [g ,
c
where a € Z,, and b,c € Z,/pZ, = F,, such that Z, acts on Z,/pZ, in the usual
way.

Lemma 6.1. T is left and right Noetherian.

ProOF. The ring T has identity and its additive group is topologically iso-
morphic to Z, x (Z/pZ)*. This group satisfies the ACC on closed subgroups.
The ring T with the natural compact topology satisfies the ACC on closed sub-
groups, so T satisfies the ACC on left finitely generated ideals. Therefore T is
left Noetherian. Analogously, T is right Noetherian. O
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0
Set T7 = g ca €Zy, c€Zy/pLyp and let S be the ring of 2 x 2
c

/

t t
matrices of the form ol where t,t' € T, t; € Ty.
1

Lemma 6.2. The ring S is left and right Noetherian.

PROOF. The ring S has identity and its additive group is topologically iso-
morphic to (Z,)* x (Z/pZ)®. This group satisfies the ACC condition on closed
subgroups. The ring S with the natural compact topology satisfies the ACC on
closed subgroups, so S satisfies the ACC on left finitely generated ideals. There-
fore S is left Noetherian. Analogously, S is right Noetherian. O

Theorem 6.3. The ring S does not satisfy the left Ore condition.

The last Theorem shows that as S does not satisfy the left Ore condition, S
does not have a left quotient ring.
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