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Local solutions of an alternative Cauchy equation

By GIAN LUIGI FORTI (Milano) and LUIGI PAGANONI (Milano)

1. Introduction

In a previous paper [8] we studied the alternative Cauchy equation

(1) g(zy) # g(x)g(y) implies f(zy) = f(x)f(y),

where f, g are unknown functions from a group (X,-) into a group (.S, )
(For the motivation of (1) and some related problems see [4]-[6], [10]-[14]).
Among the results there is a complete description of the solutions of (1)
when (X,-) = (R™,+) and one of the two functions, say g, satisfies a
suitable topological condition (weaker than continuity).

It is well known (see [1]-[3], [7]) that each solution of the local Cauchy

equation
fl@+y)=fl@)fly), (vyeT

where T := {(z,y) € R? : x,y,x +y € I}, [ = (0,1) and f: I — S, has
a unique extension to an additive function on the whole R. Hence it is
natural to ask if this is also true for the local version of (1), i.e. if each
pair of functions f,g: I — S, solution of the local alternative equation

(2) g(x+y)#g(x)g(y) implies f(z+y)= f(x)f(y)
for all (z,y) €T,

can be extended to a pair of functions f , g : R — S satisfying the alterna-
tive equation

(2) glz+y) # §(2)g(y) implies f(z+y) = f(z)f(y)
for all (z,y) € R2.

In the present paper we prove that under suitable hypotheses on one
of the two functions f and g the answer is affirmative.

Partially supported by M.U.R.S.T. Research funds (60%).
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2. Notations and preliminary results

Denote by Z and Ny the classes of the integers and the non-negative
integers respectively, and by p; : R x R — R, ¢ = 1,2, 3, the maps given
by :

pi(z,y) ==, pz,y)=y, ps(z,y)=z+y.

Given an open interval ¥ C R and a function ¢ : E' — 5, we define

(3) Qu={(z,y) € (ExE)Np; " (E):p(x+y) # o(x)o(y)}
and
Ay ={(z,y) € (Ex E)Np; ' (E): p(xz+y) = o(x)e(y)}.

Ag and Q¢ denote the interior of A, and (2, respectively.

A function ¢ : E — S is said locally affine in x € E if there exists
a € Hom(R, S) such that p(x+u) = ¢(z)a(u) for all u in an open interval
U > 0. (Note that the homomorphism a may depend on the point x). A
function ¢ : E — S is said locally affine in an interval V C FE if it is locally
affine in each point of V.

We shall use the following simple properties:

Lemma 1. i) If (zo,y0) € A, then ¢ is locally affine in o, yo, To + Yo-

ii) If V C R is an open interval and ¢ is locally affine in each point of V,
then there exist a € Hom(R, S) and « € S such that

o(r) = aalx), zeV.
iii) Let J, K, L be open intervals and

aa(z), zelJ
o(x) =< pOb(x), zeK |, a,b,c € Hom(R, S).
ve(x), €L

If there exists (zo,Y0) € AY, with zo € J, yo € K, 7o + yo € L, then
v =af and b(z) = c(z) = ta(z)p.

PROOF. i) Take U = (—¢,¢) such that (zo,y0) + (U x U) C A. If
for all uw € U we define

a(u) = (¢(z0)) "o(zo + yo +u)(p(yo)) ™" and
b(u) = (¢(yo))~'a(w)e(yo) ,
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then lgy the property ¢(zo + yo + u) = ¢(xo + w)@(y0) = ©(x0)e(yo + )
we ge

p(ro +u) = p(zo)a(u),  ¢(yo +u) = a(u)p(yo) = (yo)b(u)
p(zo + yo +u) = @(z0)p(yo)b(u) = p(zo + yo)b(u),  welU.

Furthermore, since

a(u+v) = (¢(z0)) " e(zo + yo +u+v)(p(yo)) " =
= (¢(20)) (20 + we(yo + v)(e(y0)) ™" = a(w)a(v)

for all u,v € U x U with u+v € U, a is the restriction of a homomorphism
from R into S; the same is also true for b.

ii) Fix z¢ € V; then there is ag € Hom(R, S) such that
o(zo +u) = p(xo)ag(u) = p(xo)ag(—zo)ag(xo + u) = agag(ze + u)

for all w in a suitable neighbourhood U,, of the origin. Denote by Fj the
set of all x € V for which there exists a neighbourhood U, of the origin
such that

o(r +u) = apap(z +u), wueU,.

Let 1 € 9 + Uy, and let V,,, be a neighbourhood of the origin such that
x1+ Vo, C o+ V. We have

o(r1 +v) = apag(xo + (1 — x0) + v) = apag(z1 +v), veEV,;

thus the set Fj is open. Since ¢ is locally affine in each point of V', also
the set V' \ Fy is open. The connectedness of V' implies Fy = V.

iii) Let (zo,y0) € A, with zg € J, yo € K, o +yo € L; then
ve(zo)e(yo) = ¢(To + Yo) = p(wo)e(yo) = aa(zo)Bb(yo)
and so, for all © € R such that yo +u € K and xg +yo +u € L,
ve(wo)e(yo)e(u) = ve(xo)e(yo + u) = (xo + yo +u) = ©(2o) (Yo +u) =
= aa(z0)Bb(yo)b(u) = ve(zo)c(yo)b(u).

It follows b = ¢ and ~vyc(zg) = aa(xg)s.
Take now v € R such that xo +u € J and zg + yo + u € L. Then

ye(zo)e(u)e(yo) = w(zo +u+yo) = p(wo + u)p(yo) =
= aa(zo)a(u)Be(yo) = ve(zo) B~ a(u)Be(yo) -

So we deduce c(z) = 8~ a(x)p and, since (xg,y0) € Ay, ¥ = af. a
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3. Local solutions

A pair (f,g) is called a trivial solution of (2) if either f or g is the
restriction of a homomorphism of R into S. In the following we find the
non-trivial solutions of (2) under the assumption that one of the two func-
tions, say g, satisfies the following property:

(4) pi(Qy) = pi(),  i=1,2.

Remark 1. a) The hypothesis (4) is the same condition under which
in [8] we solved the functional equation (2').

b) Note that condition (4) is obviously satisfied when S is a topological
group and g is continuous. Furthermore there are noncontinuous functions
satisfying (4): a “typical example” (see [5], [6], [10]) is the real function
g(x) = [z] (integral part of x). It can be easily proved that if (S, -) = (R, +)
then condition (4) is fulfilled by every function g : I — R satisfying the
following properties:

i) the set D of the points of discontinuity of g is at most countable;
ii) for each zg € D there exists lim g(z) and g is right-continuous;

IE—)JZO

iii) for each z¢ € D either g(zo + y) — g(x9) — g(y) =0 for all y € I or
g(zo+vy) —g(xo) — g(y) assumes at least two distinct non-zero values.
Define

(5) W=1\ (p1 (Qg) Up2(Qg))'

By (4) the set W is closed in I and is characterized by the property

(6) W ={tel:Vee(01-1)g(+1) =glx)g(t) = g(t)g(x)}.

Note that, since Q4 C Ay, by (4) and Lemma 1-i) f is locally affine in each
point of I\ W.

Theorem 1. All the solutions of (2) with W = () or W = I are trivial.
PROOF. If W = (), the function f is locally affine in I and, by Lemma
1-ii), f(z) = aa(x). Since 0 # Q, C Ay we have a = e (the unit element

of (S,-)) and so f is the restriction of a homomorphism.
If W =1, then g is obviously the restriction of a homomorphism. [J

Therefore from now on we assume that (f, g) is a solution of (2) with

DAW £1.
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Lemma 2. Let t € W and (z,y) € T. If (x + nt,y + mt) € T for
some m,n € Z, then

(z,y) €Qy < (x+nt,y+mt) € Q.

PROOF. Obviously it is enough to consider the case m,n > 0. By (6)
we have

glx+nt+y+mi)=glz+y+(m+n)t)=glx+y)gt)""
g(z+nt) =g(x)g®)",  gly+mt)=g(y)gt)".
(

Therefore, since g(t) commutes with g(y) for all y € (0,1 — ), we obtain

glz+y+ (m+n)t)[glx+nt)gly+ m)]
= g(@+y)g®)" " g(t) " g(y) " g(t)” "9(1‘)
)~

=g(x+y)gy) 'g@)" =gz +y)[9(x)g(y) O

g(t
(
Lemma 3. Let t € W and let g : R — S be defined as follows:
(7) gx)=glx—nt)gt)" if nt<z<(n+1)t, nez.
Then g is the restriction of g on I and the set
Hy:={teR:ve cR gt +x)=g(t)g(z) = g(x)g(t)}
is a subgroup of R with t € Hj.
PRrROOF. By (6) the function g is the restriction of § on I. We now

prove (as in [8]) that Hj is a subgroup of R.
Since §(0) = e we have 0 € H;. Let t € Hy; then

e=9(0) = g(t —1t) = g(t)g(—1)
and so g(—t) = [g(t)]~*. Moreover, for every z € R we have
9(x) =gt —t+z) = g(t)g(x —t) = g(x — £)g(t)
and so g(x —1t) =g(-t)g(z) = g(z)g(—t), i.e. =t € Hj.
Finally, let ¢1,t; € Hy; for every z € R we get
N 9(t1)g(t2 + ) = §(t1)g(t2)g(x) = g(t1 + t2)g(x)
gl tiz ¥ 2) = { d(tz + 2)3(t) = G()3(t2)3(t1) = G231 + t2)

ie. t1 +12 € Hj.

Let z € R and let n € Z such that nt < xz < (n + 1)¢; from (7) we
have

gt +a) =gt +a—(n+1)t)g(E)"", g(x) = g(z —nt)g(t)"
and so ¢t € Hj. O
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Lemma 4. Assume () # W # I. The set W has a minimum 7 (> 0).

PROOF. Since W is closed in I, if WN(0,1/2) = 0 then 7 := inf W €
W. Otherwise let £ € W N (0,1/2) and assume it is not the minimum of
W. Let g be the function defined by (7). Since t < 1/2, the open square
(0,%)? is contained in T and so
(8) Q, N (0,£)* = Q5N (0,).

By Lemma 2 the set ), satisfies the equalities

(0,0)\ W = (.U Pi()) 0(0,7) = U pi(200.7)?).

1=1,2 =1,

Moreover, since Hy = R\ (p1(£25) U p2(£25)), by construction the set
satisfies the similar equalities

0,0)\Hz = [ | »i ()] n(0,%)

i=1,2 i=1,2

I
—~
3
=
@)
@
~
D
—~
\_O
~
~—
[\V]
~—

By (8) we get
(8) (075)\W:(07£)\H§'

Since we have assumed W # I, by using again Lemma 2 we have that
(0,t) \ W is a non-empty open set. Thus, from (9) and Lemma 3, Hj is
a proper closed subgroup of R, i.e. H; = 7Z for some 7 € (0,t). Since by
(9) (0,)NW = (0,t) N Hg, we get 7 = min W. O

We can now state the main result (for the proof see Section 4).

Theorem 2. Assume (f,g) to be a non-trivial solution of (2) with g
satisfying condition (4). Then the set W has a minimum 7 (> 0) and

(10) f(@) = fo(x)alz),  g(z) = go(x)c(z)
where :

A) a and ¢ are homomorphisms from R into S which commute with fy
and go respectively ;

B) the pair (fo, go) has one of the following forms :

{fo(x) =o't . . .
(11) . ifx € [27', (z—f—l)T)ﬂI, a,y #e, i€ Ny,
go(z) =7
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(12) {fo(w) :a% ifx € (z'T, (i—i—l)T} NI, a,v#e, i€ Ny,
go(x) =~
( fo(x)=e if xze€l\E, folx) #e if z€FE
where ) # E C TNg N [
(13) and go satisfies the conditions
go(z +7) = go(x)go(T) = go(T)go(x), =z € (0,1—7)
L 90(T) = go(z)go(T — ), 2 €(0,7),

(fole) = ifx e I\{€}, fol&)#e
with £ € W\ 7Ny, max{7,1 —7} <€ <1

and gq satisfies the conditions
go(@ +7) = go(@)g0(7) = go(T)go(x), = € (0,1 —7)
go(z + &) = go(®)g0(§) = go(§)go(x), =z €(0,1-¢)
[ 90(§) = go(x)go(§ — ),  x€(0,8).

Moreover all pairs (f, g) of the above mentioned forms are nontrivial solu-
tions of (2).

(14) ]

Corollary 1. Each solution (f,g) of (2) satisfying (4) is the restriction
on I of a solution (f, §) of the alternative equation (2").

PRrOOF. In a previous paper ([8], Theorem 5) we have described the
solutions of (2') satisfying (4), where the set E in the definition of €2, is
the whole R. We prove that each solution of (2) is extendible to a solution
of (2') of one of the forms described in Theorem 5 of [8]. The solutions of
the form (11) and (12) are extendible in an obvious way to the solutions of
the form iii) of Theorem 5 in [8]. The extension in the remaining cases (13)
and (14) is given by (7) of Lemma 3 where the role of ¢ is now assumed
by 7 or & respectively. In such a way we get solutions of (2’) which are of
the form i) of Theorem 5 in [8]. O

Remark 2. The extension of the solutions of the form (14) is based on
the properties of £, and the equation

go(x +7) = go(2)g0(7) = go(7)go(x)

doesn’t play any role. So, starting from the solutions of the form (13) or
(14) we get solutions on R of the same form. Nevertheless in the triangle



58 Gian Luigi Forti and Luigi Paganoni

T the properties of Q, yield in a natural way the value 7 (and not ). So
these two kinds of solutions are essentially different. Therefore it is natural
to ask whether solutions of the form (14) exist. Clearly this depends on
the parameters 7 and ¢ and on the group S. In [9] this problem has been

completely solved.

Since property (4) is satisfied if the function gy and the homomorphism
c are continuous, starting from the results of [9] in the case S = R, we may
list under which conditions on 7 and £ there exist continuous functions

go : I — R satisfying the equations in (14) with 7 = min W.

T &—ht

(i) T S

T &E—ht
1—hr 201 —hr)’
&E—ht _ &—ht
E— (h+1)T 2(§ — (h—I—l)T)

(i) 1

¢ {0,1}

§—hr T §—hr E—(h+)T T
i—hr) ~  1—hr S20—h7r) " 20 —hr) E¢@

, §—hr T E—ht E—(h+1)r 1

T E e Bkl ey Ty Y oy (1_§>’
T &—ht &E—ht b B
g€ and £—(h+1)7_2[2(§—(h+1)r) =y PO=

where [t] denotes the integral part of ¢t and h = [ﬂ — 1.

4. Proof of the main result

By Theorem 1 we have ) # W # I and, by Lemma 4, W has a

minimum 7 > 0.
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We need some other notations and lemmas.
Jy={zxel: kr<z<(k+1)7}, keN
T»1~':{(x,y)€T::L'€Ji,yGJj,x-l-yGJHj}

2¥)
QiJ - Tl U T12]7 Za] € N07

v:=max{k € Ny : (k+ 1) <1},
D, :={(z,u—2x):2€(0,u)}, ue(0,1).

Remark 3. Note that, since 2y C Ay, by (4) and by Lemmas 1 and 2
we have:
i) if v > 1 then f is locally affine in the intervals J;, i € {0,--- ;v — 1},
and (v7,1 —7);
ii) if v = 0 then f is locally affine in the interval Jj.
Condition (4) implies that Q4 N (0,7)> N T # 0 if and only if
Qy N Qo,0#0. In the following Lemmas 5,6 and 8 we consider separately
the three possible cases:

I) Qg N Q070 - TOQ’O
II) Qg N Q070 C TOI’O
M) Q,NTiy#0, i=1,2.

Lemma 5. If ;N Qoo C T02,0 then each non-trivial solution (f,g) of
(2) is given by (10) with (fo, go) of the form (11).

PROOF. By the hypothesis, Tj , C A, and so g(z) = ¢(z), z € (0,7),
where ¢ € Hom(R,S). By Remark 3 and Lemma 1, f(z) = aa(z),
€ (0,7), where a € Hom(R, S) and a € S. If z € (7,27) N1, since 7 € W
we have

(15)  g(@) = g(r)g(x — ) = g(7)c(x — 7) = g(7)c(r) ™ e(x) = ve(w).

It follows, for z € (0,7),

(16)  ve(r)e(r) = ve(r +2) = g(T + 2) = g(7)g(z) = g(7)c(x)

and so ¢g(7) = ~vc(r). From (15) and (16) we have g(z) = vye(x),
x € [r,2r)N 1. By Lemma 2, Ty, C Ay and so, c(z)ve(y) = g(x)g(y) =
€ (0

9(z +y) = ye(x)e(y), for all (z,y) € Ty ;. Hence c(x)y = ye(x), = € (0,7),
that is the homomorphism ¢ commutes with . Moreover Q,NT§, # () im-

plies v # e and so Ty C Q. It follows T5y C Ay , i.e. for all (z,y) € T,
(A7) aa(@)aa(y) = f(2)f(y) = f(z +y) = f(Y)f(2) = aa(y)aa(z).
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From (17) we get a(z)aa(y) = a(y)aa(x), ie. a(x — y)a = aalx — y);
so a commutes with a. Furthermore (17) gives f(z + y) = o?a(z + y),
ie. f(x) = a?a(x), x € (1,27) N I. Since v # e, the points (z,7 — z),
z € (0,7), are not in A, and so f(1) = a?a(7); it follows f(z) = a?a(z),
x € [r,27) N 1. We can now repeat this procedure to get f and g on the
whole interval I. Note that a # e since (f, g) is not trivial. O

Lemma 6. If Q, N Qoo C Ty, then each non-trivial solution (f,g) of
(2) is given by (10) with (fo, go) of the form (12).

PRrROOF. By the hypothesis, T02’0 C A, and so by Remark 3 and
Lemma 1 we have

(18)  f(x) = Ba(z), g(x)=~c(z), =€(0,7); a,ceHom(R,S).
Note that v # e, otherwise 2, N T, = () and so €, = 0. It follows
Too C Qq, ie. Tg o C Ay and this forces 3 = e. If (z,y) € T5 o(C Ay), from

(18) we have ve(z)ye(y) = g(x)g(y) = g9(z +y) = g9(y)g(x) = ve(y)ve(x)
and, as in Lemma 5, we conclude that ¢ commutes with v and g(z) =
y?c(x), z € (1,21) N 1. By Lemma 2 Ty, C €, i.e. Ty, C Ay and, by
Lemma 1, f(z) = aa(z), x € (1,27) N I. As in Lemma 5 we prove that a
commutes with «. Since 7 € W, if x € (0,7) we have

ve(r)ye(z) = ¥2e(r + z) = g(r + ) = g(1)g(x) = g(7)ye(z),

and so g(x) = ye(x), z € (0,7]. Since v # e, the points (z,7—x), € (0, 1)
are not in A, and so we must have f(z) = a(z),z € (0,7]. By the same
procedure we obtain f and g on the whole interval I. O

Remark 4. As a consequence of Lemmas 5 and 6, we obtain that f is
locally affine on each interval J; N1, i > 0.

Lemma 7. Assume p € R with |p| < 7 and
(19) oc=w+1)r+puew.

If D, C Ay then 0 > 1 — 7 and there does not exist any j € (o,1) such
that D, C A,.

PROOF. Assume thereis 4 := (v+1)7+p € (o, 1) such that Dy C A,.
Since D, C Ay and Dy C A, for all x € (0,0) we have simultaneously

(20) g(z) = { 9(o)lg(o — ) 7" = [g(o — )] 7'g(0)
(u — ) .
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Since 7 € W, we get

o) 9(0) = (v + V)7 + 1) = [g(r)]
9(a) = g((v + D7 + 1) = [g(7)

and so, by (20), for all z € (0,0) we obtain

(22) { g(t+ p)glo — )7t = g(r + ) [g(u — )]
]

lg(0 — )] g(T + p) = [g9(u — )] " g(T + ).

By (19) the points (o, i — i) and (@t — p1, o) belong to A, and so, by using
(21), we obtain

(23) 9(r+ 1) = g(r + p)g(i — p) = g(i — p)g(T + ) -
Substituting (23) in (22) we have, for all z € (0,0),

(24) g(u—z)=g(loc—x)g(p—p) = g(i—pn)glo —x).

We prove that o > 1 — 7. If not, then by the definition of v, it is u < 0;
since 0 € W and |u| < 7, by Lemma 2 we have 0 —vr =74+ pu € W
and 0 < 7+ p < 7: a contradiction. Then o,u € (1 — 7,1) and so
u—0o=p—pu<7. Since 0 € W we have ¢ > 7. Lemma 2 now implies

that (24) holds for all z € (0,1 — (z—p)), i.e. i —p € W: a contradiction.
O

Lemma 8. Assume Q,NTjo# 0 and 7T <so <s1 <---<sy <1 If

a(x), x € (0,s0) \ W
) — N-1
/(@) aa(z), x€ U (s Sit1)
i=0
with a # e and a € Hom(R, S), then:
N
i) {(z,y): 0 <z <s0, 0<y<sp, so<z+y<sny}i\U Ds, CAy;
=0
i) {(z,y):0<x<sp, 0<y<sg, 0<z+y<so}CQy;

iii) sop =T.

PROOF. Property i) is obvious. By i) and Lemma 1 we have g(z) =
ve(x), z € (0,50), where ¢ € Hom(R, S). Since so > 7 and T, N Qy # 0,
we have v # e. It follows

{(z,y):0<x<sy, 0<y<sg, O0<zx+y<sp}Cy

and moreover, by the definitions of W and 7, sg = 7. O
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Lemma 9. If Qg N TS’O # (), i = 1,2, then each non-trivial solution

(f,g) of (2) is given by (10) with (fo, go) either of the form (13) or of the
form (14).

PrOOF. By Lemma 2 with £ = 7, Qf # 0 implies QF N Qo0 # 0 and
SO

(25) QNToo#0 or QNTF,#0.

Consider fist the case 7 < 1/2 (i.e. v > 1).

By Remark 3 and ii) of Lemma 1 we may write
f(z) = aja;(z), =€ J; where a; € Hom(R,S), ¢=0,...,v—1.

By (25) and iii) of Lemma 1 all homomorphisms a; equal a same homomor-
phism a.  Moreover from €, N T&O # 0 we get ay = e for
i=0,---,v—1. So

v—1
fl)=a(zx) , =xz€ U Ji where a € Hom(R, 5).
i=0

It remains to consider the interval (v7,1).

If (v+1)7 < 1then (v7,1—7) # () and by Remark 3 f is locally affine
on (vr,1—7). fL:={(1—-7,y):0<y <7} C A, then, by Lemma 2,
we get 1 — (v +1)7 € W : a contradiction, since 1 — (v + 1)7 < 7. Thus
LNQ, # 0 and, by (4), LN # (). This implies f locally affine in (v7,s)
with s > 1 — 7. Define

p:=sup{s>1—r7: fis locally affine in (v7,s)}.

Then p € W and, by ii) of Lemma 1, f(z) = aa(x), x € (vT, p); moreover,
since LNy # (), by Lemma 1 we deduce a(z) = a(z). If a # e, by Lemma 8
with N =1, sg = v7 and s; = p we have that the triangle

{(z,y):0<zx<vr, O<y<vr, 0<zx+4+y<vr}

is a subset of ,; but this is impossible since this triangle contains the
segment {(p —v7,y) : 0 <y < 1— p} which, by Lemma 2, is in A,. Thus

we have
f@)=ae), we (,U Ji) Jwr.p).

If (v+1)7 =1 we define p := v7.
In the case 7 > 1/2 we have immediately f(z) = a(x), = € (0,7) and
we define p := 7.
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Summarizing, in all cases we can guarantee that

(26) f(z) = a(z), € (0,p)\Eo

where Ey C {n7:n=1,...,v} C W is a finite set and p > 1/2.
Let now

T,:={(z,y) : 0<x<1-p,0<y<l—p,0<z+y<l—p}, T, :=T,+ (p,0)

Ip:={z:0<x<1-p}, I,:=1I,+p.

By (4) pi(T, N Q) = pi(T, N €2g) and since p € W, by Lemma 2,
(27) (T, N Q) + (p,0) = T;/; Ny

Thus pi(T, N Qy) = pi(T, N Q) and all the results obtained up to now for
T hold for T, as well.

Define W, := Ip\(pl(Tp N Q) Upa(T, N Qg)), i.e. W, is the analog
for T, of the set W. For W, we have different possibilities.

i) W, =10.

In this case, by (27), p1(T, N Qy) U pa(T, N Qy) = I, and so f is
locally affine on I, i.e. f(z) = aa(z), v € I,. Since Qf NT, # (), by
Lemma 1 @ = a. Moreover a = e; if not, by ii) and iii) of Lemma 8 with
N =1, sop=p, s1 =1 we have p =7 and

R:={(z,y):0<zx<p, O0<y<p, p<zx+y<l}CA,.

So R=T, 02,0 and this is a contradiction since, by hypothesis,
TGN Qy # 0.

i) W, =1,

This implies T, C Ay and T, C Ag; thus I, U {p} C W. Assume
f(€) # a(&) for some & € I, U {p}. In this case we immediately conclude

that the whole diagonal {(z,y) € T : z +y = £} is in A;. By Lemma 7
this cannot happen for any other &; € I}, U {p}, {1 # §. Thus either

f(x) =a(z), xel,u{p}

or there exists § € I}, U {p} such that
f@)=a(z), zel\{ and  f(£) #a(§).
i) 0 £ W, £ I,

By Lemma 4 W, has a minimum 7,(> 0). Since all results obtained
for T are also true for T),, the proof is divided in the above mentioned

cases I)-IIT) (with the obvious changes of meaning of simbols).
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In cases I) and II), by Remark 4, f is locally affine in each interval
Kj = (p+]7—p7p+(.7+1)7—ﬂ)m[;/ﬂ j€N07

and, as usual, we have f(z) = oja(x),z € K;. By (27) and Lemmas 5 and

6 we explicitely know the set Q, N T7. If follows immediately that all o

are equal, i.e. f(z) = aa(x), z € |J K;. We prove that & = e. On the
J€No

contrary, by Lemma 8 with (s;, s;+1) = K;, we have

T,C{(z,y):0<az<p, 0<y<p O0<zax+y<p}CQ,

contrary to the description, coming from Lemmas 5 and 6, of the set
QyNT,.

In case III) by using (27) we may argue as in first part of the present
proof up to relation (26).

Summarizing, in all cases I)-III) we obtain

f(x) = a(x), e (0,p+p1)\(EoU En)

where p; > (1 — p)/2 and E; C W is a finite set.
By iteration of this procedure we get the final result

f(x)=a(x), =€ (0,1)\FE

where F := U E, C W and each FE,, is finite.

n>0

Assume E # (). If there exists k € {1,---, (v + 1)} such that kT € E,
ie. f(kr)# a(kt), then {(z,y) € T :x+y =k} C Ay; so, by Lemma 2,
all diagonals {(z,y) € T : x+y=ir},i=1,--- , v+ 1, are in A, and by
Lemma 7, E cannot contain any other point x ¢ 7Ny. Thus E C 7Nj.

If EN 7Ny = () then, again by Lemma 7, E = {{}, with p < £ < 1
and obviously ¢& € W. Note that, by the definition of p, we always have
max{7,1 —7} <& < 1. O

Theorem 2 follows immediately from Lemmas 5, 6 and 9.
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