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A new characterization of q-convexifiable Banach spaces

By YANBO REN (Luoyang)

Abstract. In this paper an atomic decomposition theorem for Banach-space-valued

weak Hardy regular martingale space wHp(X) is given. As an application, we show that

a Banach space X is q-convexifiable if and only if ‖S(q)(f)‖wLp ≤ C‖f∗‖wLp (0 < p < ∞,

2 ≤ q < ∞) for each X-valued regular martingale f = (fn)n≥0.

1. Introduction

Let (Ω,F ,P) be a complete probability space and (Fn)n≥0 a non-decreasing
sequence of sub-σ-algebras of F satisfying F = σ(

⋃
n≥0 Fn). The expectation

operator and the conditional expectation operators relative to Fn are denoted by
E and En, respectively. We say that (Fn)n≥0 satisfies the regular condition, if
χ(F ) ≤ dEn−1[χ(F )], ∀F ∈ Fn, n = 1, 2, 3, . . . , where χ(A) denotes the char-
acteristic function of the set A and d ≥ 1. In the following we always assume
that (Fn)n≥0 satisfies the regular condition and d denotes the constant in the
definition above.

Let X be a Banach space with norm ‖ · ‖ and f = (fn)n≥0 an X-valued
regular martingale relative to (Ω,F ,P, (Fn)n≥0). For convenience, we assume
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that f0 = 0, denote dfi = fi − fi−1(i ≥ 1), and

f∗n = sup
0≤i≤n

‖fi‖, f∗ = sup
n

f∗n = sup
n≥0

‖fn‖,

S(p)
n (f) =

(
n∑

i=1

‖dfi‖p

)1
p

, S(p)(f) = sup
n

S(p)
n (f) =

( ∞∑

i=1

‖dfi‖p

)1
p

, (0< p<∞).

Let 0 < p < ∞, the space of all X-valued measurable functions f satisfying

‖f‖wLp(X) = sup
y>0

yP(‖f‖ > y)
1
p < ∞

is called a weak Lp(X)-space, denoted by wLp(X). We write wLp(X) as wLp if X

is the scalar field. It is well-known that ‖.‖wLp(X) is a quasi-norm on wLp(X).
Notice that Lp(X) ⊂ wLp(X) since ‖f‖wLp(X) ≤ ‖f‖Lp(X). If 0 < p < ∞, we
define X-valued weak regular martingale Hardy space wHp(X) as follows:

wHp(X) = {f = (fn)n≥0 : ‖f‖wHp(X) = ‖f∗‖wLp < ∞}.

It is clear that if X is the scalar field and ‖ · ‖wLp is replaced by ‖ · ‖Lp we get the
familiar martingale Hardy spaces Hp in the definition above (see F. Weisz [2]).

Definition 1.1 ([5]). Let 0 < α, r ≤ ∞. An X-valued measurable function a

is called a (3, α, r)-atom if there exists a stopping time ν (ν is called the stopping
time associated with a ) such that

(i) an = En[a] = 0 if ν ≥ n,

(ii) ‖a∗‖r ≤ P(ν 6= ∞)
1
r− 1

α .

Throughout this paper, we denote the set of integers and the set of non-
negative integers by Z and N , respectively. We use Cα to denote constants which
depend only on α and may denote different constants at different occurrences.

It is well-known that the inequalities of Banach-space-valued martingales
are closely connected with the geometrical properties of Banach spaces. For the
related definitions see refs [6], [7]. In particular, we need the following lemmas:

Lemma 1.2 ([10]). If {F}n≥0 satisfies the regular condition, then there

exists stopping times νλ = inf
{
n ∈ N : En[χ(γn+1 > λ)] ≥ 1

d

}
such that

P(νλ 6= ∞) ≤ dP(sup
n

γn > λ) (1.1)

for all nonnegative, adapted sequences (γ)n≥0 and λ ≥ ‖γ0‖∞, and νλ1 ≤ νλ2

when λ1 ≤ λ2.
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Lemma 1.3 ([8]). Let X be a Banach space and 2 ≤ q < ∞. Then the

following statements are equivalent:

(i) X is q-convexifiable;

(ii) There exists a constant C > 0 such that for all X-valued regular martingales:

‖S(q)(f)‖r ≤ C‖f∗‖r, 0 < r < ∞;

(iii) There exists a constant C > 0 such that for all X-valued regular martingales:

λqP(S(q)(f) > λ) ≤ C‖f∗‖q
q, λ > 0.

2. Atomic decomposition

In the scalar-valued case, atomic decomposition for regular martingale Hardy
space Hp was given by Long [10]. In this section we give a weak type vector-
valued parallelism.

Theorem 2.1. Let 0 < p < ∞ and X a Banach space with Radon–Nikodym

property. Then f = (fn)n≥0 ∈ wHp(X) if and only if there exist a sequence

(ak)k∈Z of (3, p,∞)-atoms and the corresponding stopping times (νk)k∈Z such

that

fn =
∑

k∈Z
µkEn[ak], ∀n ∈ N, (2.1)

where 0 ≤ µk ≤ A · 2kP(νk 6= ∞)
1
p for some constant A > 0 and supk∈Z 2kP

(νk 6= ∞)
1
p < ∞.

Moreover, the following equivalence of norms holds:

‖f‖wHp(X) ∼ inf sup
k∈Z

2kP(νk 6= ∞)
1
p , (2.2)

where the infimum is taken over all the preceding decompositions of f .

Proof. Assume that f = (fn)n≥0 ∈ wHp(X). We define the following
stopping times for all k ∈ Z:

νk = inf
{

n ∈ N : En[χ(Fk)] ≥ 1
d

}
(inf Ø = ∞).
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where Fk = {‖fn+1‖ > 2k}. Obviously by Lemma 1.2, νk ↑ ∞ (k → ∞). Let
fνk = (fn∧νk

)n≥0 be the stopping martingale. Then

∑

k∈Z
(fνk+1

n − fνk
n ) =

∑

k∈Z

(
n∑

m=0

χ(m ≤ νk+1)dfm −
n∑

m=0

χ(m ≤ νk)dfm

)

=
n∑

m=0

( ∑

k∈Z
χ(νk < m ≤ νk+1)dfm

)
= fn (2.3)

Now let

µk = 2k · 3P(νk 6= ∞)
1
p , ak

n = µ−1
k (fνk+1

n − fνk
n ), k ∈ Z, n ∈ N (2.4)

(ak
n = 0 if µk = 0). It is clear that for any fixed k ∈ Z, ak = (ak

n)n≥0 is an
X-valued martingale. Since χ(Fk) ≤ dEn[χ(Fk)] < 1 on the set {νk > n}, we
have ‖fn+1‖ ≤ 2k. i.e., ‖fνk

‖ ≤ 2k. So by (2.4) we have

‖ak
n‖ = µ−1

k ‖fνk+1
n − fνk

n ‖ ≤ µ−1
k (‖fνk+1∧n‖+ ‖fνk∧n‖)

≤ P(νk 6= ∞)−
1
p . (2.5)

Furthermore, ‖ak∗‖∞ ≤ P(νk 6= ∞)−
1
p . By assumption X has the Radon–

Nikodym property, so there exists an X-valued integrable function ak such that
En[ak] = ak

n (n ≥ 0). It is clear that ak
n = 0 if n ≤ νk. And by (2.5) we have

‖ak∗‖∞ < P(νk 6= ∞)−
1
p . So ak is a (3, p,∞)-atom. It follows from the definition

of µk that 0 ≤ µk ≤ A · 2kP(νk 6= ∞)
1
p with A = 3. By (2.3) we get

fn =
∑

k∈Z
µk

(
µ−1

k (fνk+1
n − fνk

n )
)

=
∑

k∈Z
µkak

n =
∑

k∈Z
µkEn[ak].

Hence (2.1) holds. Since {‖fn‖} is a nonnegative and adapted sequence, by (1.1)
we have P(νk 6= ∞) ≤ dP(f∗ > 2k). It follows that for any k ∈ Z we have

2kP(νk 6= ∞)
1
p ≤ d2kP(f∗ > 2k)

1
p ≤ d‖f∗‖wLp

= d‖f‖wHp(X) < ∞, (2.6)

which implies supk∈Z 2kP(νk 6= ∞)
1
p < ∞.

Conversely, assume that f = (fn)n≥0 has a decomposition of the form (2.1).
Let M = supk∈Z 2kP(νk 6= ∞)

1
p . For any fixed y > 0 choose j ∈ Z such that

2j ≤ y < 2j+1. Let

fn =
∑

k∈Z
µkEn[ak] =

j−1∑

k=−∞
µkak

n +
∞∑

k=j

µkak
n =: gn + hn, n ∈ N.
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Thus f∗ ≤ g∗ + h∗, and it follows that

P(f∗ > 2Ay) ≤ P(g∗ > Ay) + P(h∗ > Ay).

Since (ak)k∈Z are (3, p,∞)-atoms, ‖ak∗‖∞ ≤ P(νk 6= ∞)−
1
p and we have

g∗ ≤
j−1∑

k=−∞
µkak∗ ≤

j−1∑

k=−∞
µk‖ak∗‖∞ ≤

j−1∑

k=−∞
A · 2k ≤ A2j .

Follows which we have

P(g∗ > Ay) ≤ P(g∗ > A2j) = 0.

On the other hand, since ak
n = En[ak] = 0 if n ≤ νk, we know ak∗ = 0 on the set

{νk = ∞}. Moreover, h∗ ≤ ∑∞
k=j µkak∗. So we have {h∗ > 0} ⊂ ⋃∞

k=j{νk 6= ∞}.
Consequently,

P(f∗ > 2Ay) ≤ P(h∗ > Ay) ≤ P(h∗ > 0) ≤
∞∑

k=j

P(νk 6= ∞) ≤
∞∑

k=j

Mp2−kp

≤ CpM
p2−(j+1)p ≤ CpM

py−p.

It follows that

‖f‖p
wHp(X) ≤ CpM

p = Cp sup
k∈Z

2kpP(νk 6= ∞) < ∞, (2.7)

which shows that f ∈ wHp(X). Combine (2.6) with (2.7) we obtain that

Cp sup
k∈Z

2kP(νk 6= ∞)
1
p ≤ ‖f‖wHp(X) ≤ Cp sup

k∈Z
2kP(νk 6= ∞)

1
p .

Thus (2.2) holds. The proof of the theorem is completed. ¤

3. A characterization of q-convexifiable spaces

In this section we give an application of Theorem 2.1. A characterization for
q-convexifiable Banach spaces is given.

Theorem 3.1. Let 2 ≤ q < ∞ and X a Banach space. Then the following

statements are equivalent:

(i) X is q-convexifiable;
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(ii) There exists a constant C > 0 such that for all X-valued regular martingales:

‖S(q)(f)‖wLp
≤ C‖f∗‖wLp

, 0 < p < ∞. (3.1)

Proof. (i)⇒(ii). Assume that X is a q-convexifiable Banach space and f ∈
wHp(X). Since q-convexity of X implies that X has Radon–Nikodym property,
then f can be decomposed into the sum of a sequence of (3, p,∞)-atoms by
Theorem 2.1. For any fixed y > 0 choose j ∈ Z such that 2j ≤ y < 2j+1 and let

f =
∑

k∈Z
µkak =

j−1∑

k=−∞
µkak +

∞∑

k=j

µkak =: g + h.

Thus P(S(q)(f) > 2y) ≤ P(S(q)(g) > y) + P(S(q)(h) > y). For 0 < p < ∞, choose
max{p, 2} < q < ∞, by Lemma 1.3, Theorem 2.1 and notice that ak∗ = 0 on the
set {νk = ∞} , we have

‖S(q)(g)‖q ≤
j−1∑

k=−∞
µk‖S(q)(ak)‖q ≤ Cq

j−1∑

k=−∞
µk‖ak∗‖q

≤ Cq

j−1∑

k=−∞
A · 2k(1− p

q )2
kp
q P(νk 6= ∞)

1
q

≤ Cq

j−1∑

k=−∞
A · 2k(1− p

q )‖f‖
p
q

wHp(X) ≤ Cp,qy
1− p

q ‖f‖
p
q

wHp(X).

It follows that

P(S(q)(g) > y) ≤ y−qE[S(q)(g)q] ≤ Cp,qy
−p‖f‖p

wHp(X). (3.2)

On the other hand, we have

P(S(q)(h) > y) ≤ P(S(q)(h) > 0) ≤
∞∑

k=j

P(S(q)(ak) > 0)

≤
∞∑

k=j

P(νk 6= ∞) ≤
∞∑

k=j

2−kp · 2kpP(νk 6= ∞)

≤ Cpy
−p‖f‖p

wHp(X). (3.3)

Combine (3.2) with (3.3) we get P(S(q)(f) > 2y) ≤ Cp,qy
−p‖f‖p

wHp(X). Thus
(3.1) is obtained.

(ii)⇒(i). Assume that (3.1) holds. Since ‖f∗‖wLq ≤ ‖f∗‖q, it is easy to
obtain that

λqP(S(q)(f) > λ) ≤ C‖f∗‖q
q, λ > 0.

By Lemma 1.3 we know that X is q-convexifiable. The proof is completed. ¤
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