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Generalized convex functions and a solution
of a problem of Zs. Pales

By JANUSZ MATKOWSKI (Zielona Géra)

Abstract. Following an idea of Beckenbach, given a real function « defined on a
convex subset U of a linear space and ¢t € (0; 1), we define: convexity, ¢-convexity, Jensen
convexity, affinity, ¢t-affinity and Jensen affinity of a function f : U — R with respect
to a. Some generalizations of Berstein—Doetsch and Sierpinski theorems are proved.
Natural generalizations of Jensen and Cauchy functional equations are considered. A
three variable functional equation on « which is a necessary condition for the existence of
discontinuous Jensen affine functions with respect to « is presented. In one-dimensional
case the explicit form of all Jensen affine functions with respect to «, involving the
homographic functions, are determined. Applying this result we obtain a complete
solution of a problem posed by Zs. Pédles. Moreover, without any regularity assumptions,
some functional equations are solved.

1. Introduction

Let U be a convex subset of a real linear space X and let a : U — R be a
fixed function. A function f : U — R is called convexr with respect to « if for all
x,y € U there exist some real numbers b = b(z,y), ¢ = ¢(x,y) such that for all
t €[0;1],

[tz + (1 =1t)y) < bz, y)a(te + (1 —t)y) + c(z,y)

and for ¢ = 1 and ¢ = 0 this inequality becomes equality, i.e.
f(@) = bz, y)a(z) +c(z,y), f(y) = bz, y)a(y) + c(z,y).
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affine (Jensen affine) function with respect to a given function, generalized Cauchy equation,
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If a(z) # a(y) then the numbers

bag) = LOZTD oo y) — fia) - ;

are uniquely determined, and the above inequality can be written in the form

a(tr + (1 -t)y) — aly)
a(z) —a(y)

alz) —a(tz+ (1 —t)y)
a(z) — a(y)

fltz + (1 =t)y) < fz) + f).

In the case when U C R is an interval, the above definition can be obtained
from the usual geometric interpretation of a convex function, replacing the family
of chords U 5 x — bx + ¢, by the family of curves ba + ¢ for all real b, ¢. In
particular, if a(z) = bx + ¢, (z € U), for some b,c € R, b # 0, the last inequality
reduces to the ordinary definition of a convex function.

In one-dimensional case the definition introduced by E. F. BECKENBACH [2]
is more general. The weaker variants of this definition: t¢-convezity with respect
to a, %—convem’ty with respect to o (Jensen convexity with respect to o), considered
in this paper, generalize the corresponding classical ones.

In Section 2, assuming some monotonicity type conditions on «, we prove
that t-convexity with respect to a of a function implies its Jensen convexity with
respect to « (Theorem 1). On the other hand, Jensen convexity of a function
with respect to a implies its %—convexity with respect to a for all n € N and
k € {0,1,...,2"} (Lemma 1). Thus the continuity and Jensen convexity with
respect to a of a function imply its convexity with respect to a.

Let U be an open and convex set in a linear topological space. Suppose that
« : U — R is continuous, non-constant in a neighbourhood of any point of U, and,
for all z,y € U, the function s — a(sx + (1 — s)y) is monotonic in the interval
[0;1]. Under these conditions, in Section 3, we show that the Jensen convexity
with respect to a and boundedness above in a neighbourhood of a point of a
function f : U — R imply its local boundedness in a neighbourhood of every
point of U (Theorem 3). Similar result holds true if U C R™ and f is Lebesgue
measurable (Theorem 4). The main result of these section (Theorem 5) reads as
follows. Let U C R™ be an open and convex set, let a mapping A : U — R™,
A= (ai,...,an) be alocal C'-diffeomorphism in U. Assume that at least one of
the coordinate functions oy is not constant in a neighbourhood of any point and,
for all z,y € U, the function s — o;(sz + (1 — s)y) is monotonic in [0;1]. If a
function f : U — R is Jensen convex with respect to o for each j € {1,...,m},
and Lebesgue measurable or bounded above in a neighbourhood of a point then it

1S continuous.
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In Section 4 we present the conditions on « (including some continuity and
monotonicity properties) under which every continuous at least at one-point real
function f defined on an open and convex subset of a normed space and Jensen
affine with respect to @ must be of the form f = ba + ¢, for some real b, ¢
(Theorem 6). We also show that the continuity of f at least at one point can
be replaced by the boundedness above at a point or the Lebesgue measurability
of f. (In one-dimensional case a counterpart of Theorem 6 for strictly monotonic
functions holds true (Theorem 8 in Section 5)). In the next section, an important
result (Theorem 7) says that, if there exists a discontinuous at least at one point
function which is Jensen affine with respect to «, then, necessarily, a must satisfy
the following functional equation

a(PEE) —a@ o (HE) —ax) o) —a(BF) a () —a(y)
a(2) —aly) a@)-a(2) o (HY) —a(E2) a@)-a(y)

Thus, a Jensen affine function with respect to o can be discontinuous only in the

case when « is a solution of this functional equation of three variables.

In Section 7, using this fact, we prove Theorem 8 which says that, in one-
dimensional case, a discontinuous Jensen affine function with respect to « exists
if, and only if, « is a homographic function. Moreover the form of all Jensen
affine functions with respect to « is given. In Section 8 we apply Theorem 8 to
determine more general class of Beckenbach affine functions. In particular we
obtain a solution of a problem posed by Zs. PALEs [8]. In the next section
we show that Theorems 7 and 8 are applied to solve some functional equations
without any regularity assumptions.

If a is a homogeneous function of a given order then the generalized Jensen
functional equation (2) leads to the functional equation (18) which can be treated
as a generalization of the Cauchy functional equation. Section 9 is devoted to
this equation. The conditions on « under which every solution of the respective
Cauchy equation has to be continuous on an open set are given, and, moreover,
the functions « for which the respective Cauchy equation has everywhere discon-
tinuous solutions are determined (Theorem 11).

The classical method to determine the solutions of the Jensen equation is
based on the Cauchy functional equation (that is, on the theory of additive func-
tions). The key idea due to Cauchy is to derive from the functional equation of
two variables, inductively, the suitable equations involving arbitrary finite num-
ber of variables (cf. for instance J. AcziL [1], M. KuczMa [6]). In this paper an
opposite approach is presented. To determine the solutions of the (generalized)
Cauchy type equations we first examine the (generalized) Jensen type equations,
and we do not use the idea of Cauchy (cf. the proof of Theorem 6).
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We end the paper with an open question concernig the relation between a
modified (M, N)-convexity and the Beckenbach convexity.

2. Convex functions with respect to a given function
and their basic properties

The following definitions generalize the classical notions of convex (con-
cave, affine) functions; t-convex (t-concave, t-affine) functions; and Jensen convex
(Jensen concave, Jensen affine) functions (cf. M. Kuczma [6], p. 111).

Definition 1. Let U be a convex set in a real linear space X, a: U — R be
an arbitrary function and ¢ € (0;1) be fixed. A function f: U — R is called:

(1) t-convex with respect to «, briefly: t-convex with respect to a, if the
inequality
a(te+(1—-1t)y) —aly
(t2+ (L= 1)) ~aly) .
a(z) - aly)
(1)

a(z) —a(te+ (1 —t)y) )

a(z) - aly)
holds true for all x,y € U such that a(z) # a(y); and strictly ¢-convex with

fltz + (1 —t)y) <

+

respect to a, if this inequality is strict;
(2) t-concave with respect to «, if —f is t-convex with respect to «;

(3) t-affine with respect to « if it is both ¢-convex and t-concave with respect
to a.

In the case t = %

to «, Jensen concave with respect to to «, and Jensen affine with respect to a.

we say, respectively, that f is Jensen convex with respect

In particular f is Jensen affine with respect to « if

T+y _a(%)—a(y) . afr) — « ?)
() =+ v @

for all z,y € U such that a(x) # a(y).
A function f : U — R is called convex (concave, affine) with respect to « if
f is t-convex (t-concave, t-affine) for every ¢ € (0, 1).

The following is easy to verify.

Remark 1. Let U be a convex set in a real linear space, o : U — R.
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(1) A function f: U — R is t-affine with respect to « iff

fl@)  flte+ (1 =t)y)  fy)
alz) altz+(1-ty) aly)|=0, zyel.

(2) For arbitrarily fixed b, ¢ € R, the function f = ba + ¢ is affine with respect
to a.

(3) If f : U — R is convex (Jensen convex) with respect to a, then for all b, ¢ € R,
b > 0, the function f is convex (Jensen convex) with respect to ba + c.

(4) If f,g : U — R are convex (Jensen convex) with respect to «, then so is f+g.
Remark 2. Let U C R be an interval and « : U — R be strictly monotonic.

Then

(1) the range of function wy, : U x U x I — R be defined by

a(tr+ (1 —ty) —aly)
we (z,y,t) = a(r) — a(y)
3 forz=y

for x £y

is contained in the interval (0;1);

Wpa+c = Wa, b,CER,b?AO,
if « is differentiable at a point x € I and o/(x) # 0, then

lim wy (z,y,t) = t;

y—a
(2) If « is increasing then f : U — R is convex with respect to « iff the function

f(z) = fy)
U \{(z,2) : x €U}) > (x,y) —» ———"%
(U7 \{(z,2) : x € U} e
is increasing with respect to each variable.
(3) Suppose that f: U — R is strictly monotonic. If f and « are of the same
(different) type monotonicity then f is convex with respect to « iff « is

concave with respect to f (convex with respect to f).

Remark 3. If U C R is an interval, and « is continuous and strictly monotonic
then the convexity of a function f with respect to « is equivalent to Beckenbach’s
convexity with respect to the two-parameter family of functions

F:={ba+c:bceR}
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For a real linear space X denote by X’ the set of all real linear functionals
on X, and for a real linear topological space X denote by X™* the set of continuous
linear functionals on X.

Remark 4. Let U be a convex set in a real linear space X, let & € X', and let
t € (0;1). Then, obviously, f:U — R is t-convex with respect to « if, and only if,

fltz+ (A =t)y) <tf(x)+ (1 -8)f(y), zyel alz—y)#0;
in particular, f is Jensen convex with respect to « if
F(EEY) < f($)+f(y)7
2 2
Proposition 1. Let U be a convex set in a real linear space X, let f : U — R
and let t € (0;1).
1) The function f is t-convex, that is
f(te+ (1= ty) < @) + (- Df(y), ayeU,

iff f is t-convex with respect to « for every linear functional o € X', (In particular,

x,y €U, alz—y)#0.

f is convex iff, for each a € X', it is convex with respect to «.)

2) If t is a rational number then f is t-convex iff f is t-convex with respect
to a for every additive function o : X — R.

3) If X is a normed space then f is t-convex iff f is t-convex with respect
to « for each o € X*. (Here X* can be replaced by an arbitrary total set of
functionals).

PRrROOF. 1) If = y there is nothing to prove. Suppose that every linear
functional o € X’ the function f : U — R is t-convex with respect to o and take
arbitrary z,y € U, x # y. By the Hamel base argument, there is an o € X’ such
that a(x — y) # 0. In view of Remark 1,

flte+ (1 =t)y) <tf(x)+ (1 -1)f(y),
which proves that f is t-convex. The converse implication is obvious. We omit
similar arguments for the remaining parts. (I

Remark 5. In this proposition the linear functionals can be replaced by the
functionals of the form « + ¢ where « is a linear functional and ¢ € R is constant
(that is by the affine functionals).

Remark 6. Let U be a convex set of a real linear space, let o : U — R and
let ¢ € (0;1). Then, obviously, f : U — R is t-convex with respect to «, iff

[a(z) = aly)] f(tz + (1= 1)y)
<la(te + (1= t)y) — a(y)]f(2) + [ale) —a(te+ (1= 1)y)]f(y)
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for all z,y € U such that a(z) > «a(y), and

[a(z) = a(y)] £tz + (1 - t)y)
> la(tr+ (1= 1t)y) — a@)lf(z) + [alr) — a(tz + (1 - t)y)]f(y)

for all z,y € U such that a(z) < o (y).
Assuming that U is a subset of a normed space, «, f : U — R are continuous
and int a~!(c) = 0 for every ¢ € R, we infer that

[a(tz + (1 = t)y) — a(@)][f(z) = f(y)] =0
for all z,y € U such that a(z) = a(y).

Remark 7. Let U be a convex subset of a real linear space. Suppose that
a: U — R is such that for all z,y € U the function [0;1] 3 s — a(sz + (1 — s)y)
is monotonic.

If a(z — y) # 0 then, for every t € (0;1),

a(tz+ (1 —t)y) —aly)

0= T W)

<1

)

the inequalities are strict if the monotonicity is strict, and

a(te+ (1 =1t)y) —a(y) . a(z) —a(te+ (1 —t)y) _
a(z) — a(y) a(z) — a(y) '

Theorem 1. Let U be a convex set in a real linear space and let t € (0;1)
be fixed. Suppose that «: U — R is such that for all x,y € U the function
0;1] 55 = a(sz + (1 = s)y), 3)
is monotonic and strictly monotonic if a(x) # a(y).

If a function f : U — R is t-convex with respect to «, then it is Jensen convex
with respect to «.

PROOF. Suppose that f : U — R is t-convex with respect to a for a ¢t € (0;1).
Take arbitrary z,y € U such that a(z) # a(y) and put

a<$;y>7 b::a(tw—l—(l—t)x;_y),

a(tx;—y—i-(l—t)y), di=aly), e:=alz).

S|
I

o
Il
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By the DAROCzY-PALES identity [5] we have

x+y_t(ﬁ;y+(1—t)y>+(l—t) (tx+(1—t)f”;ry>.

2

Hence, applying twice the t-convexity with respect to « of the function f, we get

() < i (v a- o) + S5 (e a0 Y)

a—blc—d [x+y a—c c—alb—a e—b (x+y
Sc—b [a—df< 2 )+a—df(y)}+c—b[e—af<x)+e—af< 2 )}

_ (a—bc—d_l_c—ae—b)f(m—l—y)+c—ab—af(x)+a—ba—cf(y).

c—ba—-d c—be—a 2 c—be—a

Since
~a-bc—d c—ae-b (e—d)la—c)(a—b)

c—ba—d c—be—a (a—d)(a—e)b—c)

we can write the above inequality in the following form

(e—d)(a—c)a=Db) . (z+y c—ab—a a—ba—c
(a—d)(a—e)(b—c)f( 2 )Sc—be—a (x)+c—ba—d

1

Taking into account that the points

xr+y x+y r+y
t 1-—t
2 ) 2 ) 2 + ( )y7 x’
appear on trajectory: [0;1] 3 s — sx+(1—s)y of the endpoints y and x, according

y, tx+(1-1t)

to the increasing order of the parameter s, by the definitions of a, b, ¢, d, e and
the monotonicity of the function (3), we have

(e —d)(a—c)(a—1D)
(a—d)(a—e)(b—rc)

> 0.

Dividing both sides of the previous inequality by this number we obtain

—d _
F(55Y) < @ .

which coincides with inequality (2). This completes the proof. a
Put

k‘ oo
Tnzz{ankzo,L...,w} forn € N, T::nngn. (4)
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Lemma 1. Let U be a convex set in a real linear space X and a : U — R
be such that, for all x,y € U, the function

[0;1] 3 s — a(sz + (1 — s)y),

is monotonic, and strictly monotonic if a(x) # a(y).

If a function f : U — R is Jensen convex (Jensen-concave, Jensen-affine)
with respect to «, then, for every t € T, it is t-convex (respectively, t-concave,
t-affine) with respect to «.

PROOF. We shall show that

kx4 (2" — k)y Q(W) —a(y)
f( 7 )S a(z) —a()

a(z) — a(HE Ry
T e g W

foralln e N, k€{0,1,...,2"} and z,y € U, a(z) # a(y).

In the case when n = 1 it is obvious for k£ € {0,2} and it follows from (2)
for k = 1. Suppose that inequality (5) holds true for some positive integer n.
Replacing = by %ry in (5) and making use of (2) and the monotonicity of «.
We get

kx + (2" — k) kXY 4 (27 — k)y
f<x gntl y>:f( o )

R LINEnRC R =
< 2
a () —a(y)

(BN () [a a(z) —a(5Y)
=T e B —a) @) —a() 'Ot T —atyy 1Y
a () — a(PEEE M)
e e Y
a(kEtE Ry alz) — ot =k
S ) e W e )

a(z) —aly) a(z) —a(y)
for all z,y € U, a(x) # a(y), and k € {0,1,...,2"}. Similarly, replacing y by

¥4 in (5) and making use of (2) we get

I ((k+2n)x+ [2nt1 (k+2”)]y> _s (kx+ (2" —k)ﬂf;y>

2n+1 mn
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e I o O
B a(i)*a(%) 2 a(z) - a(*Y) f( y)

a(k’:c+(2";:k)%) — oz

a(z) — a(%ﬂ)

o (@) —a(MHEENEE) fa(52) —a(y) , - al) = a(55Y)
+ a(z) — oY) a(z) — a(y) J)+ a(z) — a(y) 1)
() o
o (@)~ a(y) /)
a(z) — a((k+2")w+[§211—(k+2")]y)
¥ a(@) — a(y) fw)
for all z,y € U, a(z) # a(y), and k € {0,1,...,2"}.
Thus
ha (2 — )y _ a(BEEE) —agy)
() e
a(z) - a(bHE =)
T @ ety Y

for all z,y € I, a(z) # a(y), and k € {0,1,...,2""!}, which proves that (5)

holds true for n+ 1. By induction (5) holds true for all n € N. Now the first part
of the lemma is a consequence of the definition (4) of the set T

Since the second part is a consequence of the first one, the proof is complete.

O

As an immediate consequence of Lemma 1 and the density of the set T' we
get the following

Theorem 2. Let U be a convex set in a real linear topological space X and
«a : U — R be an arbitrary continuous function.

(1) If f : U — R is continuous and Jensen convex with respect to «, then f is
convex with respect to a.

(2) If f : U — R is continuous and Jensen affine with respect to «, then f is
affine with respect to a.
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3. A generalization of Berstein—Doetsch and Sierpinski theorems

Theorem 3. Let U be an open and convex set in a linear topological space.
Suppose that o : U — R is continuous,

inta ' {c} =0, ceR, (6)

(that is « is not constant in a neighbourhood of any point of U ), and the function
[0;1] 2 s — a(sz + (1 — s)y) is monotonic for all z,y € U. (7)

If f: U — R is Jensen convex with respect to o and bounded above in a neigh-
bourhood of a point of the set U, then it is locally bounded in a neighbourhood
of every point of U.

PrROOF. Let f: U — R be Jensen convex with respect to a. Assume that
for some xg € U there are a neighbourhood B(zg) C U of zyp and M € R such
that

flw) <M, wue B(xp).

Take an arbitrary x € U, x # xg. We may assume, without any loss of generality,
that a(z) # a(zg) as, if necessary, we could replace xy by a point zg € B(xo)
such that a(x) # a(zp). The existence of zg follows from the continuity of «, and
the conditions (6) and (7). Since U is open and T is dense in the interval [0;1],
there is a § € (0;1) such that for all ¢t € (0;1) we have

1 1

Note that x = ty+(1—t)xo, the set B(x) := ty+(1—t)B(xo,r) is a neighbourhood
of z and, by the convexity of U, ty + (1 — t)B(xo,r) C U.
By the continuity of a there are r > 0 and ¢ € (0;6) such that

a(u) # aly), u€ B(xg,r).

Now, applying Lemma 1, we get

) < @y + (A= tu) — afu) aly) —alte+ (1 —t)) .
flty+ (1 =tu) < aly) = a(0) fy) + o) — o) f(u)
alty+ (1 —tu) —a(u)  aly) —alty+ (1—1t)u)
< max(fW) M) | = e T T al) - o)
= max(f(y), M),
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for all uw € B(xg,r), which shows that

sup f(ty + (1 — ) B(wo, 7)) < max(f(y), M).

Thus f is bounded above in a neighbourhood B(z) of the point z. Since x is
arbitrarily chosen, the function f is bounded above in a neighbourhood of every
point of U.

To show that f is locally bounded from below in U suppose, for an indirect
argument, that there is an € U and a sequence (z,) such that lim, . x, =
and lim,, o f(z,) = —o0. Put y, := 2z — x,, n € N. Modifying, if necessary,
the sequence (z,,) with the aid of the continuity of a and the conditions (6) and
(7), we may assume that a(z,) # a(y,), n € N. Since lim,,_,c0 Yn = Zo, in view
of what we have already shown, there is M € R such that f(y,) < M, n € N.
From (2) we obtain

) = Ty + Yn a(l’n;ryn) - a(yn)
o= (5) < S

< f@n) + f(yn)

and, consequently,

a(en) — a(25)

Ol(l‘n) - a(yn)

f(xn) +

f(yn)

f@@) < flzn) + M, neN,

which contradicts to the relation lim,,_, f(z,) = —oo. This completes the proof.
O

Theorem 4. Let, for some m € N, a set U C R™ be open and convex.
Suppose that a continuous o : U — R satisfies condition (6) and (7). If f : U — R

is Jensen convex with respect to o and Lebesgue measurable, then it is locally
bounded in U.

PRrROOF. Put
Up:={zeU: f(z)<n}, neN,

and note that, for some k € N, the Lebesgue measure I,,,(U) of Uy, is positive.

In fact, in the opposite case
o0
n=1

and we would have f = +o00 a.e. in U, which is a contradiction. From (2), for all
x,y € Uy we have

z+y a(H) —aly) | ale) —a(HY)
f( 2 )Sk a@) —aly) " a@) —aly)
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Since, by the Steinhaus Theorem (cf. M. Kuczma [6], p. 69), the interior of the
set % (Uk + Uy) is nonempty, we infer that f is bounded above in a neighbourhood
of a point. Now the assertion is a consequence of Theorem 3. ([

The next result is a generalization of BERNSTEIN-DOETSCH Theorem [4] and
SIERPINSKI Theorem [9] for Jensen convex functions (cf. also M. Kuczma [6]).

Theorem 5. Let U C R™ be open and convex and let a mapping A : U —
R™, A= (ai,...,an) be a local C'-diffeomorphism in U such that at least one
of the coordinate functions «; satisfies conditions (6) and (7). If a function
f U — R is Jensen convex with respect to «; for each j € {1,...,m} and
Lebesgue measurable or bounded above in a neighbourhood of a point, then it is
continuous.

PROOF. Suppose that f : U — R satisfies the assumptions of our theorem.
Take an x € U, an arbitrary sequence u,, € U such that lim,,_, . u, =  and put

C:= lim sup f(uy), c:= lim inf f(uy).

n—oo

The numbers C' and ¢ are finite because, in view of Theorems 3 and 4, the
function f is locally bounded. Suppose that ¢ < C' and choose some one-to-one
sequences (Z,), (yn) such that

lim z, =2, limy,=2 lim f(z,)=C, lim f(y,) =c¢,

n—oo n—oo n—oo
Putting
Zn = 2Tpn — Yn, n € N.
we have
+ z . . .
n:M7 nelN; lim z,= lim y, = lim 2, = .
2 n—oo n—oo n—oo

Of course we can assume that

Ty # Yn F Zn #F Tn, NEN

The compactness of the unique sphere in R™ implies that we can choose a subse-

< Yn — Zn )
”yn_an neN

to a point v € R™, ||v]] = 1. We may assume, without any loss of generality, that

quence of the sequence

1i Yn — 2Zn
m ————— =0
n—co ||lyn — zn |
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Since A = (aq, ..., qm) is a diffeomorphism, by the Local Inverse Mapping The-
orem (for instance [10], p. 172), there is a k € {1,...,m} such that

ay(z)v # 0.
Note that, for every n € N, the functions ¢,,, ¥, : [0,1] — R defined by

on(t) ==k (20 +t(Yn — 2n)) s, Un(t) = ag (zn + ; Z") . telo1],

are continuously differentiable in [0, 1],
@ (t) = (20 +t(Yn — 20)) (Yn — 20), t €0,1],

z

1 Yn — Zn
ult) = 0l (30 + 252 ) 20),

and, for sufficiently large n,

en(t) #0, tel01],

Hence, for sufficiently large n, by the Cauchy Mean—Value Theorem, there is
€ (0,1) such that
o (B57) = aklzn) _ a(1) = $a(0) _ ¥y (tn)
ak(yn) — ax(zn) en(l) — @n(o) ©n(tn)
L (ot 5) (=) 1 (o b2 e

Hyn—zn Il

— 504/(,2” +tn(Yn — 2n)) (Yn — 2n) ) O‘k(zn + tn(yn _ Zn))M

1yn—znl
Letting n — oo we hence get
n+2zn
g Q25 —ar(en) Lo (@)u 1 (8)
n—00 ak(yn) - ak(zn) 2 ak(x)v 2
The convexity of f with respect to aj implies that
ntzn Yntzn
Yn +zn Qg ¥ — O (Zn) Qg (yn) — Qp
o= (L) < C) Flua) + -
2 ak(yn) — ag(zn) a(yn) — O‘k(zn)

for all n € N. Since

ar (=57) —ap(za) | anlyn) — ax (57)

a(Yn) — ar(zn) a(Yn) — ar(zn)

Letting n — oo in the last inequality and making use of (8), we hence get

=1, neN

1 1 1 1
C= lim f(x,) < 7n lim f(z,) + 3 lim sup f(z,) = zc+ 56’,

n—oo —00 n—oo 2

whence C' < ¢. This contradiction completes the proof. (|
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Remark 8. The measurability of the function f can be replaced by the exis-
tence of a Lebesgue measurable set T C U of a positive measure and a Lebesgue
measurable function ¢ : T — R such that f(z) < g(z) for all z € T (cf.
M. KuczMA [6], p. 218, Theorem 1 where the classical Jensen convex functions
are considered).

4. Generalized Jensen affine functions

In this section we examine the Jensen affine functions with respect to a
function a.

Theorem 6. Let U be an open and convex set in a real normed space, and
«a : U — R be a locally non-constant continuous function such that for all x,y € U
the function
0;1] 25 — a(sz + (1 —9)y)
is monotonic, and strictly monotonic in the case when a(z) # a(y).
Suppose that f : U — R is continuous at least at one point. Then f is Jensen
affine with respect to «, that is f satisfies the functional equation (2):

z+y\ _a(F) —al a(x) — o (52)
1(55Y) = e o e ey T
for all z,y € U such that a(z) # a(y) if, and only if, there are b,c € R such that

f(z) =ba(x)+c, zel.

PROOF. Suppose that f satisfies equation (2) and f is continuous at a point
2o € U. Making use of an idea presented in [7] we shall prove that f is continuous
in U. Take arbitrary « € 3(zo + U). Then there is a unique y € U such that
2ty

T2
Assume first that a(y) # a(zg). For an arbitrary sequence z,, € U, n € N, such
that lim,, .. x,, = = put
Zn = 2T, — Y

and note that lim,, .~ z, = z¢9. As U is open, z, € U, for sufficiently large n € N.
Hence, by the continuity of f at zp, and the continuity of a, we have

lim f(z,) :nlim f (Z";_y>

n—oo — 00

i la (3:54) — aly)

n—oo

a(zn) — a(y)
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_a() —aly) o ol) —a (B (aby)
e ARG R L ve f()f( . >f()

which proves that f is continuous at the point x. Thus we have shown that f is
continuous at each point of the set

€= 5(20+U) \{y € U - aly) = alz0)}

Now we consider the case when «a(y) = a(zp). Since, by assumption,

int a=t({a(20)}) = 0, by the previous step of the proof, the set of the continuity
points of f is dense in % (zo + U). Take a ball B(z9,¢) C (20 + U). Since U is
open and y := 2z — zg € U, we can choose an € > 0 such that 2z — B(zg,¢) C U.
Note that there is a point z € B(zg,¢) such that a(2z — 2z) # «a(z). Indeed, in
the opposite case a(2x — z) = «a(z) for all z € U, whence, by the monotonicity
condition (3), the function ~, : [0;1] — R,

v2(8) = a(s(2x — 2) + (1 — 5)2)

would be constant for every z € B(zg,¢). Consequently, v.(0) = v.(3) for every
z € B(zp,¢) that is a(z) = «a(z) for every z € B(zp,¢e), which contradicts to
the assumption that int a=!({a(z0)}) = @. Thus we have shown that there is a
point z € B(zp,¢) such that «(2x — z) # «(z). Hence, taking into account the
continuity of o and the density of the set C' in B(zp,¢), we infer that there is
a point z; € B(zg,¢) such that f is continuous at z; and a(2z — z1) # a(z).
Setting y := 2z — z; we have a(y) # a(z1) and

Now, repeating the argument of the first step of the proof with zy replaced by z1,
we show that f is continuous at the point x.

Thus we have proved that f is continuous in the set %(ZO + U). Replacing
here zy by an arbitrary point of the set %(zo + U) we infer that f is continuous
in the set

1/1 2 1 1

—|=(z0+U)+U ) =5+ U+ 20,

2(2(0+ )+ ) 2 T3 )
and, by inductive argument, for every positive integer n, the function f is con-
tinuous in the set

U,

N |
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which by the convexity of U, coincides with the set

20 1 1 1 20 1
D —+ 42 jv=24(1-= U

> 20 1
U_H[Qn+(1—2n>U},

we conclude that f is continuous in U.

Since

Take arbitrary x,y € U such that a(z) # a(y). There are unique
b(x,y), c(x,y) € R such that

f(@) = bz, y)a(z) + c(z,y),  fly) = blz,y)aly) + c(z,y).
Put
A={te[0,1]: ftz+ (1 —t)y) = b(z,y)altr + (1 — t)y) + c(z,y)} .
Since 0,1 € A, the set A is nonempty. The continuity of o and f implies that
the set A is closed. We shall show that A = [0;1]. For an indirect argument
assume that the set [0, 1]\ A is nonempty. Since [0, 1]\ A4 is open in R, it is at most

countable union of nonempty pairwise disjoint open intervals. Let I = (r,s) C
[0,1]\A, r < s, be one of these intervals. Then r, s € A and

r4+s
5 A

On the other hand, as r, s € A, we have

frz+ 1 =r)y) =ba(re+ (1 —r)y) +c,
f(sz+ (1= s)y) =ba(sz+ (1 —s)y) +c,

where b = b(z,y), ¢ = ¢(x,y). Hence, making use of (5), we have

e e D R )

2

Ca(HEe+ (1-2)y) —alsz + (1 - s)y) - .
- (1 —7r)y) — a(sz + (1 —s)y) flrz+(1—r)y)

alre+ (1 —r)y) —a (2o + (1- 22 y)
alre+ (1 —r)y) —alsz+ (1 —3s)y)
_a(Hrat (1- ) y) —alsz+ (1-s)y)
a(re+ (1 —r)y) —a(sz + (1 — s)y)
alre+(1—r)y) —a (2o + (1-22)y)
alre + (1 —r)y) —alsz+ (1 —s)y)

flsz+ (1= s)y)

[ba(rz + (1 —r)y) +

[ba(sz + (1 —s)y) +
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b r+s 4 (1 r—+s i
=ba| ——=x — c
9 9 Y ,

which shows that “£* € A. This contradiction proves that A = [0, 1].
Thus we have shown that for all z,y € U such that a(z) # «a(y) there are
uniquely determined b(z,y), ¢(x,y) such that for all ¢ € [0;1],

fltx 4+ (1 =t)y) =b(z,y)altr + (1 —t)y) + c(z, y).

Replacing here x by rz 4 (1 —1r)y and y by sz + (1 — s)y, and taking into account
the continuity of o and f, we obtain

f(tr+ A —=t)slz+ (1 —[tr + (1 —t)s])y))
= fltlrz + (1 =)yl + (1 = t)[sz + (1 = s)y])
=b(rz+ (1 —r)y, sz + (1 — s)y)a([tr + (1 —t)slz + (1 — [tr + (1 — t)s])y))
+e(re+ (1 —r)y,sz+ (1 —9s)y),

for all z,y € U such that a(z) # a(y) and for all ,s,¢t € [0;1]. On the other
hand, according to what has been already shown, we have

f(tr+ A =t)sle+ (1 —[tr+ (1 —t)s])y))
=b(z,y)a([tr + (1 —t)s]lz + (1 — [tr + (1 — t)s])y)) + c(z,v)

for all z,y € U such that a(z) # a(y) and for all r,s,¢ € [0;1]. Since the
numbers b and c¢ are uniquely determined, it follows that
b(?"{E + (1 - ’I“)y, ST + (1 - S)y) = b((E,y)
and c(rz+ (1 —r)y,sz+ (1 —s)y) = c(z,y)
for all z,y € U such that a(z) # a(y) and for all r,s,¢ € [0;1]. These relations

imply that b and ¢ do not depend on z and y. Consequently, there are b,c € R
such that for all z,y € U such that a(z) # a(y) we have

flz+ (1 —t)y) =ba(te+ (1 —t)y) +c, t € [0;1]. (9)

If f is constant in U then, of course, b = 0 and f(z) = ¢ for all z € U.
In the opposite case, for an arbitrary fixed z € U there is an z € U such that
a(z) # a(z). Since U is open, for all s € (0;1) close enough to 1 we have

1 1
y::z—l—(l—)xEU.
s S
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The continuity of f allows to choose an s such that a(y) # «(x). Since

z=sy+(1—s)y
in view of (9) we have

f(2) = f(sy + (1 = s)y) = ba(sz + (1 = s)y) + ¢ = ba(z) + ¢,

which completes the “only if” part of the proof. The remaining part of the proof
is easy to verify. ([l

From Theorems 5 and 6 we obtain the following

Proposition 2. Let U C R™ be open and convex and let A : U — R™, A =
(a,...,am) be alocal C-diffeomorphism in U such that, in a neighbourhood of
every point of U, at least one of the coordinate functions o; satisfies conditions
(6) and (7). Suppose that a function f : U — R is Jensen convex with respect
to a; for each j € {1,...,m}, and Lebesgue measurable or bounded above in a
neighbourhood of a point. If f is Jensen affine with respect to a non-constant
continuous function « : U — R such that for all x,y € U the function

0;1] s — a(sz + (1 —9)y)
is monotonic and strictly monotonic in the case when a(x) # a(y), then there
are b, c € R such that

f(z) =ba(z)+c, zel.

5. Existence of discontinuous affine functions
and a related functional equation

The following result plays a crucial role in this paper.

Theorem 7. Let U be an open and convex set in a real normed space X.
Suppose that o : U — R is a non-constant continuous function such that for all
xz,y € U the function

0;1] 35 — a(sz + (1 — 9)y)

is monotonic, and strictly monotonic in the case when a(x) # a(y).
If there exists a function f : U — R that is Jensen affine with respect to «
and discontinuous at least at one point, then « satisfies the functional equation

o(EHIZ02) () o (ta+ (1 1)2) — al2)

altr+(1-0z)—aly)  ale)—a(z)

@(W) —aty+(1—-1)z2) a(tz+ (1 —t)y) — aly)

T altr+ (1 —t)y) —alty+ (1—t)z) a(z) — a(y)

, (10)
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for allt € (0,1), and all z,y,z € I, x #£ y # z # .

PROOF. Suppose that f : U — R is Jensen affine with respect to a and
f is discontinuous at a point. In view of Theorem 6, the function f must be

discontinuous at every point. Since

[ter(l—t)z]er:tx+y+(1ft)z: [t + (1 —t)y] + [ty + (1 — t)2]
2 2 2 ’

applying Lemma 1.2 twice, we get

tr+y+ (1 —1t)z 704(W> ~ ay)
f< 2 )oz(tx+(1_t))_a<y)f(tx+(1t)z)

a(te + (1 —1t)z) — Q(M)
a(tr + (1 —t)2) — aly)

(
(tx+y+(1 t)z) aly
alte+ (1 —1t)2) (

(tx+y+(1 t)z )

alte+ (1 —1t)z) —
)z) —

+ f()

a(te+ (1—1t)z2) — a(z)

)

a(y) a(m) —a(2)
af
o

y)oz )—a(te+ (1 -1t)z)
y) a(r) —a(z)

(ta:+y+(1 )z
)z) =

a(z)

tx—i— t)z

( G )f(y)

_|_

and, similarly,

f<tx+y+(1—t)z> :f([tx+(1—t)y}+[ty+(1—z)z>

2 2

o (M) —alty + (1= 92) o (12 + (1= ) — aly)
a(tz + (1 - t)y) — alty + (1 — t)2) a(z) — a(y)
)

o (tHyHl t)z> alty+ (1 —t)z

) a(z) — otz + (1 - t)y)
Tz T (-t oyt A0z ale)—aly) Y
a(te + (1 —t)y) — (mﬂﬁ_(l e a(ty + (1 —a(y)
Yl A0y —alty T 0=09) ol = a(z) 1)
L oltr (=09 —a (S5 o) a1 D)
altr+ (1—t)y) —alty+ (1—1)z)  aly) —alz) ‘
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for all ¢t € T and for all z,y, z € U such that x # y # z # x.
Subtracting these equations by sides we obtain

forallt € T, and all z,y,z € U, x # y # z # x, where

o (22 — a0) g (10 4 (1- 1)2) — a(2)

Fa(t7 r,Y, Z) = a(tx + (]_ _ t) ) (y) a(l‘) — Oé(Z)
L« (M) a(ty + (1 —1)z) (tr + (1 = t)y) — a(y)
a(te + (1 —1t)y) —alty + (1 - t)z) a(z) — aly) ’
altr + (1 —t)z a(m+y+l Bz )
Ga(taxayaz) = (tx + —t Z) ( )
(ta:+y+(1 t)z ) aty + (1 —1t)z) afx) — a(tz+ (1 —t)y)
altz + (1—t)y) —alty + (1 —t)z) a(z) —a(y)
ate+ (1 —t)y) — (t”“ S a(ty+ (1—1)z) —a(y)
altr+ (1-ty) —alty + (1-1)z)  aly) —alz)
a(w)_a(y) (2) - af _
B 5 alz) —a(te+ (1 —1t)z)
Halbiroy2) = =02 —aly) al@) —al?)
atr + (1 —t)y) —a (W) aly) —a(ty + (1 —t)2)
a(te + (1 - t)y) — alty + (1 - 1)2) aly) —a(z)

If, for some tg € T and zq, yg, 20 € U,
[Fu(to, 20, Y0, 20)]” + [Ga(to, Zo, Yo, 20)]” + [Ha(to, Zo, Yo, 20))> # 0,
then f would be continuous in a neighbourhood of one of the points zg, yo,
zo. Indeed, if, for instance, Fy,( to,xo,Y0,20) # 0, then there would exist a
neighbourhood V' of the point zg such that
Ha(t()u Z, Yo, ZO)
fla) = - 0B Y0 0] py,) a0 50,500
( ) Fa(t07x7yOaZ0) ( ) Fa(t07x7y0520)
contrary to the assumption. This proves that

Fa(taxayzz) =0

for all t € T and all z,y,z € U, x # y # z # x. The continuity of F, and
the density of T imply that this equation holds true for all ¢ € (0,1) and all
x,y,z €U, x #y # z# x. The proof is completed. O

Ga(t07x7y0720) f(ZO) z eV,
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Remark 9. Under the assumptions of the above theorem, in the same way
we can show that simultaneously

FOé(t7:177y7 Z) :07 Ga(t?x5y7 Z) = 07 Hot(t7x7y’ Z) :0
for all ¢t € (0,1) and all z,y,z € U, © # y # z # x. However each two of these
equations are equivalent.
Taking t = % in the above result we obtain the following:

Corollary 1. Let U be an open and convex set in a real normed space, and
let o : U — R be continuous and non-constant. Suppose that f : U — R satisfies
equation (2):

r(E) =Lty 2 U g

for all x,y € U such that a(x) # a(y).
If there exist z,y,z € U such that

o (PFE) —a@a(FE) —al) o () —a(

a(52) —aly) @) o) a(f34) —a (¥ )

then f is continuous in a neighbourhood of x € U.

) a () —ay)
a(z) —aly)

Corollary 2. Let U C R be an open interval and o : U — R be continuous
and strictly monotonic. If f : U — R is discontinuous at every point and satisfies
equation (2) then « satisfies the functional equation

a(FE)—aly) al@-alk) (5 -a()

forall x,y,z € U, y#ax # z, x + z # 2y.
If moreover « is differentiable and o/ (x) # 0 for all © € U, then

o (7‘/”247’“) —a(y) a (ITJFZ) —a(z) o (I+2y+z) — o (erZ) o (%) —a(y)

a(5h) —aly)
a(z) —a(y)
for all z,y € U, © # y.

PROOF. The first part is an immediate consequence of the previous corollary.
Letting y — ”—“LZ and then replacing z by y we obtain the second part. ([
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6. Irregular generalized Jensen affine functions
in one-dimensional case and homographic functions

An important result of this paper reads as follows:

Theorem 8. Let I C R be an open interval and o : I — R be continuous
and strictly monotonic.
(1) There exists a discontinuous at least at one point function f : I — R and
Jensen affine with respect to «, i.e. such that for all x,y € I,z # vy,

z+y\  o(HY) —aly) . o(z) — a (222)
f( 5 )‘ @) —atw) "D @ —aty) Y

if, and only if, there are p,q,r,s € R, ps # rq, such that

a(z) = pr +q

P rel,

i.e., « is a homographic function.

(2) If, for some p,q,r,s € R such that ps —rq # 0,

a(x)sz+q, zel,
re -+ s

then the above generalized Jensen equation becomes

r+y\ rer—+s Y+ s
f( 2 )_r(x+y)+2sf(x)+r(x+y)+2sf(y)’ pyeheza (Y

and its general solution is of the form

A(z)+b

re+s zel,

flz) =
where A : R — R is an arbitrary additive function and b € R.

(3) If & is not homographic, then every Jensen-affine function with respect to «
is of the form
f(z) =ba(z)+¢c, xel,

for some b, c € R.

PROOF. Suppose that f : I — R is Jensen affine with respect to o and f
is discontinuous at a point. In view of Theorem 7 the function o must satisfy
equation (10) (with U = I). Let z € I be a differentiability point of «. (In view
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of the Lebesque Theorem, the monotonicity of o implies its differentiability a.e.
in I.) Dividing both sides of equation (10) by ¢ we obtain

a(Et 0202y _o(y) a(z+tz—2) —alz) 12—z

alte+ (1 —t)z) — a(y) t(x — 2) a(z) — a(z)
a(mEEIE0E) oy + (1-1)2) aly +Hz —y) —aly) (- y)
a(te + (1 —t)y) —alty + (1 - 1)2) tz—y) a(z) - a(y)

for all y,z € I, y # 2. Since

a(tr4+(1-t)z) —alz)
}g(l) t(x — 2) = o(2),

letting ¢ — 0 and taking into account the continuity of «, we infer that « is
one-sided differentiable at y and, if z —y > 0, we get

o () —ay) (@)@ —2) _a(BF) —alz) e (y) (@ —y)

a(z) —aly) alz)—alz)  ay)

that is

(a (y;) ‘““”) W:‘ (a (y;) —W)) W (12)

and, similarly, if z —y < 0, we get

(O‘ (y;z> “(y)) W‘ (a (ygz> a<Z>> W (13)

where o/, (y), o/ (y) denote, respectively, the right and the left derivative of «

at y. The relations (12) and (13) imply that o/, and o’ are continuous. It
follows that « is differentiable and o' is continuous in I. If o/(z) = 0 for some
z € I then, by (11) we would have o/(y) = 0 for all y € I. This cannot happen
as, by assumption, « is strictly monotonic. Thus

o(x)#0, xzel.

Letting z — z in (12) and making use of the just proved differentiability of a, we

infer that
(5Y) e == (o () o) W
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whence
ay) — az) o (57) — oy)

-y a(HE) - alz)
for all 2,y € I such that a(x) # a(y). Interchanging here 2 and y we hence get
a(z) — aly) o (52) — o)

y—z  a(5Y) - ay)
for all x,y € I such that z # y. Multiplying the respective sides in the last two
equations we obtain

o (@)’ () =

Writing this equation in the form
o (x) 1 1
(alz) —a(y)® o (y) (x—y)?
and integrating with respect to x we obtain
1 1 1

o (y) =

o (z) =

2
W) , Ty el xFuy.

= +c Yy
o) o) @@y W
for some ¢(y) and for all z,y € I, x # y, whence
a(z) = pWetay)

r(y)r +s(y)’
for some p(y),q(y),r(y),s(y) € R. Since the right-hand side does not depend

on y, we infer that
_prtq

oz ,

(=) rr+ s

for some p, q,r, s € R such that ps — rq # 0.
Setting this function into equation (2) we obtain

) (x;y +s) f (;y) = (re+9)f(2) + (ry +9)f(y), wyelx#y,

It follows that the function g : I — R,

rel,

g(x) = (re+s)f(z), =€l
satisfies the classical Jensen equation
g <x+y> _ 9@ +9ly)
2 2
Consequently, (cf. for instance M. Kuczma [6], p. 315), there are an additive

function A : R — R and a constant b € R such that ¢ = A + b. The proof is
complete. 0

xzel.
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Remark 10. Note that for r = 0 equation (11) reduces to the classical Jensen
functional equation.

Remark 11. Let I C R be an interval and a7,y : I — R some nonlinear
homographic functions, i.e.

_pr+q
re+s’

_ Pxz+0O

- 5., o GIv
Rz + S v

ai(z)

az(z)

for some p,q,r.s,P,Q,R,S € R, ps —qr # 0 # PS—QR. If f: I — R is
Jensen-affine with respect to a; and as then, in view of the above theorem,

A B
a(z) +b and f(x):ﬁ forall zel,

f) = re 4+ s Rx+ S

for some additive functions a, A : R — R and b, B € R, whence

a(z) +b
re+ s

A(z) = (Rz + S) B, zel.

Making use of the rational homogeneity of additive functions, we hence get
Rs—rS=5b—sB=0, rA=Ra

It follows that, in general, the class of all Jensen affine functions with respect to
oy is different than the class of all Jensen affine functions with respect to as.

7. An application to more general Beckenbach affine functions
and a solution of a problem of Pales

We begin this section with recalling a special case of a more general definition
of the convexity (concavity, affinity) with respect to a two-parameter family of
functions of E. F. BECKENBACH [2] (cf. also M. BESSENYEI and Zs. PALES [3]).

Definition 2. Let I C R be an interval f: I — R and t € (0,1). Given the
continuous and strictly monotonic functions ¢,1 : I — R and 7 : R — R put
F :={vyo(bp+c)p:b,ceR}. Suppose that for all z,y € I, x # y, there exist
unique real numbers b = b(x,y), ¢ = ¢(z,y) such that

v (b(z, y)p(x) + c(z, y)¥(z)) = f(2), 7 (b2, 9)0(y) + c(z,9)Y(Yy)) = f(y). (14)

The function f is said to be:
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(1) t-affine with respect to family F if, for all z,y € I, x # y,

fltz + (1 =t)y) = v (b(z, y)p(tr + (1 = t)y) + c(z,y)¢(tz + (1 - t)y)),

(2) t-convex with respect to family F if, for all x,y € I, z # y,

fltz+ (1 —t)y) <y bz, y)p(tr + (1 = t)y) + c(z,y)¢(tz + (1 - t)y)),

(3) t-concave with respect to family F if, for all z,y € I, x # y,

fltz+ (1 =t)y) > v bz, y)p(tr + (1 —t)y) + c(z,y)y(tz + (1 - t)y)).

Fort = % the function f is called Jensen affine (convex, concave) with respect
to F.

The function f is called affine (convex, concave) with respect to family F, if
the respective condition holds true for all ¢ € (0, 1).

Since (14) can be written in the form

b(x, y)p(x) + ez, y)(z)=y""(f(2)), b(z,y)e(y) + clz, v)Y(y)=y"(f(v)), (15)

the condition of the above definition is satisfied if the functions ¢, : I — R form
a Tchebycheff system, i.e. if

#0, zyel, z#y.

Applying Theorem 8, the main result of the previous section, we prove the fol-
lowing:

Theorem 9. Let I C R be an interval, v : R — R be a continuous and
strictly monotonic function and let t € (0,1). Suppose that the continuous func-
tions ¢, : I — R form a Tchebycheff system.

(1) If a function f : I — R is discontinuous at least at one point, and t-affine
with respect to the family F := {yo (bp+ ct:b,c € R}, then there are
p,q,7,8 € R, ps # qr, an additive function A : R — R and b € R such that

_pr+q
_rx+s

p(x) P(z), wel, (16)

and

f() =~ (A(“”C)“)w(x)) well (17)

re + S
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(2) If (16) holds true then f is Jensen with respect to the family F iff f is of
the form (17).

(3) If (16) does not hold (i.e. if £ is not a homographic function) then, without
any regularity assumption, every function f : I — R which is t-affine with
respect to the family F belongs to the family F, i.e. there are b,c € R such
that

f(@) =~o(bp(x) + cp(x), el

PROOF. Since ¢ and ¢ form a Tchebycheff system, from (15) we have

Y f(x) () e(x) v 1(f(z))
Y fy) Yy e(y) v (fy)

e (z) Y(z) e (z) Y(z)
o (y) »(y) o (y) »(y)

According to the above definition, f is t-affine with respect to F if

(Vo f)tz+(1-1)y)

b(l‘,y): 5 c\r,y)= 5 J},yEI,.’E#y.

e(z) 7 (f(x))
e(y) v (fy)

¢ (2) () Y(z)
ey »y) o(y) Py)

for all z,y € I, x # y, which can be written in the form

YIS (@) TN (fte+ (=) v (f(y)
o(z) p(tr + (1 -1t)y) ely) |=0, zyelx#y.
() Ytz + (1 —t)y) Y(y)

Since @, 9 : I — R form a Tchebycheff system, we have either ¢(x) # 0 for all
x €1 or ¢(x) #0 for all x € I. Suppose, for instance that the second case holds
true. Then we can write this equation in the form

ylof

‘w(tw+ (1=1t)y)

(tz+ (1 —1t)y)

gz (I —-t)y) —FW 4o f(x) N sa) =Sz + (A —-ty)ylof
()= 2(y) v 2(5) = 2(y) v
for all z,y € I,x # y. This shows that f is t-affine with respect to the family F

iff the function % is t-affine with respect to the function ﬁ. Now our result

(y)

is a consequence of Theorem (8). O
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Remark 12. Taking in this theorem v = id |g and ¢t = % we get a complete

solution of the following problem posed by Zs. PALES (cf. [8]):
Given a Tchebycheff system ¢, : I — R, describe the noncontinuous func-

tions f: I — R satisfying the functional equation

f
ey)| =0, =zyel.
(0

8. An application in solving some functional equations
without any regularity conditions

Theorem 7 as well as Theorem 8 can be applied to determine all solutions of
some functional equations without any regularity conditions. For instance, from
the third part of Theorem 8 we obtain the following

Proposition 3. Let I C (0,00) be an open interval and letp € R, 0 # p # 1.
A function f : I — R satisfies the functional equation

zty\P _ op P — (2ty\P
f(“y)z( ) W T g

2 xP — yP P — yP

for all x,y € I, x # vy, if, and only if, there are b,c € R such that
flx)=baP +¢c, zel

PRrROOF. Put «(t) := t? (t € I) and note that f satisfies the functional
equation iff f is Jensen affine with respect to «. Now it is enough to apply
Theorem 8(3). O

Taking p = 2 we hence get

Corollary 3. Let I C (0,00) be an open interval. A function f : I — R
satisfies the equation

r+y) x+3y 3r+y
f( 5 )—4($+y)f(x)+4(w+y)f(y), z,y€cl,

if, and only if, there are b, c € R such that

flx)=ba*+¢c, 2€l
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9. Monotonic solutions of the generalized Jensen equation

In Theorem 6 we assume that the function « is continuous. In this section
we show that in one-dimensional case the continuity of a can be omitted.
We begin with the following obvious

Remark 13. Let I C R be an interval and let A be a dense subset in I.
Suppose that the functions f,g : I — R are monotonic and f(x) = g(x) for all
x € A. If z € I is a point of the continuity of f or g, then f(z) = g(z).

Theorem 10. Let I C R be an interval and o : I — R be a strictly
monotonic function. Then a monotonic function f : I — R satisfies equation (2):

T+y _a(%ﬂ’)—a(y) a(x)—a(%ﬂ
! ( 2 )  ar) —a(y) fle)+ a(z) — aly)

)f(y), z,y €1,
if, and only if, there are b, c € R such that
f(z) =bafx)+e, ze€l.

PROOF. Suppose that f : I — R is monotonic and satisfies equation (2).
Take xg,yo € I, xg < yp. Since « is one-to-one there are unique b,c € R such
that

f(@o) = ba(zo) +¢,  f(yo) = ba(yo) + c.

Put
A:={z € [xo,y0] : f(x) =ba(z)+ c}.

Of course zg,yo € A. Note that for all z1,y; € A we have

<>(”>

) —a(y1)

11+y1 _ Oé(yl)
<1 _ a(yl) ) [ba(yl) + C]

T1+y1 — oy
b ( g )> () — )] + baln) + ¢

) —a(y1)

bl a (xl —|—y1) — a(yl)) +ba(y1) +c=ba (W) +c,

and, consequently,
1+

A
9 S
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Thus the set A is dense in the interval [xg,yo]. It follows that the monotonic
functions f and ba + ¢ coincide on the dense set A. By the definition of the set
A and Remark 8 we infer that f(x) = ba(x) + ¢ for all € I such that « is
continuous at x (or f is continuous at x). It follows that f and ba + ¢ coincide
on I except for at most countable set. If there where a point § € I such that
f(2) # ba(z) + ¢, then replacing for instance yo by § we could find some real
constant b, ¢ such that b # b or ¢ # ¢ and arguing in the same way we would get
that f = ba+ ¢ on I except for at most countable subset of I which, of course, is
impossible. This contradiction proves that f = ba + ¢ in I.

Since the converse implication is obvious the proof is complete. O

10. A generalized Cauchy functional equation

Assume that U is a cone in a real linear space X , thatisU+U Cc U,tU Cc U
for t > 0. If o, f : U — R are homogeneous of order p and g, respectively, that is

a(te) = tPa(x), f(tz)=tt(xz), x€U, t>0,

for some p, g € R, then the generalized Jensen functional equation (2) becomes

(2D —a@) | aCa) —a(@+y)
floty)=2 ( @) —aly) O T o e f“”)

for all ,y € U, a(x) # a(y). In the case ¢ = p we get

a2z) —a(x+y)
a(z) —a(y)

a(z+y) —a(2y)
a(z) — a(y)

fx) +

fle+y) = f), (18)

for all z,y € U such that a(z) # a(y).
Note that this functional equation can be treated as a generalization of the
classical Cauchy equation, as we have the following obvious

Proposition 4. Let U be a cone in a real linear space X and let f : U — R.
Then f is additive, that is
fle+y)=fla)+fly), zyel,
iff f satisfies equation (18) for every linear functional o € X' and all for all

x,y € U such that a(x) # «o(y), (that is f is additive with respect to a for each
a € X' with respect to ).

As a consequence of Theorem 6 we obtain
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Theorem 11. Let U be an open cone in a real normed space. Suppose that
« : U — R is non-constant, continuous, homogeneous of a finite order and such
that, for all x,y € U, the function

[0;1] 3 s — a(sz+ (1 — s)y)

is monotonic and strictly monotonic in the case when a(x) # a(y).
Then a continuous at least at one point function f : U — R satisfies the
functional equation (18):

a2z) —a(x+y)
a(z) —a(y)

a(z+y) —a(2y)
a(z) — a(y)

flx+y) = flx) + f(y),

for all x,y € U such that a(x) # a(y), if, and only if, there is b € R such that
f(z) =ba(x), zeUl.

PROOF. A similar reasoning as in the proof of Theorem 6 shows that f is
continuous in U. For an arbitrary x € U take y € U such that a(y) # o(x).
Then, by the assumed monotonicity properties of «, we have «a(tx) # a(x) for all
t>0andt# 1. Setting y := tz with ¢ > 0, ¢t # 1 in (18) and making use of the
homogeneity of a, we get

(1+t)P — (2t)P
1—1tr

27 — (1+t)?
1—tp

fla+tr) = f(@) + f(tz),

whence, letting t — 1 and using the continuity of f, we get f(2z) = 2P f(x), i.e.

(5)-12 vev

Hence, making use of (18),

ety flety  a(H) —aly)
f< 2 ) —a(y)

for all z,y € U such that a(y) # a(x), which means that f satisfies the generalized

+
a(z) —a (2

a(z) — a(y)

)f(y),

2r a(x)

Jensen equation (2). From Theorem 6 we get f = ba + ¢ for some b,c € R.
The homogeneity of « implies that f = ba. The remaining part of the proof is
obvious. (]

Remark 14. Note that a counterpart of Proposition 2 for equation (18) also
holds true.
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Theorem 12. Let U be an open cone in a real normed space and o : U — R
be continuous and locally non-constant. Suppose that f : U — R satisfies the
functional equation

a(z+y) —a(2y)
a(zr) — afy)

a2z) —a(z+y)
a(z) —a(y)

flz+y) = flz)+

f(y),

for all x,y € U such that a(x) # a(y).
Then

(1) If « is neither affine nor of the form
a=b0+c
where (3 is an exponential function and b,c € R, b # 0, nor homogeneous of
order 0, then f is continuous on some open subset of U.
(2) If « is affine or of the form
a=b0+c

where (8 is an exponential function and b, ¢ are some real numbers, then f
can be discontinuous everywhere in U.

PROOF. Suppose that f : U — R satisfies equation (18). Applying twice
(18) we get

fetyt2)= e+ +2)
Caltytz) a2, . o@@Ety)-aliyis)
= Tawry)—am) YT T GGy —at) )
_ alz+y+z)—a22) fa(z+y) — al2y) . a(2z) —a(x +y)
= ooty —alz) ( @) —aly) O T a@ el ﬂy))
a2z +y) —alz+y+z2)
ale+9)—a(z)

f(z)

for all z,y,z € U such that a(z + y) # a(z) and a(x) # a(y). Interchanging x
and z we hence get

fle+y+2z)=f(z+(y+2)
a(z+y+z) —al) (a(z+ y) — a(2y)
a(r +y) — a(r) a(z) — a(y)
al2(z+y)) —alz+y+2)
a(z +y) — a(z)

f(x)
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for all x,y, z € U such that a(z + y) # a(z) and a(z) # a(y). Subtracting these
equations by sides we obtain

Ao(z,y,2) f(z) + Ba(z,y, 2) f(y) + Calz,y,2) f(2) =0, z,9,2€ U,

where
Alogs) o QD) = aCy) ooty 2)-a(2) a2ty alaty+2)
TUETT alr) —aly) alz+y) - alz) a(z +y) — a(z)

ooy 2) e alz+y+z)—a(22) al2z) —a(z+y)

Bt d) = = ) —a() o) o)
B alz+y+z)—al2r) a2z) —a(z+y)
a(z +y) —a(z) a(z) — a(y)

Ca(m,y, Z) = 04(2(£L' + y)) - (.’L’ +y+ Z)

alz+y) — a(z)
az+y+2z)—alz)alz+y) —a2y)
a(z +y) —a(z) a(z) — a(y)

for all z,y,z € U such that a(z + y) # a(z), a(x) # ay), a(z + y) # a(z) and
a(z) # a(y).

If there exist g, yo, 20 € U such that A, (xg, Yo, 2z0) # 0, then there exists an
open neighbourhood V' of the point xy such that

fla) = —Bal@b0.20) oo Cal@:bo,20) ¢ )

z eV,
Ao, 90, 20) Ao (, 90, 20)

and, consequently, f is continuous in V.
Suppose that A, disappears everywhere, i.e. that
azty) —aZy)aletyt+z) -a22) al@zty)-—al@tyts)
a(z) — a(y) a(z +y) — a(z) a(z +y) —alz) ’
for all z,y,z € U such that a(z + y) # a(z), a(x) # aly), a(z + y) # a(z) and
a(z) # a(y). Tt follows that

la(z+y+2) —a22)][a(z+y) —al2y)llalz +y) — ()]
= [z +y) —az+y+2)llalz +y) - a@z)][a(z) - aly)]

for all z,y,z € U. Setting here z = 2y gives,

[a (2 +3y) — a(dy)lla (z +y) — a(2y)][a(3y) — a(z)]
= [a(6y) — a(z +3y)lla(z +y) — ay)lla(z) - aly)], @yl
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Since « is continuous and locally non-constant, « (x + y) — a(2y) # 0 in a dense
set in U. It follows that, for all z,y € U,

[a(z +3y) — a(4y)lla3y) — a(z)] = [a(6y) — a(z + 3y)lla(z) — a(y)],

which reduces to the equation

a(z +3y) [a(3y) — ay)] = a(x)a(6y) — a(4y)] + aBy)a(dy) — a(y)a(6y) (19)

for all z,y € U. Hence, if there were a point y € U such that
aBy) —a(y) =0 or «aby) —a(dy) =0,

then a would be a constant function, as in the opposite case we would have

respectively,

az) = _aByelty) —aly)alby)

a(by) — a(4y)
a(3y)a(dy) — a(y)a(6y)
a(3y) — a(y) ’

which is impossible as, by assumption « is locally non-constant. It follows that

or

alz+3y) = zel,

either
a(3y) —aly) #0, yeU,
or
aBy) —a(y) =0,  a(by) —a(dy) =0, yeU.

In the first case, replacing y by % in (19), we get

a(z+y)=a(@)By) +v(y), zyel. (20)
where
_ o(6y) — a(4y) _ 2By)a(dy) — a(y)a(6y)
Bly) = a(3y) —aly) ) : (3y) —aly) , yeU

From (20) we have
a(zt+y+z)=a@)pfly+z)+1y+2), zyzel
On the other hand, applying (20) twice, we have

a(z+y+z2)=a@+y)pz) +7(z) = [a(x)B(y) +7()]B(2) + (2)
= a(x)B(y)B(2) + B(2)y(y)] +(2)
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for all z,y,z € U. Tt follows that 3(x) # 0 for all z € U. Comparing the above
equations and taking into account that « is not constant we infer that

By +2)=B)B(=2), v(y+z)=0B=Y]+(). y,zel.

Thus ( is an exponential function.
Suppose that there is a point z € U such that §(z) # 1. By the symmetry
of the right-hand side of the second of these equations we infer that

Y(y) =clBly) —1], yeU,

where k := ,322()221 Now from (20) we have

a(z+y) =lolz) +kBy) -k zyel.
The symmetry of the right-hand side implies that

[a(z) + KIB(y) — k = [aly) + K|B(x) =k, @,y e U.
Consequently,

It follows that
a(z) =b8(x) +¢, xzeUl,

for some real constants b and ¢, b # 0.
If B(z) =1 for all z € U then from (20) we have

a(z+y)=alx) ++(y), z,yel.

It follows that a(z) + v(y) = a(y) + y(x) for all z,y € U, whence
Wy) =aly) —c, yel,
for some real c. It follows that
a(z+y)=al@)+aly) —c¢, zyel,

or, equivalently,

alz+y)—c=la(z)—d+[aly)—¢, zyel.
Thus « — ¢ is additive which means that « is an affine function.

Now we consider the remaining case when

a(3y) —a(y) =0, a(by) —a(dy) =0, yeU.
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Replacing y by y/2 in the second of these equations we hence get
a(y) =a(2y) =a(By), yeU

whence, by induction,
a(2"3™y) = aly), yeU m,né€Z,
where Z denotes the set of all integers. The density of the set {2"3™y : m,n € Z}
in (0,00) and continuity of « imply that
alty) =aly), yeU t>0,
which means that « is homogeneous of the order 0. This completes the first part

of the proof.
To prove the second part assume that assume first that « is affine. Then

a@ty) —aly) _al2r)—alzty) ale—y)
a(z) - a(y) a(z) - afy) alz —y)

for all z,y € U such that a(z) # a(y), and equation (18) becomes
fle+y)=f@)+ fly), zyel o) #ay),

It is well know that there are solutions of the dense graphs (so discontinuous

everywhere) (cf. M. Kuczma [6]).

If « is of the form a = b3+ ¢ where § is an exponential function and b, ¢ € R,
b # 0, then, for all z,y € U such that a(z) # a(y), we have

alz+y)—a(2y)  Blz+y) —BQRy)  Bx)Bly) — By)?

)

a@) —al) Bl Ba) ~ pw pw W
a(2) —a(o+y) _ f20) = Ble+y) _ SR = Hw)) _
a(2) — aly) B(0)— 5(@) 5@ - 8x) ’

and equation (18) becomes

fle+y) =BW)f(z)+B@)f(y), zyelU alx)#aly),
For U = R (or U = (0,00)) we have f(z) = a” for some a > 0, a # 1. Let
g : U — (0,00) be an arbitrary additive function, i.e.
g(w+y)=g(sc)+g(y), z,y e,
of a dense graph in U x (0,00) (cf. [8]). Define f: U — R by f(z) := B(x)g(x).
Then the graph of f is dense in U x (0, 00) and, for all z,y € U, we have
f@+y) =Bz +y)gle+y) = By)Bx)g(x) + B(x)B(y)g(y)
= By)f () + B(x) f(y)
which proves that f satisfies equation (18). O
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Remark 15. Note that the functional equations A, =0, B, =0, C, = 0 are
equivalent.

Applying the above theorem and the counterpart of Proposition 2 we get

Corollary 4. A function f : (0,00) — R satisfies the functional equation

x+3yf(x)+3x+y

b x? >07'r b
e x+yf(y) Yy #y

fla+y) =
if, and only if, there exists b € R such that
f(z) =bx?, x>0.

Theorem 13. Let p € R, 0 # p # 1, be fixed. A function f : (0,00) — R
satisfies the functional equation

(z + yp)” - £2y)” @) + (290)1; (z +py)p
TP —y P —y

flz+y)= fy), z,y>0, x#y,

if, and only if, there exists b € R such that
flz)=0bzP, z>0.

Remark 16. In the above two results we determine the solutions of the (gen-
eralized) Cauchy equation by reducing it to the respective (generalized) Jensen
equation. Thus the procedure is converse to the classical one (cf. J. AczEL [1] ,
M. KuczMma [6]).

11. Remark on (M, N)-convexity and an open question

Let I C R be an interval. A function M : I? — I is said to be a mean in I
if M(K?) C K for every subinterval K C I. Let M and N be some means in the
intervals I and J, respectively. A function f : I — J is said to be (M, N)-convex if

f(M(z,y)) < N(f(2), f(y), =yel

To compare convexity considered in this paper and (M, N)-convexity, take
an interval U C R, a continuous strictly monotonic function a : U — R and
observe that a function f : U — R is Jensen convex with respect to « iff the
function ¢ := f o o~ ! satisfies the inequality

g(M(z,y)) < N(z,y,9(x),9(y)), z,ye€l:=a(),
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where N : I? x R? — R is given by

M — - M
(z,y) qur:z: (x,y)% z,y €l x#y; u,v€R,
r—y r—y

N('r? y,u7 U) =
and M : I x I — I is given by

Mz, y) = a (O‘_l(m) ; a_l(y)) vyel,

that is, M is a quasi-arithmetic mean of a generator a~!.
Note that, for all z,y € I, x # y; u,v € R,
min(u,v) < N(z,y,u,v) < max(u,v),
that is, for every x,y € I, the function (u,v) — N(x,y,u,v) is a mean in R.
Moreover, if N does not depend on x and y, then there is a € (0,1) such that

M(x,y)—y

=a, xz,yel,
r—y
and, consequently, M(z,y) = ax + (1 — a)y. The symmetry of M implies that
a = 1, whence M(z,y) = %Y and N(u,v) = “E2. Now it is obvious that

a =bid|y + ¢ for some b, c € R. Thus the notions of (M, N)-convexity and the
convexity with respect to « coincide only in the case when both are the ordinary
ones.

This discussion suggests the following generalization of the notion of (M, N)-
convexity.

Let I,J C R be intervals. Assume that M : I? — I is a mean in I, that is

min(z,y) < M(z,y) < max(z,y), z,y€l,
and N : I? x J? — J is a function such that
min(u,v) < N(z,y,u,v) < max(u,v), z,y€l, u,veJ, (21)

that is, for all z,y € I, the function (u,v) — N(z,y,u,v) is a mean in J. A
function f : I — J is called (M, N)-convex if

f(M(z,y)) < N(z,y, f(2), f(y), zyel

Now the following question arises. Let F be a Beckenbach family of functions
in an interval I. Do there exist a mean M in I and a function N : IZ x J%2 — J
satisfying (21) such that f is (M, N)-convex?



460 J. Matkowski : Generalized convex functions and a solution. . .

References

[1] J. AczEL, Lectures on Functional Equations and Their Applications, Academic Press, New

York and London, 1966.

[2] E. F. BECKENBACH, Generalized convex functions, Bull. Amer. Math. Soc. 43 (1937),

363-371.
3

Math. Debrecen 61 (2002), 623-643.

M. BESSENYEI and Zs. PALES, Higher order generalization of Hadamard’s inequality, Publ.

[4] F. BERNSTEIN and G. DOETSCH, Zur Theorie der konvexen Funktionen, Math. Ann. 76

(1915), 514-526.

[5] Z. DAROCZY and Zs. PALES, Convexity with given infinite weight sequences, Stochastica

11 (1987), 5-12.

[6] M. KuczMma, An Introduction to the Theory of Functional Equations and Inequalities,

Cauchy’s Equation and Jensen’s Inequality, P.W.N, Uniwersytet glaski, Warszawa —

Krakow — Katowice, 1985.
[7

(1998), 559-562. .

J. MATKOWSKI, Continuous solution of a functional equation, Publ. Math. Debrecen 52

[8] Zs. PALES, 21. Problem in Report of The Forty-second International Symposium on Func-

tional Equations, Aequationes Math. 69 (2005), 192.
[9] W. SIERPINSKI, Sur les fonctions convexes mesurables, Fund. Math. 1 (1920), 125-128.

[10] E. ZEIDLER, Nonlinear Functional Analysis and its Applications I, Springer Verlag, New

York, 1986.

JANUSZ MATKOWSKI

FACULTY OF MATHEMATICS
COMPUTER SCIENCE AND ECONOMETRY
UNIVERSITY OF ZIELONA GORA
PODGORNA 50

PL-65246 ZIELONA GORA
POLAND,

AND

INSTITUTE OF MATHEMATICS
SILESIAN UNIVERSITY

PL-40-007 KATOWICE

POLAND

E-mail: J.Matkowski@wmie.uz.zgora.pl

(Received September 28, 2007; revised October 9, 2008)



