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On common fixed point of mappings and setvalued
mappings with some weak conditions of commutativity

By M. IMDAD (Aligarh) and AQEEL AHMAD (Aligarh)

Abstract. Some results on common fixed point of two set-valued and two single-
valued mappings defined on a complete metric space with some weak commutativity
conditions have been proved. Our work generalizes some earlier results due to KHAN-
KuBiaczyk, CHANG, SINGH-WHITEFIELD and others.

1. Introduction

There exists an extensive literature on common fixed point of set-
valued mappings satisfying contractive conditions controlled by a non-
negative real-valued function from [0,00) to [0,00). In these results suit-

able conditions on the control function are crucial for the existence of fixed
points. For this kind of work one can be referred to SINGH-MEADE [9],

Barcz [1] and KHAN-KUBIACZYK [6].

The purpose of this paper is to obtain some common fixed point
theorems for two setvalued and two single valued mappings defined on
a complete metric space employing some conditions weaker than commu-
tativity. Our work generalizes several previously known results due to
KHAN-KUBIACZYK [6], CHANG [2], SINGH-WHITEFIELD [8], KHAN et al
[5] and others.

2. Preliminaries and notations

Let (X,d) be a metric space, then following [7] we record
(i) B(X)={A: Ais a nonempty bounded subset of X}
(ii) For A, BeB(X) we define
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D(A, B) = inf{d(a,b) : acA,be B} and
d(A, B) = sup{d(a,b) : acA, be B}.
If A = {a}, then we write (A, B) = d(a, B) and if B = {b} then
5(A,b) = d(a,b).
One can easily prove that for A, B,C in B(X)
(A,B)=46(B,A) >0,
d(A,B) <d0(A,C)+0(C,B),
d(A, A) = sup{d(z,y) : x,yc A} = diam A and
d(A, B) = 0 implies that A = B = {a}.
We require the following for future use:

Lemma 2.1 [3]. If {A,} and {B,} are sequences of bounded subsets

of (X,d) which converge to bounded subsets A and B respectively, then
the sequence {0(A,, B,)} converges to {6(A, B)}.

Lemma 2.2 [4]. Let {A,} be a sequence of nonempty bounded subsets
of (X,d) and y be a point in X such that

lim 6(A,,y) =0.

Then the sequence {A,} converges to the set {y}.

Definition 2.3. Let F' : X — B(X) be a set-valued mapping and
I: X — X a single-valued mapping. Then, following [4,7], we say that
the pair (F, ) is
(a) weakly commuting on X if for any x in X

0(Flz,I1Fz) < max{§({z, Fzx), diamIFz},
(aa) quasi-commuting on X if for any x in X
IFx C Flx,
(aaa) slightly commuting on X if for any z in X
§(Flz,IFx) < max{d(Iz, Fx), diam Fx}.

Clearly two commuting mappings satisfy (a)—(aaa) but the converse
may not be true. In [4] it is demonstrated by suitable examples that
the foregoing three concepts are mutually independent and none of them
implies the other two.

In accordance with [6], let ® be the set of all realvalued functions
¢ : (RT)> — RT which are upper semi-continuous from the right and non-
decreasing in each of the co-ordinate variables such that ¢(t,t,t, at, bt) <t
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for each t > 0, a > 0, b > 0, with a+ b < 4. Also V¥ is the set of real
valued functions 1 : Rt — R™ which are upper semicontinuous from the
right and nondecreasing with ¢ (t) < t for t > 0.

We also require the following lemma due to SINGH-MEADE [9)].

Lemma 2.4. Fort >0, lim ¢"(t) =0.

3. Results

We prove the following

Theorem 3.1. Let F,G be two set-valued mappings of a complete
metric space (X,d) into B(X), and I,J two self-mappings of X. Sup-
pose that (F,I) and (G, J) are slightly commuting so that one of them is
continuous, further

F(X) CJ(X), G(X)CI(X)
and for all z,y in X and ¢c®
(3.1.1) §(Fz,Gy) < ¢(0(Ix, Fz), §(Jy,Gy), d(Iz,Gy),
6(Jy, Fz) d(Iz, Jy))

where for eW it >0,a>0,b>0,a+b<4

o(t,t,t,at,bt),(t,0,0,t,0), ¢(0,0,¢,t,1),
(t) = max { 5(0.1.£,0.0) } <t.

Then F,G,I and J have a unique common fixed point z such that
Iz =Jz =zand Fz = Gz = {z}. Also, z is the unique common fixed
point of F' and I, and of G and J.

Proor. Let xpeX and y; be an arbitrary point choosen in X; = Fzg.
Since F'(X) C J(X), we get a point 216X such that Jz; = y;. Now choose
an arbitrary point yo in Xo = Gz1; as G(X) C I(X), we get an z9¢ X with
Ixy = yo. Thus is general if we choose x5, in X with yo,+16Xon+1 = Fxo,
then we always get some x9,416X satisfying Jro,11 = yont1. Again, let
Yon+26 Xont+2 = Gxan41 be arbitrary then there exists xg,+26X such that
Iz, 19 = Yopso forn =10,1,2,... Let us put V,, = §(X,, Xnt1)-

We distingush two cases:
Case 1. If V3 =0, then
‘/1 = (5(X1,X2) = 5(Fl‘o, G,I'l) = 0,

which means that Faxg = y; = Jr; = Gz = y2 = Ixy. Since Gy is
a singleton, diam Gx; = 0 and hence the slight commutativity of (G, J)
gives

(3.1.2) GJxl = JGl‘l = GGl‘l
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Now, using (3.1.1), we get

5(FI2,G$1) Sgﬁ(é(FxQ,le),o,o,(;(FIQ,GIj),O)
< @D((S(FIL’Q,le) < (5(FIL’2,G$1),

getting thereby Fro = Gxp. Again, since Fzs is a singleton, diamFxy, =
0, and the slight commutativity of (F,I) gives

Applying (3.1.1) again we can have
5(FF£I32,F.'132) 5(FF.’172,G.’131)

¢(0,0,5(FF.732,F(132), (5(FFI2,FJJ2), (5(FFI‘2,FI2))
Y(0(FFxg, Fxs)) < 0(FFxg, Fxy),

IA A

obtaining thereby F'Fxo = Fxs. Thus Fuxs is a fixed point of F'. It follows
from (3.1.3) that Fx4 is also a fixed point of I. Since Fzo = Gx1, we can
get

5(G£I?1,GG£IZ‘1) = 5(F1L'2,GG£U1)
¢(0,0,5(G$1,GG$1), (5(G$1,GG$1), 5(G$1,GG.’L‘1))
77/1(5(GI1, GGl‘l) < 5(G$1,GGI‘1),

IA A

which gives that GGx1 = Gx1. Thus Fzy = Gz, is a fixed point of G and
from (3.1.2) it follows that Fzo = Gz is also a fixed point of J. Thus
Faxy =y = Jr1 = Gy = yo = Ixg = Fxy is a common fixed point of
F,G I and J.

Case 1I. Suppose that V,, >0, n=1,2,..., then

Vont1 = 0(Xont1, Xont2) = 0(Fxon, Groni1)
S (,b(VQn; ‘/Zn—i—l? VQn + V2n+17 2‘/2717 ‘/277,—&-1)-

Let us assume that V5,11 > V5, then

Vont1 < 0(Vant1, Vant1, 2Vant1, 2Vant1, Vant1) < 0 (Vapt1) < Vapta,

which is a contradiction. Hence V5,11 < V5,. Similarly one can show that
Vonto < Vopi1. Then {V,,} is a decreasing sequence. Now, since

‘/2 S d)(‘/]J V17 ‘/17 2V17 2‘/1) S w(vl)v
it follows by induction that

2n
Von+1 < (V1)
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and hence Lemma 2.4 gives that
lim V,, = 0.

n—oo

We now show that {y,} is a Cauchy sequence. For this it is sufficient
to show that {ys,} is a Cauchy sequence. Suppose {y2,} is not Cauchy
sequence. Then there is an € > 0 such that for an even integer 2k there
exists even integers 2m(k) > 2n(k) > 2k such that

(3.1.4) d(Yon(k)» Yom(k)) > €

For every even integer 2k, let 2m(k) be the least positive integer ex-
ceeding 2n(k) satisfying (3.1.4) and such that

(3.1.5) d(Yon(k)> Yom(k)—2) < €.
Now
e < dYan(k)s Yomm) < AY2n(k)s Yom@m)—2) + Vamk)—2 + Vomr)—1-
Then by (3.1.4) and (3.1.5) it follows that
(3.1.6) klggo d(Yon(k)> Yom(k)) = €
Also, by the triangle inequality, we have
|d(Y2n(k)s Yonk)—1) — AWank)s Yomk))]l < Vemr)—1
and
|d(Yon(r)+1, Yom)—1) = AY2nk), Yom@e))| < Vem@r)—1 + Van(k)-
By using (3.1.6) we get d(Yan(k), Yom)—1) — € and d(Yon(k)+1,
Yom(k)—1) — € as k — oco. Now by (3.1.1) we get
d(Yan(k)y> Yoemk)) < Vonr) + 0(FZonky, GTomk)—1)
< Vank) T 9(Vanr)y Vame)—10 AY2m(k)s Y2m(k)—1)
+Vomm)—15 AY2mk)—1> Yonk)+1) + Vanik), AYank)s Yomr)—1))
which on letting k& — oo reduces to
e < ¢(0,0,e,e,¢,) < ¢,

giving a contradiction. Thus {y2, } is a Cauchy sequence and converges to a
point z in X. Thus the sequences {ya, } = {Iz2,} and {y2n+1} = {Jx2n11}
converge to z whereas the sequences of sets { Fza,, } and {Gxa,41} converge
to the set {z}.

Since (F, ) slightly commute, we have

§(Flxopn, IFxo,) < max{d(Ixa,, Fro,), 6(Fxay,, Fra,)}



110 M. Imdad and Ageel Ahmad

which on letting n — oo gives (by Lemma 2.1)

lim §(FIxa,, [Fxe,)=d(z,z)=0.

n—oo

Let us assume that I is continuous, then the sequence {lys,} =
{I?%4,} converges to Iz. Thus

d(Iyan+1, Yont2) < 6(IFw2,, GTang1)
< 0(IFxay,, Flxay,) 4+ 6(Flxo,, Gronyt)
< §(IFxay, Flxa,) 4+ ¢({1yan, Tyant1) + 0(I1yani1, IFxoy,)
+0(IFxon, Flxon)}, 0(y2nt1, Gront1), 0(Iysn, Gronyii),
{0(yan+t1, IFxon) + 0(IFxey,, Flre,)}, d(Iyan, Yont1))-
Letting n — oo and using Lemma 2.1 and Lemma 2.2 we obtain
d(Iz,2z) < ¢(0,0,d(Iz,2), d(Iz,2), d(I1z,2)) < P(d(Iz,z)) < d(Iz,z)

which gives that Iz = 2.

Similarly, applying condition (3.1.1) to §(F'z, yon+2) < 6(Fz, Groni1)
and making n — oo, we can prove that F'z = {z} which means that z is
in the range of F. Since F(X) C J(X), there exists a point 2z’ in X such
that Jz' = z. Now

8(2,G2") = 0(Fz,G2") < ¢(0,86(2, G2'), §(z, GZ'), 0,0)
<(8(z,G2")) < 6(2,G2"),
which gives that Gz’ = {z}.
Since (G, J) is slightly commuting, we can have
§(Gz,Jz) = 6(GJZ, JGZ') < d6(J2, GZ') =0,
obtaining thereby Gz = Jz and so

d(z,Gz) = §(Fz,Gz) < ¢(0,0,0(z, Gz), §(z, Gz),0(z,Gz))
<9P(0(2,G2)) <4(2,Gz),
which implies that Gz = {z} = Jz. Thus we have shown that Iz = Jz =
Fz = Gz = {z}, hence z is a common fixed point of F, G, I and J.

If we now assume that F' is continuous, then the sequence {Fys,} =

{FIx9,} converges to Fz. Since Iys,1el Fxa,, the inequality (3.1.1)
yields

0(Gront1, Fyans1) < 0({6(Faoy, Flroy,) 4+ 0(Flxoy,, [Fx2,)},
5(F.T2n,FFQ:2n), {5(IF$QR,FI£L’2n) + 5(FI[13271,F.’132”)}
5(J:L’2n+1, G:L‘gnJrl), {(5(]FI2H, FI.’L‘QTL) + (S(Fll‘gn, FFI‘Qn)})
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Making n — oo, we obtain
3z, Fz) < ¢(d(z, Fz), (2, Fz), 60(2,Fz), 0,2 (z, Fz))
< P(0(z, Fz) < 0(z, Fz),
which gives that F'z = {z}. Since F(X) C J(X), there exists a point 2z’ in

X such that Jz' = z.
Similarly, using (3.1.1) on §(GZ’, F'za,) and making n — oo one can

prove that Gz’ = {z}. Now, by the slight commutativity of (G, J) we find
0(Gz,Jz) <6(GJZ,JGZ) <6(JZ,GZ') =0,

which gives that Gz = Jz. Further, applying (3.1.1) to 6(Fza,,Gz) and
letting n — oo, we can show that Gz = {z}. Thus it is established that
Jz =Gz ={z}.

Since G(X) C I(X) there exists a point z” in X such that I2"” = z.
Thus

§(F2",z) =0(F2",Gz)
< ¢(6(F2",2),0,0,6(F2",2),0) < (6FZ",2) < 6(F2", 2),

implying thereby Fz"” = {z}.
By the slight commutativity of (F, ), we can have

§(Fz,1z)=0(FI",IF2") < 6(I2", Fz") =0,
which yields that F'z = [z. Thus we have shown that
Fz=Gz=1z=Jz={z}.

If we assume the mapping J (or G) to be continuous instead of I (or
F), then the proof is similar, hence it is omitted.
For uniqueness, let w be another fixed point of (F, ), then

d(w,z) =d(Fw,Gz) < ¢(0,0,d(w, 2), d(w,z), dw,z))
< Y(d(w, 2)) <d(w, 2),

which gives that w = z. Similarly, one can show that z is a unique common
fixed point of G and J. This completes the proof.

The following theorem is immediate.

Theorem 3.2. Theorem 3.1 holds good if we replace the condition
(3.1.1) by

§(Fz,Gy) < o(0(Ix, Fy), §(Jy,Gy), D(Ix,Gy), D(Jy, Fz), d(Ix,Jy)).

Remark 1. A careful observation of the proof reveals that the condi-
tion required on the constants a and b in Theorem 3.2 is merely a +b < 2.
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Remark 2. By setting I = J in Theorem 3.2, we get an improved
version of Theorem 3 of KHAN-KUBIACZYK [6] as we require the continuity
of any one of the mappings instead of all three. Also, the commutativity
condition is replaced by slight commutativity.

Remark 3. By setting I = J = Identity mappings, we get Theorem 1
of KHAN-KUBIACZYK [6].

As has already been remarked in [4], if the slight commutativity is
replaced by weak commutativity in Theorem 3.1, then the continuity of
anyone of the singlevalued mappings I or J is necessary. Thus we have
the following result:

Theorem 3.3. Theorem 3.1 holds good if we replace the slight com-
mutativity with weak commutativity and the continuity of any one of the
four mappings with the continuity of any one of the two single valued

mappings.

PROOF. As proved in Theorem 3.1, {V,,} is a decreasing sequence and
V, — 0 as n — oo. Thus for € > 0 there exists a positive integer p such
that for m,n > p we have

O(F2om, Fron) <&, 0(From, Gront1) <&, §(Grami1, Grani1) < €.

To show that {y2,} is a Cauchy sequence, choose zq, arbitrary in Fzo,
forn=20,1,2,.... Then

(331) d(ZQm,ZQn) < 5(22m7 F.I‘Qn) < 5(F$2m, FCCQn) <e€

for m,n > p. Thus {z2,} is a Cauchy sequence hence it converges to a
point z in X.

We now assume I to be continuous, then depending on e, one can
find o > 0 such that d(Iz9,,, [22,) < &€ whenever d(za,,, z2,) < 0. Hence
there exists an integer g with m,n > ¢ such that d(za, z2,,) < o. For
m,n > q we have

(3.3.2) d(1zom, Iz9,) < €.
Since the inequality (3.3.2) holds for arbitrary zs,eFxs, we have
(3.3.3) d(1zom, [Fx9,) < €.

We now set 29, = yon41 = Jxonr16F x2,. It folows that the sequence
{y2n+1} = {Jx2n41} converges to z. Similarly one can also show that the
sequence {ya,} = {Ix2,} converges to z. So from (3.3.1) and (3.3.3), for
m,n > max{p, q}, we have

5(y2m+17 FZL‘Qn) < g, 5(Iy2m+1,IFSC2n) < €.
Similarly it can be argued that for m,n > max{p, ¢}

(Y2m—+2, GTant1) < &, d(IY2mt2, [Gont1) < €.



On common fixed point of mappings ... 113

Now, using inequality (3.1.1), for n > max{p, ¢} we obtain

d(Iy2n+1, Yan+2) < (I Fz2n, Grapi1)
<O6(IFxoy,, Flre,)+ §(Flxoy, Graonyt)
<max{6(yon, Fra,), diaml Fy,} + §(Flxa,, GToni1)
<max{d(Y2n, Y2n+1) + &, 20 (Y2n+1, [ Fx2n)} + A6 (Ly2n, Flx2y),
6(Y2n+1, GT2n41), 6 (LY2n, GT2n41), 6 (Y2n+1, FIT2n), (Ty2n, Yan+t1))
<max{d(yan, Yant1) + &, 2} + d(d(Ty2n, [y2ni1)
+ & + max{d(yan, Yon+1) + €, 2}, {d(y2n, Y2n+1) + <},
{d(Iy2n, yon+2) + e}, {d(Y2nt1, Ty2nt1) +¢
+ max{d(yzn, Yon+1) + &, 2¢ }, d(Iy2n, Y2n+1))-

Making n — oo, we obtain
d(I1z,z) <2+ ¢3e,e,{d(Iz,z) +e},d(Iz,z) + 3¢, d(Iz,z))
which for € — 04 reduces to
d(1z,z) < ¢(0,0,d(1z,z2), d(1z,z), d(Iz,2))
<Y(d(Iz,2)) < d(Iz,z),

giving thereby Iz = z.

The remaining part of the proof is similar to that of Theorem 3.1
hence it is omitted.

As has already been noted in [4], if the slight commutativity is replaced
by quasi-commutativity in Theorem 3.1, then the continuity of any one of
the two set-valued mappings is necessary. Thus, we get the following result:

Theorem 3.4. Theorem 3.1 holds good if we replace the slight com-
mutativity with quasi commutativity, and the continuity of any one of
the four mappings with the continuity of any one of the two set valued
mappings.

ProoOF. The proof is similar to that of Theorem 3.1 except for some
minor changes, hence it is omitted.

Remark 4. Results analogous to Theorem 3.3 and Theorem 3.4 and
similar to Theorem 3.2, can be stated which also include Theorem 1 and
Theorem 3 of KHAN-KUBIACZYK [6].

Remark 5. By suitably restricting the four mappings one can derive
a multitude of fixed point theorems which were proved while generalizing
the results of SINGH-MEADE [9].
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