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A note on the diagonal mapping in spaces of analytic
functions in the unit polydisc

By MIROLJUB JEVTIC (Belgrade), MIROSLAV PAVLOVIC (Belgrade)
and ROMI F. SHAMOYAN (Bryansk)

Abstract. We define two spaces KP2%% and MP® of analytic functions in the unit
polydisc U™ of C™, closely related to the mixed norm and the Bergman spaces on U™,
and for any holomorphic function F in KP%%? or in MP® we consider its restriction to
the diagonal, i.e., the function in the unit disc U of C defined by DF(z) = F(z,...,z),
and prove that the diagonal mapping D maps KP%%” onto the mixed-norm space
Hp’q’ﬂ+%(|“‘+2n_l)(U) and the space MP® onto the Bergman space AP'*IT2"=1({/),

Introduction

Let U™ be the unit polydisc in C™ and T™ be its Shilov boundary (see [R])
(U' = U and T* = T). Denote by dm,, the normalized volume measure in U™,
and by do,, the normalized surface measure on T".

For any Lebesgue measurable function f in U", we define

w0 = [ oopa©)

where 0 < p < oo and r€ = (r1&1, .-, ™&n)-
fO<p<oo,0<g<oo,and a=(ar,...,op), a; >—1,j=1,...,n,let

n

0= [ (TTO =200,

j=1
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where I"=1[0,1)" and dr =dr; ... dr,. The mixed norm space H?*®* = HP-%*(U™)
is then defined to be the space of functions f holomorphic in U™, (f € H(U™))
such that || f||p.q,a < 00.

First we give a new characterization of the mixed norm spaces HP*4*(U).

Theorem 1. Let 0 < p, ¢ < oo and —1 < 3, v < oo. A function f € H(U)
belongs to HP:¢8+4/P(y+1)(U7) if and only if

/01 (/Z<T If(2)P(1 - z|)7dm1(z)>q/p(1 —1)Pdr < oo

Motivated by this characterization we define the spaces K8 (U™) as fol-
lows.
The space KP:¢*8 = KP¢:*3(U™) consists of all f € H(U™) such that

. _1 pn e )q/p_ﬁ
| ( /|| /Ian<r|f<z> Tty ana(a) - 1-rar <o

where, 0 <p, g < o0, -1 < f<ooand a=(ag,...,a), a; >—1,j=1,...,n.
We note that the spaces K?#%8(U) were studied by [AJ] and [J].
To each F' € H(U"™), we associate a function DF', defined on the unit disc U
of C, by
DF(z)=F(z,...,z), z€eU.

The problem of description of diagonal of subspaces of H(U™) was studied
by many authors (see [DS], [MR], [HO], [RS], [Sh1], [Sh2], [S].)
Now we are ready to state the main result of this paper.

Theorem 2. Let 0 < p, ¢ < 00, =1 < f < 00, a = (aq,...,0), o > —1,
j=1,...,n. Then

DKp,q,aﬁ(Un) _ Hp,q,,é”rq/p(la\+2n*1)(U)7
where |a| = a1 + -+ + .
Note that in [RS] it was shown that

DHP(U™) = gPolel+a/pH) (=1 )

A special case of mixed norm spaces HP*¢%(U™) are the Bergman spaces
AP(U™),0<p<ooand a = (ai,...,an), a; >—1,j=1,...,n,

AP = AP () = HPPO(U™),
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J. SHAPIRO [S] and F. SHAMOYAN [Sh2] proved that
DAP(U™) = APlel+2n=2(7),
For example, if o = (a1,..., -1, + 1,®j41,...,a,), then
DAP (U™ = APl 2n=1(1),

In this paper we define the space MP*(U™), 0 < p < 00, @ = (a1,...,0p),
a; > —1, j =1,...,n, that contains Af”’“/(U")7 for o' = (ay,.. Sajo1,05 + 1,
Qji+1,- -+, ap) and show that DMP(U™) = Aplel+2n=1(7)),

Let 0 < p < o0 and o = (au,...,a,), @5 > —1, 5 = 1,...,n. Define
MP> = MP*(U"™) as the space of all f € H(U™) such that

A P - _ 2yay
T /T / o / N TL = oy dma ) €) < .

=1

where I'y(§) = {z € U : |z =& < t(1 —|2])}, t > 1, € € T is the Stolz angle with
vertex &.

Theorem 3. Let 0 < p < 00, a = (v,...,q,), o > —1, j =1,...,n.
Then
DM;ma(Un) _ Ap7\a|+2n71(U)’

where |a| = a1 + -+ + .

1. Preliminaries

In this Section we gather several partially well-known lemmas that will be
used in the proofs of our results.

Lemma 1. Let b > a > 0, ¢ > 0 and let g : [0,1] — [0,00) be measurable.
Assume either 0 < k < 1 and g is increasing or 1 < k < co. Then

1 1 _ \e—1 k 1
/0 (1T)ka1</0 g(p)((ll_fg)b dp) dTSC/O (17T)k(a+cfb)*lgk(,r)dr.

See [RS, Proposition 3.1]. See also [AJ] and [M].
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Lemma 2. Let 0 < p < oo and 8 > 0. Let (a,,) be a sequence of nonnegative
real numbers such that y ., 2 "8aP < oo. Then there is a constant C > 0,
depending only on p and 3, such that

o0 o0
Z 2*”’311{; < C(ag + Z 27”’8|an - an_1|p>.
n=1 n=1

See [MP, Lemma HL].

Lemma 3. Let 0 < p <1, 3> —1 and Bp+2p > 1. If f € HPPPPT20=2([]),
then f € HYVP(U). Moreover, there is a constant C' > 0, depending only on p
and (3, such that

1fll1.6 < Cllfllp.p6p+20—2-

PRrooOF. By using the standard estimate
My(r?, f) < C(L= )" DMy (r, f),

(see [D]), we find that

[ 5@ = ) dme) <€ [ My (1 0P 0y
U 0

Letr,=1—-2"",n=0,1,2,.... Then we have
el Tn D
11716 < C( > My(r, f)(1 —r)P-/m)H1 dr)
n=1Y"n-1

<C Z Q—np(ﬂ—(l/p)+2)M£(Tm f)

n=1

e Tnt1
<C Z/ ]\45(7"7 Ha- T)p(ﬁ*(l/p)Jr?)*ldr
n=0""n

= C/U ()P (L= [2)P 2P 2dma (2). O

An integration in polar coordinates shows that the following is true.

Lemma 4. Let 3 > —1 and y—[ > 2. Then there is a constant C, depending
only on 3 and ~y, such that

(1= J2D)° c
——d < ———F—— 1 <1
/|z|<r|1—wz|v R (e E
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Lemma 5. Let > —1,v> 3+ 2 andt > 1. Then

(1 - [2D)” c
T R—rl D — T !
/ms) 1= zwp ™) < Toggprre S€T <t

where C' is a constant depending only on (3, v and t.
Lemma 6. Let § > 1. Then

doy(§) < C
P T= &P = (=[P

|z| < 1.

See [D].

2. On characterization of the mixed norm spaces
in the unit polydisc U

In this section we prove Theorem 1.

PROOF OF THEOREM 1. First, assume that || f{|, 4 5+q¢/p(y+1) < 00. For 0 <
t <1 define fi(z) = f(tz), 2z €U. Let r,, =1 —-2"",n=0,1,.... Then

/01(1 ) T)B(/mq ()P - |Z|)”dm1<z>>%dr
) nil /— A=ry ( /|z|<r RGP - |Z|)7dm1(z)>mdr < Ci 2 -n(5+D) g0/

where

4, = / oI [2])Tdm (2).

Now by using Lemma 2 we find that

/01(1 - r)ﬁ(/ZKT I£(2)P(1 = deml(z))q/pdr

o0 q/p
<Ccy 27y ( / o lnEra- z|>vdm1<z>)
Tn-15|2(<Tn

n=1

<C Z 2*"(5+1)Mp(rn, fy)a2-n(FDa/p

n=1
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Tn41

<C Z/ M, (r, f1)4(1 — r)ﬁ+q/p('y+l)dr

1
<C / (1 —7)PFr/POD N () £1)9dr.
0

Letting t — 1, we get

1 ) ) X q/p
/0 (1—r) </|z|<r|f(z)| (1 —1z]) dm1(2)> dr < Clflp g pra/pirviny:

Conversely,
1
L/ Z7q76+q/p(7+1) = /0 (1- r)ﬂW/p(’Hl)Mp(rv f)idr
= Z/ BJrQ/P("/Jrl)Mp(T.’ f)da
Tn—1

< OZQ (B+a/p(y+1)+1) pr (7 £

(/Tn<z<rn+1 |f(2)P(1 = z|)’7dm1(g)>q/p2—n(ﬁ+1)
</< 2l<rns st = Z|)7dm1(z)>q/p /:(1 —r)’dr
o3 [ ([, _ora-wromcs) "

: C/O h- T)B</z<7- P = Z|)7dm1(2))q/pdr.

3. On the diagonal of KP%:%:8(U™)

A
Q
NgERD

n=1

INA
Q
|M8

OO

I /\

In this section we prove Theorem 2.
PROOF OF THEOREM 2. For £k =0,1,..., let
U, ={Ug;:j=0,1,...,281 1},

where

<argz < R

1 1 2 27 (j +1)
s = {7 €U+ 1 g <ol < 1= g, g g < D
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and let
Vi={Vi;:7=0,1,..., 281 -1},
where
) 1 27(j —1/2) 27(5 4+ 3/2)
Vkﬁj_{ZEUl 2k:1_||<1 2k+27 2k+1 Sargz<T.

To prove Theorem 2, we will use the dyadic decomposition of the polydisc
(see [DjS)]):
Ukyooity, = Ugy X oo x Uy,

where £ =0,1,... andUkl. EUk,jzl,...,n

Now, let r,, =1 — 2m, =0,1,.... Then by using Theorem 1 we find that

q
HDpr,q,BJrq/P(laH?n*l)

<cf - o ( [ isera- |z2>'“+2"-2dm1<z>)q/pdr

-cy [ ae ([ psera - oyl )

(1)
q/p
<C Z 27y ( / IDF(2)IP(1 - |z|2>'a'““dm1<z>)
_ |2|<Pm+1
(B+1) k(lal+2n—2)9—2k "
<C 2-m p)o—klalren—=2)9— .
ST S (e 1r0) )
k<m lq,...
From the n-subharmonicity of |f(2)|?, 0 < p < o0, it follows that
mac [fOP <CP [ fwnw)Pdma(). (2)
2€Uk,1q,...,ln Vietgooin

See [DjS].
The family of enlarged sets Vi ;, k = 0,1,..., j = 0,1,...,2"1 —1 is a
finite covering of U™. Thus,

2 2 )l TL0 = osf) dima )

k<m l1,.. Vi, .

<C / Fwr, . w) P T = ) dma(w). (3)
[w1|<Tm+2 [ W |<Tm2 j=1
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Combining (1), (2) and (3) we find that

||Df||qﬁ+q/l)(a|+2n—1)

00
cey e [ [ )
m=0 w1 |<Tm+2 Wy | <Tm42

< [T = g2y dm ()
j=1

Tm+3
gCZ/ (1T)ﬁ</ / |f(wlaawnp
Tm+2 |wi|<r |wy, |<r

m=0

n q/p
<TI0 o), ) dr
=1

<o [a-m( L] I - |wj2>%'dmn<w>>q/pdr.

It remains to show that

D: Kp,q«x,,@(Un) N Hp,q,ﬁ+q/p(\a|+2n*1)(U)
is onto.
Let f € HPaA+a/p(lal+2n=1) (1)) Define a function F on U™ by

w)(1 — |w]*)*~

(2’1, y & / Hg 1 1 — . w) s+1)/n

dmy (w),

where s is a positive real number. Then F' is holomorphic in U™ and it is easy to
see that

DF(z)=F(z,---,2)= f(2), z€U.

Let 0 < p < 1. We may assume that p(s + 1) — nmaxi<j<n; — 2n >
(6+1)p/q. Then using Lemma 3 and Lemma 4 we find that

o= ([
\21|<r |2n|<1” i
<c/ (/ / (/ |f (w)[P( 1—|w|) . 1>+2p2dm1(w)>
\Zl\<T |zn|<r ] 1|1fzjw|(3+1)17/n

H 1— |z;|)% dm,, (= )) (1—r)Pdr

q/p
(1 —|zj \ ) jdmn(z)> (1- r)ﬁdr
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) )p(s—1)+2p—2 q/p 5
<C/ (/ M (p, f 1—7"p)1’(5+1) a|2ndp) (1 —r)Pdr.

An application of Lemma 1 gives

IFl5

9 s < < C’/ B+q/p(\a|+2n Y (r £)edr

= Clf115.q.8+a/p(al+20-1)"

Thus, F € KP4*8(U") and DF = f.
Assume now that 1 < p < oo and (s + 1) > nmaxi<k<n(ax +2). Let 7
and 7y be positive real numbers such that v +v2 = (s + 1)/n, and

s+1 min ap +1 s+1
B 1<k<n Ok <y < '
pn p

Let g denote the conjugate of p, i.e. 1/p+ 1/q = 1. Then we have

i pze [([ [ ([ Mty ey
Pigef = |21]<r |2n|<r g 1|1_ij|(s+1 /n

H L — |z %)% dm, (2 )) (1 —r)Pdr.

(4)

By using Holder’s inequality we find that
( / F)I(1 = Jwf?)*~dmy (w ) / Fw |p (1 = w]2)*~dmy (w)
Il 1|1_ij‘ (s+1)/m 1= 11— zjw|ne
x </ (1~ Jul >“dm1<w>>”/q
v [lj=y 11— zjw[ee '
Using the Holder’s inequality and Lemma 4 we see that

/ (1 _ |w\2)5’1dm1(w) p/q - ﬁ / (1 o |w|2)5*1dm1(w) p/(qn)
v L1 11— 2zw]ee T U 1= zjw|™24

(6)

n
H 1—|z é+1)/n Py’

Thus, from (4), (5) and (6) it follows that

IFI g < C / ( [ ] /If W) (1~ ) dm (w)
P = \z1\<r |zn|<r J 1|1 quj)|"/1p
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n a/p
<[] = |z;2) D/ tnedm,, (2 )) (1 —7)Pdr

j=1

<o [ [1swra- -

y (H (1—z;])>~ (s+1)/n+wdml(2’))dml(w))q/p(l—r)ﬁdr.

1 |Zj‘<7" |172.7w|’Y1p

j=

Now by using Lemma 4 and Lemma 1 we get

2ys—1g q/p
P geo <0 ) (] PR )

< C/ Mp(r’ f)q(l _ ¢)5+q/p(|a\+2n—l)dr
0

=CIfI;

p,4.6+q/p(|a|+2n—1)"

This finishes the proof of Theorem 2.

4. On the diagonal of MP*(U™)

PROOF OF THEOREM 3. Let f € HP*(U™). To show that

180 > C / IDF(2)P(1— |2[2) 201, (2) (7)

we will use the following inequality
/ IDF()P(L = [2*) 12 dmy (2)
-3 [, 1P Ry im )

27 (j41) /281 . ‘
< CZQ \a|+2n)/ sup ‘f(ﬂelew-.,pele”pd@
2mj /2k+1 1-2-k<p<1—2—(k+1)

27
= CZTW&H%)/ sup |f(pe®, ..., pe?)|Pdo
k 0 1-2-k<p<1—2-(k+D)
1—9~(F1+2) g (kn2)
< C Z / (1 _ p%)alJrldm .. / (1 o pi)a"Jrldpn
1-2= (k4D 1—2—(kn+1)

k1,..ykn
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27 ) )
/ [F(pre, - pue®)|Pdo

0
P 2ya;+1 1+, dpn)dor(8).
<c T(/ /If pier o e8P T[22 dpr - dpu)den (©). (8)

Jj=1

If w is a function defined on U, and 0 < «, p < oo, than as a special case of
the following known asymptotic relation (see [C])

9(2)Pdu(z) = 9P 14(2) ) do ),
/U /T (/r,,(g) 1— 2]

where dy is a positive Borel measure on U, we have

/0 [u(re®)|P(1 — r)odr < C () [P(1— 2[2)* Ldima (2).

Ty (etf)

Using this inequality, by each variable, we get the following

1 1
// [f(pre®, ... pne® \pH p})* dpy - - dpn
0 0

<C / 1—|z| ) dmy, (2).
Ly(e®) Iy (ei?) ];[

Integrating bothe sides by T' and using (8) we get (7). The argument given here
is taken from [LS].

The inequality (7) shows that the diagonal mapping D maps M?*(U™) into
Ap:lel+2n=1(17) . That D is onto follows from the following two facts:

AP (UMY € MPO(UT) and  DAP (U™) = APlel+2n=1(17),

where a = (aq, -+, ) and a = (a1, 01,05 + 1,41, 0m).

For a reader convenience, we show that an extension operator, the right
inverse of the diagonal operator, is bounded from A?|®I+2"=1({7) into MP* and
consequently D : MP@(U™) — AP1l+20=1(T]) is onto.

Let f € APlol+2n=1([]). Define a function F on U™ by

)(1—|w
F(z,...,2n /HJ 1 l(—zjl |)(2+1)/ dmy (w),
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where s is a positive real number. Obviously, DF = f, by the known Bergman
representation formulas.

First, assume that 0 < p <1. We may assume that p(s+1) >nmax< <, o+
2n 4+ 1. By using Lemma 3, Lemma 5 and Lemma 6 we obtain

1Pz, <C / ( / y / [f(w |p — [w2)P 4224y (w)
p,ox — Ff Ff 5) j 1|1_zjw|(é+1)p/n

. _H<1 - |zj|2>a-fdm1<zj>)dal<s>

<c/(/|f P(1 — wf2ype- D22

XH /m L ) 1 a6

|1 — . w|(5+1 p/n

fw)P(1 = |w s—1)+2p—2
/(/| |1|—€w|”(@L1)) [al—2n dml(w)>d01(€)

= C/U | ()P(1 = |w|?)l 22 dmy (w).

Case 1 < p < co. We may assume that s > nmaxi<;j<n a; + 2n.
Let ¢ be the conjugate of p and let y; and -5 be positive numbers such that
Y1+ =(s+1)/n. and

s+1 a;+1 s+ 1 .
— <M< , forj=1,---'n
pn pn

By using Holder’s inequality we find that

)P(1 — |w
IFI. < C /(/ - (/ SOPA =10l )
rie  Jrie [T5=1 11— 2|
(1~ fw? >s-1dm1<w>>”/Q> : 20
X ™ - (1= 121%)* dma(z;) |do1(€). (9)
</U [Tj= |1 = zjw[r=a 31;[1 ’ !
An application of Holders inequality and Lemma 4 gives
(/ (1- |w|2)51dm1(w)>p/q
U H?:1 |1 = zjw[r=4

n (1— |w\2)5’1dm1(w) p/(qn) n -
S < 1 [z yp=(G+D/n
=11 </U 11— zjw|m2a = le:Il( |251) (10)
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By using (9), (10) and Lemma 6 we see that

p 1_ s—1
’ re e IT;- 1|1—Zgw\”

II L |y )tnn- s*lﬂndnu<%>)dalaﬁ

T(/Wf (1~ )~ dma )

n _ o+ (s+1)/n
1:[/ r(¢) — | o dml(zj))dal(g)

|1 — zjw|nP

/< e s (w) ) o6
w)P(1 - [w]?)*~ 1(/ |1§Z(|751+f)'“‘ 2n)dml(w)

. |w|2)|a\+2n71dml(w)'

| |
\

| /\

||
\\
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