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Sharp Jordan-type inequalities for Bessel functions

By ARPAD BARICZ (Cluj-Napoca) and SHANHE WU (Longyan)

Abstract. In this paper our aim is to establish some sharp Jordan and Kober
type inequalities for Bessel and modified Bessel functions of the first kind by using the
monotone form of I’Hospital’s rule. Moreover, by using the classical Cauchy mean value
theorem inductively we deduce new series expansions for the Bessel and modified Bessel
functions. These results extend and improve many known results in the literature.

1. Introduction

The following inequality is known in literature as Jordan’s inequality [14,
p. 33]

2 sinx T
— < <l O<z<—,
T T 2
while the inequality
2 x? s
l——z<cosx <1l ——, 0<zx < —,
T T 2

is known as Kober’s inequality [13]. Jordan’s inequality plays an important role
in many areas of mathematics and it has been studied recently by several math-
ematicians in order to sharpen this basic analytic inequality, see [7], [8], [11],
[15]-[19], [21]-[34]. For more details about Jordan’s inequality on refinements,
generalizations, extensions and applications we refer to the reader the interesting
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recent survey paper [18] where more than 40 papers, which contains various im-
proved versions of the above Jordan inequality, were cited. It is worth mentioning
that an interesting approach to deduce sharp Jordan-type inequalities was given
recently in the papers [32], [33], [34]. This paper is motivated by these papers,
mentioned above, and our aim in Section 2 is to extend to Bessel functions all of
the results from [32], [33], [34] regarding Jordan and Kober type inequalities and
the new power series expansion for the sine function. We note that our approach
is similar to those given in the above mentioned papers, however an important
step in the proofs is simplified. Moreover, our approach in each cases gives us
larger intervals of validity. In Section 3 we present the hyperbolic counterpart of
the results of Section 2, namely the sharp Jordan and Kober type inequalities for
the modified Bessel functions. In Section 4 we formulate an equivalent form of
the main results of this paper, namely Theorems 1 and 2, in order to point out
the connection between the results of [15] and [32], [33], [34]. We note also that
the approach in [15] is somewhat different to that given in this paper, and our
range of validity in some cases is much better than in [15].

To achieve our goal first let us recall some basic facts. Suppose that v > —1
and consider the normalized Bessel function of the first kind 7, : R — (—o0, 1],
defined by

n
To(x) =2"T(v+ 1)a™"J,(z) = Z O(/—&—lﬁ)nlx%’
n>0 n

where, as usual, (v +1),, =(v+n+1)/T'(v+1) for each n > 0 is the so-called
Pochhammer (or Appell) symbol, and J,, defined by [20, p. 40]

L@ - Y C e

= nT(v+n+1)’

stands for the Bessel function of the first kind of order v. Note that the following
differentiation formula
x

To(x) = T2+ 1)

Tv41(x) (1.1)
is valid for all z € R and v > —1, which can be verified by using the series repre-

sentation of the function 7,. Moreover, it is worth mentioning that in particular
we have

JT_1/2(w) = /m/2- a:l/zJ,l/g(x) = cosz, (1.2)

Tujale) = Vaj2- a2, (a) = 02

’
x
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-2 (1.4)

Tsja(w) = 3/7/2- 272 ]y p(x) = 3 <

sinx cosx
x3 x ’

respectively.
Now, for ¥ > —1 let us consider the normalized modified Bessel function
7, :R — [1,00), defined by

0"
(v+1),n!

)

T, (x) = 2T (v + D2 "L (z) = >
n>0

where I, is the modified Bessel function of the first kind, defined by [20, p. 77]

B (x/Q)VJan
L(z) = 7;) nT(v+n+1)

Analogously with relations (1.2), (1.3) and (1.4) for the function Z, in particular

we have
T q)2(x) = /7/2- xl/gl_l/g(w) = coshz, (1.5)
_ sinh z
Tyjo(x) = /7 /2- a7 2 () = et (1.6)
—3/2 sinhz  coshzx
13/2(1’) :3\/71'/2'1' Ig/g(ﬁ) =-3 {1’;3 - :1;2 5 (17)
respectively.

2. Jordan-type inequalities for Bessel functions
and a new power series representation of Bessel functions

2.1. The first main result and its proof. Our main result of this section
provides an extension of the main results of [32], [33], [34] concerning Jordan
type inequalities and the new power series expansion of the sine function.

Theorem 1. Let v > —1 and let j, 1 be the first positive zero of the Bessel
function of the first kind J,. Then for all 0 < x < r < j, 41,1 the following sharp
Jordan-type inequalities hold

Sun(@) + au (r)(r? = 2*)" < J,(2) < Sun(@) + Bo(r)(r? = 2®)"F, - (21)
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where
E ay 1 (r)(r f:cz)k

n is a natural number and the coemeents ay,,(r) are defined explicitly by

__Jvwk(r)
ayk(r) = TR+ 1), (2.2)
for all k € {0,1,...,n+ 1} or recursively by
1
au,O(’r) = jy(?"), av,l(r) = 4(1/ T 1)x71/+1( )
v+k 1 (2.3)

y k1(1) = Wau,k(r) - m“vvk—l(ﬂ
for all k € {1,2,...,n}. Moreover, the constants

1= 3w (r)r?

ay(r) = ayni1(r) and B,(r) = r2(n+1)

are the best possible. In addition, there exist ¢ € (x,r) depending on n such that

2k Jvn+1(C) 2 2vntl
kzoal/k T T ) + 4n+1(n+ )(V+1)n+1 (T €z ) ) (24)

which leads to the power series expansion

Z ayn(r)(r? — )" (2.5)

n>0

PRrROOF. Let me€{1,2,...,n+1} and consider the functions f,, gm: [0, 7]— R,
defined by

fi(x) Zauk (r? —a?)k,

JI/ m—1 - —m
fm(x)_4m1J(rV#1 k%:1 (k= m+ 2)ay,(r)(r? — 2%

for all m > 2 and
gi(@) = (r* — 2",
gm(x) = (n+Dn(n—1)...(n —m+3)(r* —2?)""™2  m>2.

Now consider the function Q; : (0,7) — R, defined by Q1(z) = fi(z)/q1(z).
Observe that the inequality (2.1) is equivalent to a, (r) < Q1(x) < 8, (r). Thus,
to prove (2.1), in what follows we show that @y is decreasing. In view of (1.1) it
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is easy to verify that for all s € {0,1,2,...,n} we have fs11(r) = gs41(r) =0
and consequently for each z € (0,r) and s € {1,2,...,n} one has

film) _ fon(@)  fon(@) = fo(r)
gs(x)  gsepr(z)  gsrr(w) — gsya(r)

Taking into account the above relation and using the monotone form of I’Hospital’s
rule [2, Lemma 2.2] n + 1 times it is clear that to prove that ) is decreasing it
is enough to show that the function

@

n+1(2)

\71/+n+1 (33)
jVJrnJrl (’I")

- au,n+1 (T)

is decreasing on (0,7). But, it is known [9, Theorem 3] that for all v > —1 the
function = — J,(z) is decreasing on (0, j,.1). Changing v with v+n+1 we obtain
that the function = — J,4n+1(2) is decreasing on (0, j,42.1) C (0, ju4n+1,1) and
with this the monotonicity of ()1 is proved. Here we used the well-known fact
that the function v — j, 1 is increasing on (—1,00). To complete the proof of
(2.1) all that remains is to prove that the constants a,(r) and £,(r) in (2.1) are
the best possible. For this observe that
1 — Yo avn(r)r?*

lim Qu(r) = S0 = 5,0)

and by using the I’Hospital’s rule n 4+ 1 times
film) . fa(@)
/

. . . f;L-‘rl(x)
lim Q1 (x) = lim = lim =...= lim
RN = e T e T A L@

= Qynt1(r) = o (r).

Finally, to prove the recursive relation for the coefficients a, j(r), recall the re-
currence relation [20, p. 45]

Jv1(x) + S (z) = 2v/x) ], (2),
from which we easily obtain
wv+1)Tp-1(z) + 22 Tyi1(z) = dv(v + 1) T, (2).

Changing in the above relation v with v + k, and using (2.2), we obtain (2.3).
Now, let us focus on (2.4). By the well-known Cauchy mean value theorem
there exist a constant &; € (z,r) such that
flx)  fAl@) = () f

QWO = @~ n@—al) @)
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but as we have mentioned above we have

f1€) _ f2(&) _ fo(&) = fa(r)
91&)  92(&)  g2(6) —ga(r)

Thus, using again the Cauchy mean value theorem n times we obtain that there
exist &n41 € (&n, 1), where & € (§_1,7) for all ¢ € {2,3,...,n}, such that

_ J1(&1) _ I (&n) _ Fra1(€ngr) — 1(r)jv+n+1(£n+1)
gi(él) o g%(gn) g%+1(€n+l) vt ju—&-n—&-l(r) .

Now denoting &, with ¢ and by using (2.2) we obtain (2.4). On the other hand

when n tends to infinity &, tends to r, and thus J,4n+1(&nt1)/To+nt1(r) tends

to 1. Moreover, it is easy to show that a, ,11(r) as well as a, ,1(r)(r? — 2?)"*!

Q1(z)

tends to zero as n tends to infinity. With other words, the reminder term in (2.4)
tends to zero as n tends to infinity, which leads to the series expansion (2.5). O

2.2. Particular cases and remarks. 1. First let us focus on inequality (2.1)
and suppose that v = —1/2. Then by using (1.2), (1.3) and the notation

Sym(@) = ayr(r)(r® — 2",
k=0
from Theorem 1 we obtain for all 0 < x < r < 7 the following sharp Kober-type
inequality:
S_1/2.n(x) + 04—1/2(7”)(7"2 —2?)"t < cos
< Sfl/Q,n(-T) + 671/2(7”)(742 - x2)7l+17 (26)

where

571/2,71(%‘) = Za71/2,k(7")(7“2 - $2)k7
k=0

n is a natural number and the coefficients a_; /9 ;(r) are defined recursively by

sinr
a—1/2,0(7") = CosT, a—1/2,1(7") = o

2k — 1 1
a—1/2,k+1(7") = WG_1/2J€(T) B ma—l/Q,k—1(7‘)

for all k € {1,2,...,n}. Moreover, the constants

1- Zn: a_ ,k(r)r%
a_12(r) =a_1j2n41(r) and  Boypo(r) = krOQ(nJrll/)Q
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are the best possible. This result completes [33, Theorem 13| and improves the
other known results from the literature. For more details on improved Kober’s
inequalities we refer to the paper [18]. It is worth mentioning that although the
technique is similar our approach is much simpler than in [33]. This is because
in [33] there are used spherical Bessel functions instead of Bessel functions, for
which the monotonicity of their higher order derivative requires some complicated
preliminary results. Our proof is based just on the simple monotonicity property
of the function J, established by the first author [9, Theorem 3].

2. Secondly, suppose that v = 1/2. Then, by using (1.3) and (1.4), from (2.1)
we obtain for all 0 <z <7 < jz/5; the following sharp Jordan-type inequality:

sinx

2)n+1 <

S1/2,n () + al/Q(T)(r2 -z < Sigm (@) + Bry2(r) (r? — 22"t (2.7)

where

Supan(e) = () (? = a),
k=0

n is a natural number and the coefficients a; /9 (1) are defined recursively by

sinr sinr —rcosr
a1/2,0(7") = 0 a1/2,1(7") = 93

2% + 1 1
a1/2,k4+1(r) = Wal/Zk(T) - m‘“/m—l(?‘)

for all k € {1,2,...,n}. Here j3/51 = 4.493409457 in view of (1.4) is in fact the
first positive zero of the equation tanx = x. Moreover, the constants

1= arjo(r)r*
a1/2(r) = a1/ pn41(r) and  Byjo(r) = ‘“;S(n+/1)’

are the best possible. We note that this result was obtained in [33, Theorem 6]
and [34, Theorem 1], however our approach is simpler than in [33], [34]. Moreover,
it is worth mentioning that in [34] the inequality (2.7) is proved just for the case
when 0 < z < r < jy/p1 = m, while in [33] just for the case when 0 < 2 < r <
j—1/21 = m/2. Thus our result (2.1) not only extend (2.7) to Bessel functions,
but even improves the range of validity. Now, if we choose r = 7/2 in (2.7), then
we get the following sharp Jordan-type inequalities

sinx

Zbk(ﬂ_Q _ 4x2>k + bn+1(7T2 _ 4$2)7L+1 S
xT
k=0

i 1-5 b2k
2 4 2\k k=0 2 _ 4 2yl
< ,;_0 b (m* — 4x*)" + (D) (m? — 4z*)"
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where n is a natural number, as above, and the coefficients b, are defined as
follows

y 2, Lo %kl 1 ;
0T T T M T ok D2 16k(k + D2 o

for all k € {1,2,...,n}. These results appear on three different papers of the
same author, namely in [33, Theorem 7], [34, Corollary 1] and [32, Theorem 5.

3. Now, let focus on the expansions (2.4) and (2.5) and suppose that v =
—1/2. Then, by using again (1.2), for all 0 < z < r <7 we obtain

Tnt1/2(€)
n—+ 1)!(1/2)n_~_1

(7“2 _ x2)n+1

)

cosxT = z:aq/z,k:(?”)(?”2 - xQ)k + An+1(
k=0

which leads to the new power series expansion of the cosine function

cosx = Z:c1_1/27;€(7")(7“2 — 2?)k,
k>0

where the coefficients a_; 51, (r) are defined recursively by

sinr

0—1/2,0(7") = CosT, 0—1/2,1(7") = T
2k —1 1

a—1/2,k+1(T) = Wa—l/zk(r) - ma—l/zk—l(r)

for all k& € {1,2,...}. Moreover, in this case (_;/5(r) becomes zero, i.e. the
coefficients a_y 5 1, (r) have the following property

n
Z a,l/g’k(’l")’l“Qk =1.
k=0

4. Suppose that v = 1/2. Then, in view of (1.3), for all 0 <z <7 < j3/01
we obtain

jn+3/2(<)
47+ (n 4+ 1)1(3/2)

sinx

(r? — g2)m+1,

NE

a1/27k(r)(r2 — x2)k +
T n+1

e
I

0
which leads to the new power series expansion of the sine function

sinx

= Z a1/2,k(7")(7”2 - 1‘2)k,

k>0

X
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where the coefficients a; /7, (r) are defined recursively by

sinr sinr — rcosr
a1/2,0(r) = 0 a1/2,1(7") = 93
2k + 1 1

al/2,k+1(7”) = WG1/2,k(T) - m%/z,k-ﬂﬂ

for all k € {1,2,...}. Moreover, in this case (;/5(r) becomes zero, i.e. the
coefficients a; /9 (1) have the following property

Z al/z,k(r)r% =1.
k=0

We note here that the above series expansions are in fact equivalent with [33,
Theorem 8] and [33, Theorem 9], however, in [33] the results in the question were
proved just for 0 < z < r < /2. See also [32, Theorem 7], where [33, Theorem §]
is reproduced for r = 7/2. Now, choose in the above relations » = 7/2. Then we
obtain [32, Theorem 8], [33, Theorem 10]:

smx _ Zbk(WQ _ 4x2)k,
x k>0

where

y_2 L, 2%kl 1
0T P MY T o1 a2 16k(k + 1)n?

for all k € {1,2,...}.
5. Finally, choose r = j,1 in (2.4) and (2.5). Then, for all 0 < = < j, 1, we
obtain the following new expansion of the Bessel functions of the first kind:

nie) =3 () Tl p

br—1

— \Jva Qkk!j’lil
2\? Jy+n+1(C) 2 2\l
" <C) 27+ (n + 1)I¢n+1 (g = 27", (2.8)

where ¢ € (x,7,,1). This leads to the new series expansion

ala) = 3 () Stz oy (29)

o N lan
n>1 Jv1 2 n"]”vl

First observe that this new series expansion is consistent with the fact that j, ;
is a simple zero of J,. More precisely, from (2.9) it follows that J,(j,.1) = 0 and
J,(Gu1) = —Ju41(ju1) # 0, which shows that j, 1 is indeed a simple zero of J,.



116 Arpé.d Baricz and Shanhe Wu

Here we used the known fact that the zeros of J, and J,41 are interlaced and
then we have J,41(j,,1) # 0. Secondly, it is worth mentioning here that the new
formulas (2.4) and (2.5), and consequently (2.8) and (2.9), follows easily from
the classical Taylor theorem with Lagrange’s form of the remainder. To see this,
consider the function z — o, (z) = J,(v/z) = 2"T(v 4+ 1)z="/2J,(\/z), which
is continuously differentiable n + 1 times on the whole real line and satisfies the
differentiation formula 4(v + 1)¢,(x) = —py41(z) for all z € R and v > —1,
corresponding to formula (1.1). Then clearly we have

(=D"

M)y — D"
e (z) T+,

)

foralz € R, ne€ {0,1,2,...} and v > —1. Consequently, from Taylor’s theorem
with Lagrange’s form of the remainder we conclude that there exists £ € (x,r)
such that

n

eu(z) =
k=0

(=)™ eu(§)

—Dko, i (r
(1) gialr) el

o n+1
R+ 1), (@ =™,

—r)k—f—

n+1

which leads to the power series expansion

ou(z) = Z M(x — )

= 4npl(v + 1),

Now, changing = with 22 and r with 72 we reobtain the expansions (2.4) and
(2.5). Since Taylor’s theorem (with the integral formulation of the remainder
term) is also valid if the corresponding function has complex values, from the
above discussion we conclude that the new series expansions (2.5) and (2.9) are
in fact valid for wider range of x and v, i.e. for z,v € C such that v # —1,-2,....

3. Jordan-type inequalities for modified Bessel functions
and a new power series representation of modified Bessel functions

3.1. The second main result and its proof. In this section we are going
to present the hyperbolic counterpart of the results from the previous section.
Corresponding to Theorem 1 we have the following results for the function Z,,.
We note that the proof of this theorem is similar to that of Theorem 1, however
we have included below its proof only for the sake of completeness.
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Theorem 2. Ifv > —1 and 0 < = < r, then the following sharp Jordan-type
inequalities hold

Py n(z) + 'VV(T)(T2 - x2)n+1 <T,(x) < Pyn(z) + 5D(T)(T2 - :L,Z)nJrl’ (3.1)
where .
Pon(z) =Y conlr)(r® — 2?)F,
k=0
n is an even natural number and the coefficients ¢, (1) are defined explicitly by

(_l)kIy+k(r)

() =GR + 1), (3.2)
for all k € {0,1,...,n+ 1} or recursively by
1
cvo(r) =1u,(r), coa(r) = —mfuﬂ(?‘%
v+k 1 (3.3)

Cokt1(r) = W%,k@") + mcy,k—l(r)

for all k € {1,2,...,n}. Moreover, the Jordan-type inequality (3.1) is reversed
when n is odd and in both of cases the constants

1> cur(r)r?®
Y(r) =cyni1(r) and §,(r) = 1;2((7)1“)

are the best possible. In addition, there exist { € (x,r) depending on m such that

(_1)m+1IV+m+1(C) ( 2 2)m+1

rt—x . (34
4m+1(m+1)!(1/+1)mJrl (3.4)

m

I,(x) = ch,k(r)(rz —z?)F 4
k=0

which leads to the power series expansion

T, (x) = Z com(r)(r? — )™, (3.5)

m>0

PRrROOF. Our strategy is as in the proof of Theorem 1. However, we distin-
guish here two cases. First we suppose that n is even. Let m € {1,2,...,n+ 1}
and consider the functions hy,, g, : [0,7] — R, defined by

hi(z) =7,(x) — Zcmk(r)(r2 —2?)k,
k=0
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(_1)m_11-1/+m—1 (x) _

fim () = =1y + 1)

S klk — 1) .(k = m 4 2)ey () (7 — a?)F

m—1 k=m

for all m > 2 and
(@) = (2 — 22"+,

gm(x) = (n+Dn(n—1)...(n —m+3)(r* —2?)""™2  m>2.

Now consider the function Q2 : (0,7) — R, defined by Q2(z) = hq1(z)/g1(x). First
observe that the inequality (3.1) is equivalent to 7, (r) < Qa(z) < 6,(r). Thus,
to prove (3.1), in what follows we show that @y is decreasing. In view of the
differentiation formula

I,(z) = %%_’_UIV+1($>7

it is easy to verify that for all s € {0,1,2,...,n} we have hy11(r) = gs41(r) =0

and consequently for each x € (0,r) and s € {1,2,...,n} one has

By(x) _ hapa(n) _ hagpa(n) = haia(r)
g5(x) gs+1(7) gs+1(®) = gsy1(r)”

Using again the monotone form of 'Hospital’s rule [2, Lemma 2.2] n + 1 times it
is clear that to show that @5 is decreasing it is enough to prove that the function

/ :C)
L= g:LJriéx) = —cynt1(r)
n+

Zu+7z+1 (Jf)
Iu+n+1 (T)

is decreasing on (0,r). But, it is well-known that for all v > —1 the function
x — ZI,(x) is increasing on (0,00). Now changing v with v + n 4+ 1 we obtain
that the function z +— Z,4p,41(2) is increasing too on (0,00) and with this the
monotonicity of Q5 is proved.

To complete the proof of (3.1) all that remains is to prove that the constants
Y (r) and 6,(r) in (3.1) are the best possible. For this observe that

. 1= ZZ:O c,,,k(r)r% _
i{% Qa(z) = 2(n+1) = 6u(r)

and by using the I’Hospital’s rule n 4+ 1 times

lim z) = lim = T
ey QQ( ) ey gll x) z /T gé(x z,/'r g;l+1(33)
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Now, suppose that n is odd. A similar argument to that presented above
yields that in this case that the function
i (2)

o U ()
9;L+1($) o

IV—i-n-i-l (x)
Iu+n+1 (T)

is increasing on (0,7). Consequently Q)2 is increasing, and thus we have v, (r) >
Q2(x) > 0,(r) for all v > —1 and 0 < & < r, i.e. the inequality (3.1) is reversed.
Finally, to prove the recursive relation for the coefficients ¢, ;(r) recall the
formula [20, p. 79]
L1 (@) = L (@) = (20/2) L, (),

from which we easily obtain
(v + 1T, 1 () — 2°T 1 () = dv(v + 1), (z).

Changing in the above relation v with v+ k and using (3.2) we easily obtain (3.3).
Now, let us focus on (3.4). Using the Cauchy mean value theorem there exist

a constant &; € (x,r) such that
ha(z) _ ha(z) = f(r) _ b

N R ES B s Rl

but as we have mentioned above we have

hi(€) _ ha(§r) _ ha(&1) = ha(r)
91&)  g20&)  g2(&) —ga(r)

Thus using again the Cauchy mean value theorem m times we obtain that there
exist &mi1 € (§m, 1), where & € (&—1,7) for all i € {2,3,...,m}, such that

_hi&)  ha(&) o h(Em)
=06 T B&) T gl

~ hp1Emy1) ymil , Toymt1(Emyr)

B g';n+1(€m+1) =D Cum41(r) Zysm1(r)

Now denoting &,,,+1 with ¢ and by using (3.2) we obtain (3.4). On the other hand
when m tends to infinity &,,+1 tends to r, and thus Z, 411 (Ema1)/Zo+me1 ()
tends to 1. Moreover, it is easy to show that the expression (—1)""1c, ,,41(7)

2 — 22)m*+1 tends to zero as m tends to infinity.

as well as (—1)™T e, 1 (r)(r
With other words, the reminder term in (3.4) tends to zero as m tends to infinity,

which leads to the series expansion (3.5). O
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3.2. Particular cases and remarks. 1. First let us focus on inequality (3.1)
and suppose that v = —1/2. Then by using (1.5), (1.6) and the notation

Pyn(x) = Z Cu,k(r)(rz — )",
k=0

from Theorem 2 for all 0 < x < r we get the following Kober-type inequality:
P_1/5,(x) + 7—1/2(7“)(7“2 — 22)"*! < coshz
< Poyjon(@) +0-1ya(r)(r® = 2%)" (3.6)

where

n
Pfl/Q,n((L‘) = Z 071/27]6(7")(7'2 — $2)k,
k=0
n is an even natural number and the coefficients c_; /5, (1) are defined recursively
by

sinh r
2r

c71/2,0(7“) = coshr, 071/2,1(7“) = -

2k —1 1
071/2,k+1(74) = chl/lk(r) + mcﬂ/mfl(ﬂ

for all k € {1,2,...,n}. Moreover, the constants

L= e 1on(r)r
Y-1/2(r) = c_1j2n41(r) and 6_y12(r) = ‘ r02(n+1/)

are the best possible. Note that, when n is odd, the inequality (3.6) is reversed.
2. Secondly, suppose that v = 1/2. Then, by using (1.6) and (1.7) from
(3.1), we obtain for all 0 < z < r the following sharp Jordan-type inequality:

Py o0 (@) + 71 2(r) (r* — 2®)" T < !
+81 jo(r)(r® — 2®)" 1, o

where

n
P1/2,n(x) = Z 01/2’]@(7”)(7“2 — xQ)k,
k=0
n is an even natural number and the coefficients ¢, 3 ;(7) are defined recursively
by

sinh r sinhr — r coshr
C1/2,0(7") = ) 01/2,1(7") = 93




Sharp Jordan-type inequalities for Bessel functions 121

2k +1 1
Cl/2,k+1(T) = Wcl/zk(?“) + mﬁ/zk-ﬂﬂ

for all k € {1,2,...,n}. Moreover, the constants

1=Y 0 gcijon(r)r?
12(1) = C1jpia(r) and 8y pp(r) = — =00

are the best possible. We note that when n is odd then the inequality (3.7) is
reversed.

3. Finally, choose r = j,1 in (3.4) and (3.5). Then, for all 0 < = < j, 1, we
obtain the following new expansion of the modified Bessel functions of the first
kind:

L= (7)) Tt ey

k=0 jV71 2kk!jl’f,1

2\ (D" M i Q)
* (C) 2m+l(m +J{)[Z:n+1( 3,1 _$2) +1,

where ¢ € (x,7,,1). This leads to the new series expansion

L =3 (55) St e (35)

- m m
m>0 Jv,1 2 m!.]u,l

Observe that, analogously to the results of the previous section, (3.4), (3.5) and
the above formulas are valid for all ,v € C such that v # —1,—2,.... This
is an immediate consequences of Taylor’s theorem with Lagrange’s form of the
remainder applied to the function z — v, (z) = T, (v/z) = 2"T(v+1)z~*/?1,,(\/x).
We note that this simple idea to use instead of Z,, the function -, is also useful in
the problem of finding a finite sum formula for the probability density function
of the non-central chi-squared distribution [3].

4. Jordan-type inequalities for generalized Bessel functions
and a new power series representation of generalized Bessel functions

In this section, motivated by the work [15] we reformulate the main results
of the previous section for generalized Bessel functions of the first kind. The
generalized Bessel function of the first kind v, is defined [10] as a particular
solution of the generalized Bessel differential equation

22y (x) + bay' (z) + [ca:2 e - b)v] y(z) =0,
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where b, v, c € R, and v, has the infinite series representation

(=D)"c" (x)2"+’/
v = = for all x € R.
w3 e (5 :

This function permits us to study the classical Bessel function J,,, the modified
Bessel function I, the spherical Bessel function and the modified spherical Bessel
functions together. For b = ¢ = 1 the function v, reduces to the function J,, while
for b =1 and ¢ = —1 reduces to I,,. Now the generalized and normalized (with
conditions u,(0) = 1 and u,,(0) = —c¢/(4K)) Bessel function of the first kind is
defined [10] as follows

(—c/4)" 2"

uy (z) = 2°T (k) - 27/ %0, (21/?) = Z TS -] for all z € R,
n>0 n ’

where Kk :=v 4+ (b+1)/2 # 0,—1,—2,.... This function is related in fact to an
obvious transform of the well-known hypergeometric function ¢Fy, i.e. u,(z) =
oF1(k, —cx/4), and satisfies the following differential equation

zy"(x) + ry'(z) + (¢/y(x) = 0.

Now let us consider the function A, : R — R, defined by

A@) = uy(ah) = 3 T

= (k), n!’

It is worth mentioning that if ¢ = b = 1, then )\, reduces to the function 7,
while w, reduces to ¢,, moreover, if c = —1 and b = 1, then A, becomes Z,, and
u, becomes 7,. For more details on the function \,, like geometric properties,
inequalities and integral representations the interested reader is referred to the
papers [4], [5], [6], [7], [8], [10], [12].

The main results of the above sections, namely Theorems 1 and 2, can be
unified as follows, which improves significantly [7, Theorem 14] and [11, Theo-
rem 2.2]. We note that when b = ¢ = 1 then Theorem 3 reduces to Theorem 1,
while for b = 1 and ¢ = —1 Theorem 3 becomes Theorem 2.

Theorem 3. Let k > 0. Then for all ¢ € [0,1] and 0 < z < r < j, 1 the
following sharp Jordan-type inequalities hold

Gom () + 6, (r)(r* = 22)" T < A\ (2) < Gy () + 7, (1) (r* — 2%)™ T (4.1)
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where

Zd”’ (r fw)‘

=0

m is a natural number and the coefficients d, ;(r) are defined explicitly by

dy,i(r) = (2)1 )\;J(Zgj)

for all i € {0,1,...,m + 1} or recursively by

dyo(r) = A1), dya(r) = o

K+i—1 c
dui = 7o Wi - ..7dl/ i—
5 +1(T) (Z + 1)7’2 ) (T) 42(7/ + 1)7"2 > 1(T)

)\V+1 (T)7

for all i € {1,2,...,n}. Moreover, if c < 0,0 < x < r and m is even, then the
Jordan-type inequality (4.1) holds true, while if ¢ < 0, 0 < z < r and m is odd,
then the Jordan-type inequality (4.1) is reversed. In each of cases the constants

1-— ZZLO d,,k(T)TZI€

gl/(r) = du,erl(r) and Ty(r) = T2(m+1)

are the best possible. In addition, for all ¢ < 1 there exist ( € (z,r) depending
on m such that

- ) 2\t Cm+1/\1/+m+1(g) (7"2

2>m+1
4m+1(m+1)!(/€)m+1 ’

— T

which leads to the power series expansion

Zdym (r? — z?)™.

m>0

ProOF. First observe that if ¢ > 0, then J,,—1(¢ty/c) = A, (¢), while for ¢ <0
we have Z,,_1(ty/—c) = A\, (t). Thus, if we suppose that ¢ € [0,1] and we change
in (2.1) v with kK — 1, x with z+/c and r with /¢, then we obtain (4.1). Similarly,
if we suppose that ¢ < 0 and we change in (3.1) v with x — 1, x with zv/—c and
r with 7v/—c, then we obtain (4.1). O

During the course of writing this paper we have found the work [15], where
among other things, motivated by [7, Theorem 14] the inequality (4.1) is proved
for m = n— 1. See also [18] for more details. However, in the case when ¢ € [0, 1],
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it is assumed that x > 1/2 and r < 7/2. As we have seen above these conditions
can be relaxed to £ > 0 and r < j,. 1. Moreover, it is important to note here that
since

1.570796327 = /2 = j_1 /91 < 2.4048255577 = jo1 < jo.1,

the interval (0, j, 1] is larger than the interval (0,7/2]. We note that, since in [15]
the approach is somewhat different to that given in the papers [32, 33, 34], and in
this paper, it is not clear what is the connection between the inequality (2.7) and
inequality (4.1) for m = n — 1. This is because in [32, 33, 34] the corresponding
coefficients are defined recursively, while in [15] explicitly. However, from our
discussion it is clear that in fact the inequality (2.7) is a particular case of (4.1),
just taking v = —1/2 and b = ¢ = 1 in Theorem 3. Finally, note that when b = 2
and ¢ = 1 then v, becomes x — (2/y/7)j,(x), where

z = gy(x) = V7 /(20) Ty 41/2(7)

is the spherical Bessel function of the first kind [1, p. 437], and in this case A,
reduces to the function

= Jpp1y0() = 2”+1/2F(V + 3/2)x_(”+1/2)Jy+1/2(9€).
Similarly, when b = 2 and ¢ = —1 then v, reduces to z — (2//7)i,(z), where

x iy () = /7/(22) 1) 41/2()

is the modified spherical Bessel function of the first kind [1, p. 443] and A, in
this case becomes

2 Ty pajole) = 2°P2T (0 4 3/2)a L4y o).

If we choose b = 2 and ¢ = £1 in Theorem 3 then we obtain the corresponding
results to Theorems 1 and 2 for spherical and modified spherical Bessel functions
of the first kind.
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