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Abstract. A Riemannian g.o. manifold is a homogeneous Riemannian manifold
on which every geodesic is an orbit of a one-parameter group of isometries. The first
counter-example of a Riemannian g.o. manifold which is not naturally reductive is Ka-
plan’s six-dimensional example.

In this paper, we study the constant osculating rank of the curvature operator and
of the Jacobi operator over g.o. spaces settling the concept of constant Jacobi osculating
rank of a Riemannian g.o. space. Moreover, we show that an expression of the Jacobi
operator valid for all geodesic of a given g.o. space exists on every Riemannian g.o. space
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1. Introduction

It is well-known (cf. [15, chapter X, Sections 2, 3]) that a Riemannian homo-
geneous space (M, g) = G/H with its origin p = {H} and with an ad(H)-invariant
decomposition g = m + b is naturally reductive (with respect to this decomposi-
tion) if and only if the following holds:

For any vector X € m\{0}, the curve y(t) = 7(exptX)(p)

(1)

is a geodesic with respect to the Riemannian connection

where exp and 7(h) denote the Lie exponential map of G and the left transfor-
mation of G/H induced by h € G respectively. Moreover, the naturally reductive
spaces have been studied by a number of authors as a natural generalization of
Riemannian symmetric spaces.

Now, natural reductivity is still a special case of a more general property,
which follows easily from (1):

Each geodesic of (M, g) = G/H, is an orbit of a

one-parameter group of isometries {exptZ}, Z € g. @)
Riemannian homogeneous spaces (M, g) = G/H with the property (2) will
be called (Riemannian) g.o. spaces.
The extensive study of g.o. spaces only started with A. KAPLAN’s paper
[14] in 1983, because he gave the first counter-example of a Riemannian g.o.
manifold which is not naturally reductive. This is a six-dimensional Riemann-
ian nilmanifold with a two-dimensional center, one of the so-called “generalized
Heisenberg groups” or “H-type groups”. Subsequently, the class of generalized
Heisenberg groups has provided a large number of further counter-examples. (See
[20], [6]). A classification of all g.o. spaces in dimension not greater than six is
given by O. KOWALSKI and L. VANHECKE in [17]. All Riemannian g.0. man-
ifolds of dimension < 5 are proved to be naturally reductive. In dimension 6,
new examples of g.o. spaces are given which are in no way naturally reductive.
Moreover, in 2004, the first known 7-dimensional compact examples of Riemann-
ian g.o. manifolds which are not naturally reductive were found by Z. DUSEK,
O. KowALSKI, and S. Z. NIKCEVIC in [11]. For more information on the relation
between naturally reductive spaces and g.o. spaces, and also for the references to
related topics, see [1], [2], [11], [12], [16] and [17].
Let ¢: I — R™ be a curve defined on an open interval I of R into R™. From
the classical point of view, we say that c(t) has constant osculating rank r if, for
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all t € I, its higher order derivatives ¢V (t),...,¢")(t) are linearly independent
and ¢V (t),...,c" D (t) are linearly dependent in R™.

On the other hand, K. TSUKADA in [23] gave a criterion for the existence
of totally geodesic submanifolds of naturally reductive spaces. That criterion is
based on the curvature tensor and on a finite number of its derivatives with respect
to the Levi—Civita connection. In particular, to prove that result he used two basic
formulae proved exclusively for naturally reductive spaces by K. ToJo in [21].
From those formulae he obtained that the curvature tensor can be considered as
a curve in the space of curvature tensors on m. Later, using the general theory, he
pointed out that the curvature tensor has constant osculating rank, » € N, over
naturally reductive spaces.

Some years later, K. Tsukada’s result was applied by the second author and
A. Tarrio in [19] to give a method for solving the Jacobi equation Y +JY =0
on the naturally reductive manifold V; = Sp(2)/SU(2). Here, J denotes the
Jacobi operator. Given the generality of the method, the authors conjectured
that it could also be applied to solve the Jacobi equation in several other ex-
amples of naturally reductive homogeneous spaces. Indeed, they were not wrong
because this method has been successfully applied by the first author and S. BAR-
TOLL on the manifold M® = U(3)/(U(1) x U(1) x U(1)) in [4], [5] and by
E. MAcCfAS-VIRGOS, the second author and A. TARR{O on the Wilking mani-
fold Vs = (SO(3) x SU(3))/U(2), endowed with a particular bi-invariant metric,
in [18].

In this paper, we study the constant osculating rank of the curvature operator
and of the Jacobi operator over g.o. spaces. In Section 2, we settle the concepts
of Jacobi osculating rank and constant Jacobi osculating rank of a Riemannian
g.o. space. Moreover, we show that every g.o. space has Jacobi osculating rank
and on every Riemannian g.o. space with constant Jacobi osculating rank exists
an expression of the Jacobi operator valid for all geodesic of the given g.o. space.
The aim of the last section is to develop a method to obtain such expression
when we work on a g.o. space which is also an H-type group. In particular, we
divide the last section in two subsections. In the first one, we recall some basic
definitions and results regarding “H-type groups”. In addition, we give a recursive
expression for the n' covariant derivative of the Jacobi operator at the origin of
an H-type group. In the last subsection, we obtain that the Jacobi osculating
rank of Kaplan’s example is 4 and it is also constant because we proof that

1 5
10+ T =o.
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Here, Jg' ) denotes the n'" covariant derivative of the Jacobi operator along an
arbitrary geodesic at the origin.

Finally, we use this information to calculate the explicit expression of J;, the
Jacobi operator along anyone geodesic, on Kaplan’s example. That is

Ji = co + c1 cos(t) + casin(t) + e3 cos(t/2) + ¢4 sin(t/2),

. . S 1 2
where the coefficients ¢y, c1, c2, ¢3, ¢4 are linear combinations of Jy, J ), Jo ),

T g,

2. Jacobi osculating rank of a g.o. space

Let G C I(M) be a connected Lie group which acts transitively on a Rie-
mannian manifold M and let p € M be a fixed point. If we denote by H the
isotropy group at p, then M can be identified with the homogeneous manifold
G/H. In general, there may be more than one such group G C I(M). If, for
example, we take a connected Lie group G’ such that G # G’ C I(M) and G’ also
acts transitively on M, then there is another expression of M as G'/H’ (where
H' is the new isotropy group).

For any fixed choice M = G/H, G acts effectively on G/H from the left.
The Riemannian metric g on M can be considered as a G-invariant metric on
G/H. The pair (G/H,g) is then called a Riemannian homogeneous space. Such
space is always a reductive homogeneous space in the following sense (cf. [15,
vol.IT, p. 190]): we denote by g and § the Lie algebras of G and H respectively
and consider the adjoint representation Ad : H x g — g of H on g. There is a
direct sum decomposition (reductive decomposition) of the form g = m+ b where
m C g is a vector subspace such that Ad(H)(m) C m. For a fixed reductive
decomposition g = m + b, there is a natural identification of m C g = T.G with
the tangent space T, M via the projection 7 : G — G/H = M. Using this natural
identification and the scalar product g, on T,M, we obtain a scalar product (, )
on m which is obviously Ad(H )-invariant.

Definition 2.1. A Riemannian homogeneous space (G/H,g) is called a g.o.
space if each geodesic of (G/H, g) (with respect to the Riemannian connection)
is an orbit of a one-parameter subgroup {exp(tZ)}, Z € g, of the group of isome-
tries G.

A homogeneous Riemannian manifold (M, g) is called a Riemannian g.o.
manifold if each geodesic of (M, g) is an orbit of a one-parameter group of isome-
tries.
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Definition 2.2. Let (G/H,g) be a g.o. space. A vector Z € g is called a
geodesic vector if the curve 7(exp(tZ))(p) is a geodesic. Here 7(h) denotes the
left transformation of G/H induced by h € G.

Let Z € g, we denote by Z* the corresponding fundamental vector field
on M; that is

Z; = g, (rlesp(t2))(0)

for each ¢ € M. Moreover, it is easy to see from Definition 2.1 (cf. [17]) that

Proposition 2.1. G/H is a Riemannian g.o. space if and only if the projec-
tions of all geodesic vectors fill in the set T, M\{0}.

Now, we easily generalize to Riemannian g.o. spaces two important results
over naturally reductive spaces proved by K. Tojo and K. TSUKADA in [21] and
[23], respectively.

Let (M, g) be a Riemannian g.o. space and Z € g be an arbitrary geodesic
vector. We put

o (1)
e VX =) T VvV, Xem

1=0 ’
Over g.o. spaces, V denotes the Levi-Civita connection, so obviously the linear
map Vx is skew-symmetric (i.e. Vxg=0 for all X € m). Therefore, the mapping
e VX :(m,(,))— (m,(,))is an isometry, e~ V= is a one-parameter subgroup of
the linear isometric transformation group SO(m) and we can obtain the following
lemmas.

Lemma 2.1. The parallel translation along the geodesic
Yo(t) = 7(exp(tZ))(p) with 72(0) =p, 7,(0)=2=2Z;

is given by
T(exp(tZ)). o e Vtr 1 T,M(=m) — T, M.

PROOF. Since (M, g) is a g.o. space, we can take
Y (t) = 7(exp(tZ)).(e” V' (y))

as a vector field along the geodesic 7, (t) = 7(exp(tZ))(p) such that Y (0) = y € m.
From Proposition 1.2 of Chapter VI of [15], we have

VoY (t) = Vo (T(exp(t2))(e™V (y)))
d

= r(exp(t2))(2 o (" () + (e (t2). (e )
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= 7(exp(tZ)) (VI o Z (= 1) )+ Z ; D' - w(y)) =0. O

1=0 ! =1

Let R be the curvature tensor defined by
R(U,V) = [Vu,Vv] =V,

where U and V' are vector fields on M and let P, denote the parallel transport
with respect to V along the geodesic v, (t) = 7(exp(tZ))(p) from p to v, (to). We
now define a (1,3)-tensor R,(t) on T, M and its n*" covariant derivative along
vz (t) as follows:

R (1) (u,v)w = Pt o ’R n) (Piyptty Pyyv) Pryw

2 (1)
for u,v,w € T, M. Here, we denote V:z(t)R by R'y o) and R.(t) by RY (t).

From now on, we denote R;")(O) by RO) for brevity. Moreover, note that
Rg)(u, v)w = VIR(u,v)w for u, v, w € T,M, ie; Rg) also denotes the n'"
covariant derivative of the curvature tensor along +,(t) at the origin p = 7,(0).

Lemma 2.2. The (1, 3)-tensor R (t) on m obtained by the parallel trans-
lation of the n'" covariant derivative of the curvature tensor along v, (t) is given
by

R (t) =¥t - Ry (3)

where x = Z; and the dot indicates the action of eVtr on the space R(m) of
curvature tensors on m.

Therefore, R(t) is in the orbit of Ry with respect to the linear isometric
transformation group SO(m) and dim(R,(t)) < %

PROOF. We denote briefly dg; = 7(exp(¢Z)).«. From Lemma 2.1 and due to
the fact that eV¢* is an isometry, we have

<RZ) (t)(u,v)w,§> = <Pt;1 o R:Z(t)(Ptxu, va)me,§>

{
= ((dg) ™" o R (dgr)e™ V= (w), (dge)e™ () (dge)e™ ¥ (w), e¥ - (€))
= g(R2 ) ((dge)e™= (), (dge)e™ V= (v))(dgr)e™ V= (w), (dge)e™ V= (£))
=9((V g ye=ver (2RI (dge)e™ V= (), (dge)e™ V= (0)) (dge)e™ V= (w),(dge)e™ Vo= (€))
= g((dge)RY (e~ Ve (u), e~ Ve (v)e™ V' (w), (dgr)e ¥+ (£))

= (VR (e Ve (w0 T )T (w), &) 0
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Moreover for each u € m, we denote by R(u) the smallest subspace of R(m)
which satisfies Rg € R(u) and V,,-R(u) C R(u). We define d,, by d,, = dim R(u).
Trivially, due to every element of R(u) belong to the orbit of Ry with respect to
the linear transformation group GL(m) we have d,, < n?.

We now recall some fundamental facts about a curve in the n-dimensional
Euclidean space R™. Let ¢ : I — R"™ be a curve defined on an open interval I of R
into R™. We say that c(t) has constant osculating rank r if, for all ¢ € I, its higher
order derivatives ¢V (), ..., ¢ (t) are linearly independent and ¢V (t),...,c" D ()
are linearly dependent in R™. It is a fundamental fact that if ¢(¢) has constant
osculating rank r, there are smooth functions a1, ..., a, : I — R such that

c(t) = c(0) + ay () (0) + - 4 a,(t)c” (0) for all t € I.
Moreover, P. DOMBROWSKI proved in [9] the following property:

Proposition 2.2. Let S denote a connected m-dimensional real analytic
manifold and f : S — R" a real analytic map of S into R™, let V denote the
Levi-Civita connection of R™. Then, f : S — R" has constant osculating rank.

Let us return to a g.o. space M. Let U(t), V(t), W(t) be the vector fields
along the geodesic ~,(t), arbitrary but fixed, such that U(0) = u, V(0) = v,
W(0) = w are unit vectors in m. Since eVt is a l-parameter subgroup of the
group of linear isometries of R(m), it follows that R, (t), or more explicitly

Rw(t)(u7 fl})w = evf,a: . ']{O(evftmu7 QV7W’U)QV7WU}7

is a curve in R(m). Moreover, if S is an open interval I of the real space R and
we use the natural identification of R with m, Proposition 2.2 yields that R (t)
has constant osculating rank. Therefore, there is a number r, € N and there are
smooth functions ay, ..., a,, : I — R for every fixed but arbitrary geodesic v, (t)
such that

Ra(t) = Ro+ ar1(t)Ry) + -~ +a, ()R forall t € I. (4)

Furthermore, by the classical constant osculating rank definition there are
ai, ..., constants depending of the fixed geodesic such that

R (E) + -+ + ap, R (1) + R HI(1) = 0. (5)

Thus, since Ré) = V. Ry, for all i € N, R(z) coincides with the subspace of
R(m) spanned by Rg, V. - Ro, ..., V;”) -Ro. In particular, we have r, = d, — 1
or d.
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On the other hand, note that if we know (5), using the general theory about
ordinary differential equations we can determine the functions a;(t), ¢ =1,...,7,,
of (4). We only need to use the next result where Q(y) = y™ +a,., y Tl ary
is the characteristic polynomial of (5).

Proposition 2.3. Let (M,g) be a Riemannian g.o. space and let r, be
the constant osculating rank of the curvature operator R(t) for an arbitrary
geodesic v;(t). Then, R;(t) can be written as a matrix-linear combination of
the following functions: for each A, real root of Q(y) with multiplicity k, the
functions e, teM, ... tk=1eM and, for each o + 17 (7 # 0), conjugate complex
roots of Q(y) with multiplicity h, the functions et cos(7t), et sin(7t), te®* cos(rt),
te?tsin(rt), ..., t""Le cos(rt), " ~let sin(rt). Moreover, the coefficients of such

. . . . . . . 1 T
a matrix-linear combination are linear combination of R, RO), . ,Rov).

A useful technique to describe the curvature along a geodesic v in a Rie-
mannian manifold (M, g), with Riemannian curvature tensor R, is the use of the
Jacobi operator J(-) = R(-,4)7¥. J determines a self-adjoint tensor field along ~.

In particular, from Lemma, 2.2 the Jacobi operator on m and its n*" covariant
derivative along the geodesic 7, (t) are given by

T2 )W) = RY({)(u,2)a = P! o R ) (Pryu, ) Py

Vo ()
= Pt;1 ° (vfylﬁ(t)R)(thuvfYI(t))’Yz(t)
= Pt o IV (Pau) = ¥+ 7 (e Ve (w) (6)

for v € m. Obviously, if t = 0, jon) (u) = (VIR)(u,x)x, where, as before, jon)
denotes J»' )(0). In addition, we will write throughout the paper jtn) instead of
T (t) to shorten notation.

It is obvious that the property (3) can also be written as

RI(t) =eV'  (Ve-vrmR ). (7)
Therefore, (6) becomes
T () = eV (Vovin iy Tg~ eV () (8)
for w € m and if ¢ = 0 we have
T () = (Vo T3 ™) (w). 9)

The following result is basic to introduce the Jacobi osculating rank of a g.o.
space.



Constant Jacobi osculating rank of a g.o. space. A method to ... 143

Lemma 2.3. The Jacobi operator jt") on m obtained by the parallel trans-
lation of the n" covariant derivative of the Jacobi operator along -, (t) satisfies
the following identity

T (W) = eV Vo v o (Tg (Vi () — ¥ T3 (Ve via () (€7 V2 (w)))

for u € m where x = 4,(0) = Z, \7(;1) denotes the n'" covariant derivative of
the Jacobi operator along -, (t) at the origin p = 7,(0) and the dot indicates the
action of eVt* on the space R(m) of curvature tensors on m. Moreover, in the
particular case t = 0, the identity becomes

T () = Vo (Tg P (w) — T (V). (10)

PROOF. We denote briefly dg; = 7(exp(tZ))+. From Lemma 2.1, formula (6),
the condition V5 _(4)9.(t) = 0 and due to the fact that eVte is an isometry, we have

(7w, €) = (Pi' 0 7" (Puu) €)
= (P! o Vi, (" (Puw), €) = (Pt 0 7" (Vi, (0 (Pa)), €)
= (7 0 (dge) ™" 0 Viagope-vua ) (T ((dge)e™ = (), € )
(e 0 (dg) ™t 0 T (Vg pe-ver () (dgr)e ™V (1)), €)
= 9(Vtageee (@) (T ((dge)e ™ ())). (dgi)e”~€)
—g(J"" )(v(dgt)e eo (o) ((dge)e™ V= (1)), (dgi)e¥ —+€)
= 9((d90) Vv () (T3 (€7 (W), (dgi)e” €)
—9((dg) T5 ™ (Voo (77 (), (dge)e” =€)
= (¥ Vv oy (T () thngz‘”(Vefvtz @ V= w),€). O

It is obvious on every g.o. space that for every fixed but arbitrary geodesic
vz (t) the associated Jacobi operator, J;, has also constant osculating rank in the
classical sense. Therefore, we can rewrite (4) and (5) substituting the curvature
operator by the Jacobi operator. In particular at t = 0, we will always have
ai, ..., , constants depending of the fixed geodesic, such that

ady 4+, Ty + I =o. (11)

Proposition 2.4. If (11) is known for a fixed geodesic on a g.o. space, then
it exists a relation between the first r + 1 covariant derivatives of the Jacobi
operator at t = 0 for every r > r.,.
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ProoFr. We derive (r —r,)-times the relation (11) using (9) and (10). Thus,
we obtain

aljon) N amjorﬁm) + jomﬂer) =0 form=1,...,c—1,.

Finally, adding the previous relations we find (1, ..., 8, constants depending of -y
such that
1) r) r+1) _
ﬁl 0 ++ﬂr\70 +\70 70 fOfrZr,y. (12)

O

Therefore, if we put r = max{r, : for all v geodesic of a given g.o. space},
we can always find a relation of type (12) on every geodesic of a given g.o. space.
From now on, we say that r € N is the Jacobi osculating rank of a given g.o.
space. Of course, r < n? and the constants of each relation of type (12) still
depend of the corresponding geodesic.

Lemma 2.4. Let (M, g) be a g.o. space with Jacobi osculating rank r. Let
v:(t) a geodesic and By, ..., B, constants depending of vy such that 51301) +
BT + JEY = 0. Then,

BLIEY 4 BT L Y 20 fork=0,1,2, ... (13)

PROOF. Let us assume that (13) is true for k = ¢ and we will prove the result
for k =14+ 1. Using (9) and (10) we have

j()i+r+2) = szoi+r+1) =-V, (ﬁljoiJrl) NI ﬁrj0i+r)>
= —ﬁlvxjoi'i'l) e — /Brvxjoi-‘rr) — 751‘701-"-2) I /grjg_i_l_;’_r)' |:|

Proposition 2.5. Let (M, g) be a g.o. space with Jacobi osculating rank r.
Let ~,(t) : I — M a geodesic and (3,...,; constants depending of v such that

BT + -+ BeTE + TEHY = 0. Then,
BT 4 BTD + TV =0 forallt el (14)

Moreover by Proposition 2.3, we can determine smooth functions ay, ...,a,: I —R
to obtain the Jacobi operator along v, (t). More explicitly, we obtain that

Jo=To+a ()T + -+ a()TT. (15)
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PRrROOF. Using the expansion in Taylor’s series of the Jacobi operator [J;, it
is clear that

e i—n X 4k
R t z’)_zt kn) _
~7t = m 0o = HJO fornfl,...,r.
i=n k=0

Therefore, we conclude by the previous Lemma that

Lk
r r t r r

0170+ 4B TD+ T = 3 (BT e+ BT + Y =0,
k=0 """

O

Finally, note that if the constants 8;, i = 1,...,r, of (14) do not depend of

the geodesic then we can find an expression of type (14) valid for all geodesic of

a given g.o. space. Moreover, we obtain an expression of type (15) for the Jacobi

operator valid for all geodesic of a given g.o. space. When this happens, we say

that the given g.o. space has constant Jacobi osculating rank.

Remark 2.1. Although a g.o. space has constant Jacobi osculating rank, the
operator J; with respect to every fixed geodesic 7,(t) has still its own (as a
curve) constant osculating rank r., that could be less than or equal to the Jacobi
osculating rank r of the g.o. space.

It is clear by the previous results that every g.o. space has Jacobi osculating
rank. Now, the question is if every g.o. space has also constant Jacobi osculating
rank. In the next section we will prove that Kaplan example is a g.o. space with
constant Jacobi osculating rank and in a forthcoming paper we will provide an
example of a g.o. space with non-constant Jacobi osculating rank.

On the other hand, note that every g.o. space with constant Jacobi osculating
rank r satisfies a relation of type (14) between the first r + 1 covariant derivatives
of the Jacobi operator along anyone geodesic. These relations can be compared
with the relation VR = 0 that symmetric spaces satisfy.

3. Method to obtain the Jacobi osculating rank
of a g.o. space of H-type

In the previous section, we showed that on every Riemannian g.o. space with
constant Jacobi osculating rank exists an expression of the Jacobi operator valid
for all geodesic of a given g.o. space. The aim of this section is to develop a
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method to obtain such expression when we work on a g.o. space which is also an
H-type group. In particular, we will apply this method on Kaplan’s example.

We divide this section in two subsections. In the first one, we will recall some
basic definitions and results regarding “H-type groups”. In addition, we will give
a recursive expression for the n*" covariant derivative of the Jacobi operator at
the origin of an H-type group. In the last subsection, we will calculate the Jacobi
osculating rank of Kaplan’s example and we will check that Kaplan’s example
has constant Jacobi osculating rank. Finally, we will use it to obtain the explicit
expression of J;, the Jacobi operator along anyone geodesic, on Kaplan’s example.

The computer support, for example using the software MATHEMATICA 6.0,
can be so useful in Section 3.2 to obtain the objectives without loss the trans-
parency of the calculations.

3.1. Preliminaries about H-type groups.

Definition 3.1. Let n be a 2-step nilpotent Lie algebra with an inner product
(, ). Let 3 be the center of n and let v be its orthogonal complement. For each
vector A € 3, the operator j(A) : b — v is defined by the relation

GAX,Y) = (A, [X,Y]) forall X,Y €. (16)

The algebra n is called a generalized Heisenberg algebra (H-type algebra) if, for
each A € 3, the operator j(A) satisfies the identity

J(A)? = —|A"Idy (17)

where | |? denotes the quadratic form of the inner product { , ). A connected,
simply connected Lie group whose Lie algebra is an H-type algebra is diffeomor-
phic to R™ and it is called an H-type group. It is endowed with a left-invariant

metric.

In particular, the Lie algebra structure on n is defined by extending the skew-

symmetric bilinear map [, | : v X v — 3 to a bracket [A+ X, B+ Y] = [X,Y]
where A, B € 3 and X,Y € v. Moreover, it is well-known that
[X,(A)X] = A|X[? (18)

for all A € 3 and X € v. (See [13], [6, p. 24]).
H-type groups were intrinsically described in [13] and [6, p. 28]. They
obtained that the Riemannian connection is given by

1
VxY = gX.Y],

1
VaX = VyAd=—Zj(A)X, (19)

V4B =0,
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where A, B € 3 and X,Y € v. A straightforward computation now shows that
the Riemannian curvature tensor is given by

R(X,Y)Z = 151X, Y])Z ~ j(IV, ZDX — (2, X])Y),

R(X,Y)A = L[V, 5(A)X] ~ [X,j(A)Y]),
1

R(Xa A)Y = 7Z[Xa.7(A)Y]7

R(X, A)B = ~j(A)i(B)X,

R(A, B)X = [((A)J(B)X ~ j(B)i(A)X),

R(A, B)YC =0, (20)

where A, B,C € 3 and X,Y, Z € v.

Moreover, a geodesic, t — 7(t), through the origin p of an H-type group is
described by means of two vector-valued functions t — X (t) € v, t — A(t) € 3
as follows: y(t) = exp(X () + A(t)) such that X(0) = 0, A(0) = 0 and the unit
tangent vector of v at the origin p is given by g = Xo + Ag where fo denotes
(df /dt)i—o of any real or vector-valued function f(t). (See [13], [14], [6, p. 30]
and [22] for more detailed results about geodesics over H-type groups).

Now we define the mappings (,, 4 13 — 3 V4 3 — 9, (, x) :0 — 3 and

Vi, xy © 0 — 0 in arecurrent way for each n € N by

1 .
C(O,A)(B) = 1|X0|2B7

Vo (B) = 5i(B)j(A0) Xo ~ 13(A0)i(B)Xo,

o (V) = K0, 3(A0)Y] = 5[V, (Ao) o,

Vo (V) = 11AolY + S5([¥; Ko Xo, (21)
o (B) = 5 (Ko, (B 4 Gy, (B K0),

Vo (B) = 301 GOBYKo) = i(A0)or, Ly (B) = (G (BN o),
oo (V) = 2 (K0rv g O]+ oy GOADY) = Gy (K0 YD),
e (V) = 30 G(A0)Y) = (A0)w, (V)

7j(<(n71,x)(y))X0 7V(n71,A)([XOaY]))7 (22)
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where B € 3and Y € v.
Proposition 3.1. The n** covariant derivative of the Jacobi operator at the
origin p = y(0) of an H-type group is given by
T (B) = (oo (B) 4,4 (B).
T (V) = oy (V) + 7, (Y). (23)
where B €3 andY €v.

PROOF. For n = 0, using (20), (18), (17) and (21) we get that
Jo(B) = R(B, X0)Xo + R(B, Xo) Ao + R(B, Ag) Xo + R(B, Ag) Ao
= L1Xo*B + 3(B)j(A0)Xo — 1(A0)i(B) X
= Con(B) + 0.4 (B),

Jo(Y) = R(Y, Xo) Xo + R(Y, Xo)Ag + R(Y, Ag) X0 + R(Y, Ag) Ag
_1 1
! 2
= Coy (V) + Viox, (Y.

Finally, assuming that (23) is true for n — 1, we prove the result for n using
(10), (19) and (22). This finishes the proof, the detailed verification of the last
statement being left to the reader. O

(Ko, j(An)¥] = 3173 (Ao)Xo] + A0V + 25(1V: Kol %o

4

3.2. Kaplan’s example. Let n be a vector space of dimension 6 equipped with
a scalar product and let {E, Eo, E3, Fy4, E5, Eg} form an orthonormal basis. The
elements F5 and Fg span the center 3 of the Lie algebra n. The structure of a Lie
algebra on n is given by the following relations:

[E4, E2] =0,

[En, B3] = Es, [E2, B3] = Eg,

[E1,Ey| = Es,  |Es,Ea) = —Es,  |E3 Ey =0,

[Ey, E5] =0, fork=1,...,4,

By, B = 0, for k=1,....4, [Es,Eg]=0. (24)

Moreover, from (16) we easily obtain that
J(Es)Ey = E3, j(Es)E2 = —E4, j(Es)E3 =—FE1, j(Es)Es=Es,
J(E¢)Er = Es, j(Ee)E2=FEs,  j(Eg)Es =—Ey, j(Eg)Es=—E1. (25)
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The condition (17) for the operators j(A) can be easily verified from (25). Thus,
the relation (24) defines an H-type algebra.

The H-type group corresponding to n is named Kaplan’s ezample. We denote
it briefly by N.

Moreover, Z. DUSEK in [10] expresses N as an homogeneous space G/H
where H = SU(2) and G = N x H. Here the group G is not the full isometry
group of N, but the group N is a g.o. space with respect to this group.

In the remainder of this section, our purpose is to obtain an expression of
type (15). It is mean, we want to determine explicitly the Jacobi operator along
an arbitrary geodesic v with initial vector x = 4(0). From now on, we consider

that
6 6

x = inEi with  |z|> = 2:(9132)2 =1 (26)

i=1 i=1

Thus, using the notation of Section 3.1, Xy = Z?Zl z;E; and Ay = 22:5 ToFy.
There is no loss of generality in assuming that € m is a unit vector. Nevertheless,
it will be sometimes convenient to ignore it. Furthermore, we denote by {Q;},
i =1,...,6, the orthonormal frame field obtained by parallel translation of the
basis {E;}, i =1,...,6, along the geodesic .

More precisely, to determine explicitly the Jacobi operator along an arbitrary
geodesic, firstly, we have to calculate which is the Jacobi osculating rank r of N.
It is mean, we must first obtain the relation of type (12) that it is satisfied on N.

Let us start with the following technical lemma on N.

Lemma 3.1. The operator [Xo, Y] €3, Y €v, is given by
[Xo, B1] = —23F5 — 24 F, [Xo, Ba] = 245 — 23 Eg,
[Xo, B5] = 1 E5 + 22 Eg, (X0, B4 = —22E5 +21F6.  (27)
The operator j(AO) 1 v — v is defined by
§(Ao)(Ey) = 25 B3 + w6 By, §(Ao)(E2) = 26F3 — x5 Ey,
J(AQ)(E3) = —a5 By — 26 Es, §(AQ)(Ey) = —x6E1 + x5 F>. (28)
The operator j(-)(Xo) : 3 — v is given by

§(Bs)(Xo) = —a3E1 + 24By + 11 E3 — 29 Ey,

](EG)(X()) = —.1?4E1 - Z‘3E2 + l‘gEg + .131E4. (29)
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Finally, the mappings ¢, .,

oy (B1) =
Cloxy (B2) =
Cloux) (Ei3) =
Cox) (Ba) =

14

(0,X) (El) =

Vio.x) (EQ) =

14

(0,X) (E3) =

| | Il
e S e e N e Y Y

are defined by

Vio.x)7 So.ar7 Vioa)

1
Z((*CE11’5 - 3m2x6)E5 + (3$2$5 - xlxﬁ)Eg),

1
i((—$2$5 + 3$1$6)E5 + (—31}1.235 — 372736)E6)7

1
1((—‘@3935 — 3$45L‘6)E5 + (3%41‘5 — :L‘3£L'6)E6),

1
1((71’41‘5 + 3:173936)E5 + (*31’3355 — 564126)E'6)7

i((—S(m% +af) + a3+ 2g) By + 3(w12s + w224) By
+ 3(z124 — x023)Ey),

i((—3(m§ +a3) 4+ 2k + 22) By + 3(x0w3 — 1124) E3
+ 3(z123 + x024) Ey),

—~

3(I1$3 + .7321‘4)E1 + 3($2.1‘3 — $1$4)E2

—3(a7 + x3) + 23 + 23) Es),

—~

(3(x114 — xox3) By + 3(x123 + 2x4) Es
(—3(23 4+ 23) + 22 + 22)Ey),

(3 + 23+ 25+ 2})E,, a=5,6,
((—z125 — 3x226) F1 + (32126 — T225) Eo

(7‘%31’5 — 31’41’6)E3 + (*%4.’[5 + 3£U3£E6)E4),

= 7((33725(}5 — CL‘lfL‘(j)El + (—33?1.’175 — .’I?QLU(;)EQ

4
+ (Bzgxs — x3w6) E5 4+ (32325 — 246) Ey).

(30)

PROOF. We need only consider the linearity of all involve operators and
formulas (21), (24) and (25).

O

In general, the n'* covariant derivative of the Jacobi operator at the ori-

gin of a Riemannian manifold is given by the matrix jO") = (\7[;(0)) where
J20) = (7,(Q:), Q5)(0) = (F3”(E:), Ej). On an H-type group, we also know

by Proposition 3.1 and the orthogonality between the center 3 and v that

T0) = (Cony (Ea), Eg), T (0) = (v, ., (Ba), Ej),
T(0) = (¢ x, (Bi), Es), T0) = (v, , (B, Ej),

(31)



Constant Jacobi osculating rank of a g.o. space. A method to ... 151

where the indexes «, 3 identify the elements that span 3 and ¢,j identify the
elements of v. In particular, on Kaplan’s example i,j=1,...,4 and «,3=25,6.
Moreover, we obtain the explicit expressions of jon), n=20,...,5 on N by for-
mulas (31), (22), (24), (25), Lemma 3.1 and the linearity of all involve operators.
They can be seen in [3, p. 74-83]. Anyway, we write here the expression of j(? ) and
the elements jﬁ)(O), \71"2) (0), J;G)(O), ._76%)(0), n=1,2,3,4,5, for the illustration
of the next result’s proof. In addition, we show how to obtain J7 (0).
The explicit expression of joo) = (J5(0)) , 4,5 =1,...,6, is given by

j101(0) = \7202(0) = 1(
TH0) = TE0) = 21wy + axma), T(0) =~ TH(0) =

T15(0) =

—3a3 — 3z} + 22 + 13),  Jia(0) = T5u(0) = T(0) =
3
Z(*$2$3 + z124),

1
*(—1‘11‘5 — 31‘2.1?6), jloﬁ(O) = 1(3372.135 — .1311‘6),

4
1 1

T5(0) = Z(—»’U2$5 +3z126), Ja5(0) = 1(—3x1$5 — ToTg),
1 1

T35(0) = Z(*l’:ﬂfﬁ — 32476), Jag(0) = 1(3x4x5 — x376),

1
«7??3(0) = «7404(0) = 1(—393% - 333% + x? + 33?5)7 —(—x425 + 3z326),

)=

VA
1
Z(xl + x2 + :c3 + x4) (32)

1
j406(0) = Z(—3$3$5 — T46), «7505(0) = j(?(;( )=

The elements J7%(0) of Jon), n=1,2,3,4,5, are

Th0) 2 i x (Br), By P <;(V<o ) ((A0) Er) = j(Ao)vo,x) (En)
— 3(Co,x)(E1)) Xo — v(o,4) ([XO,El])),E1>
Lem. 3.1 1(<1/(0 X)(x5E3+;z:6E4) Ey) < <£ — x3+x4)+x5+x6)E

+ 3(1‘1l‘3 + 332.’134)E3 + 3(1‘1.234 — .1‘21‘3)E4)),E > < ( (( 15

— 3x226) Es + (3z0x5 — x126) Eg >X07 1)+ (V0,4)(x3E5 + 24 E), E1))

= %($5<V(o,x)(E3)a Ey) + w6 (v(0,x)(F4), E1)
— 13 + 2 + 23 + 2D)(Ao) (B), B

+ 3($1$3 + 1’2$4)<j(A0)(E3), E1> + 3($1$4 — $2$3)<j(A0)(E4), E1>)

- i((—xl% — 3226)(j(E5) X0, B1) + (32225 — 2176)(j(E6) Xo, E1))
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+ 23V 4 (E5), E1) + 24(v(0,4)(E6), E1))

mesr 1o (3 3
Lem. 3.1 5 (x5 (Z(xlx?) + xzx4)) + 6 (1(1’1564 - 5023”3))

— -3
+ 7(371333 + zox4)(—25) + T(ﬂﬁlm — z923)(—6)

(—1‘1.%'5 — 3$2$6)(—$3) + (3(E21’5 — 1‘11‘6)(—1'4))

A~

+ 3 (i(_xl% — 3:1:23:6)) + x4 (2(3562335 — 331366)))

1
= 5(:61(963375 + 2426) + 3x2(Taxs — 2376)),

1
T (0) = 7 (27(225 + 2% — 2§ — 25) + 25(25 + 227 — 325 — 32F)

+2((23 + 23)% + 2(zaw5 — 2376)7)),

1
T (0) = g(ml(x3x5 + wgw6) (—Tx? — Tod — Tas — T22 — 22 — 22)

+ 2o (x326 — T4w5) (927 + 923 + 923 + 927 + 1523 + 1522)),

J11(0)

= E(w?(—Sx%x% — 1623 — 8xix] — 162 + Tola? — xiwd — 172522 + 3
+ Totad — 172302 — 232 + 22322 + x§) + 3 (—8x323 — 1655 — 8v3a]
— 162} + 92327 + v322 — 152522 + 1523 + 9z327 — 150508 + 252]
+ 302222 + 1528) + w202(—1622 — 1622 + 1622 + 1622) + 22(—8x3
— 8z2a? — 24x2al — 16222k — 1627) + 23 (—8x] — 242322 — 1622

— 8zixk — 1622xl) + x323(—3227 — 3223 — 2423 — 2427 — 3222

— 3222) + w3x4m576(3207 + 3223 + 3223 + 3207 + 3222 + 3222)),

-1
jﬂ(O) = g(x% +w§ +x§ +xi +x§ +x§)((m? +x§ +x§ +xZ +x§ +x(25)

5
(21 (2325 + Tax6) + 322 (2425 — T3T6)) + 1(901(1‘3% + x40 ) (— T3

— Tad — 7o — T2 — 22 — 22) + xo(v326 — vaw5) (927 + 923 + 923
+ 923 + 1522 + 1522))). (33)

The entries J75(0) of 7", n =1,2,3,4,5, are

~7112(0) = x1(—x425 + x376) + x2(T325 + T4T6),
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1
T5(0) = 5(955966( 223 + a3) + 2w3w4 (22 — 23) + miwa (23 + 27)),
T5(0) = (z1(w425 — T376) — o (w375 + Ta6)) (27 + o3 + 23 + 25 + 22 + 23),
1
TH(0) = ~(@raalad +a3) (<o o o — a3 — TaZ ~ Tad)
+ z3wq(—8as + 8xg + 8(xf — 22) (2] + 23 + 23 + 23))
+ x5w6 (823 — 8] + 8(a3 — af)(af + 23 + 23 + 13))),
—1
Tp(0) = (@] + 25 + 25 + 2% + 25 + 26) (2] + 23 + 25 + 21 + 25 + 25)
(.1‘1(—.134$5 =+ $3$6) + $2($3l‘5 + .’134.%‘6)) + 5(($1(JZ4$5 — l‘3$6)
— wa(w3x5 + awe)) (2] + 23 + 23 + 2F + 23 + 27))). (34)
The elements J25(0) of jon), n=1,2,34,5, are

J516(0) = \-75?6(0) = js?e‘(o) =
J56(0) = %(m? + @ + @3+ 2h)es e,

-1
JE?G(O) = ?(x% + a:% + x% + xi)xg,a:(g(?x% + 7;103 + 7:0% + 7xi + x% + x%) (35)

Finally, the entries J(0) of »70”)7 n=1,2,3,4,5, are

j616(0) = j636(0) = j656(0) =

-1
J56(0) = - (@ + @3 + w3 + a7) (207 + 23 + 2075 + 2] + a5 — a5),

1
Tk (0) = T — (2?2 + 22 + 23 + 23) (821 + 8x3 + 8x3 + 8z + xt — xg + 162323
+ 152322 + 152322 + 2322 + 2528 + 23(1623 + 1623 + 1522 + 22)
+ 22(1623 + 1623 + 1623 4 1522 + 22)). (36)

Theorem 3.1. The Kaplan’s example N has constant Jacobi osculating
rank r = 4. In fact, the derivatives of the Jacobi operator at the origin satisfy

the identity
1 1
Hel T + 227 + 7 (37)

where x denotes the unit initial tangent vector of an arbitrary geodesic on N.
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PROOF. Let us consider the following linear homogeneous system of equa-
tions

1) AJ}(0) + BJA(0) + CTH(0) + DI} (0) =0,
2)  AJ5(0) + BIR%(0) + CT%(0) + DI5(0) =0,
3)  AJss(0) + BJ%(0) + CT%(0) + DJx(0) =0,

4) AJGIG(O) + Bj626(0) + Cj636(0) + DJ(?G(O) = 0. (38)

Using the information provide by (35) and (36) we conclude from the equations 3)
and 4) that B = D = 0 is the only possible solution valid for all geodesic in N.
Finally, we study the simplified equations 1) and 2) using (33) and (34). We obtain
that A = C' = 0. Therefore, jol), j02 ), jg’ ) and j04) are linear independent.

On the other hand by (33), it is a straightforward computation to check that

1 5 .
Z‘I|4~7111(0) + Z|$|2\7131(0) + J11(0) =0.

Analogously using jol) of [3, p. 74], ]03) of [3, p. 76] and jos) of [3, p. 81], we
easily check that the following more general relation is satisfied

1 5 .

1l 75(0) + 7127 T5(0) + T5(0) = 0, i j=1,....6.

Therefore, we obtain (37) and we state that r = 4. Moreover, this relation is
valid for all geodesic in N due to |x|?> =1 (see (26)). Thus, the Jacobi osculating
rank of IV is constant. U

Now, due to r = 4 and Proposition 2.5, there are four smooth functions
ai,...,aq : I — R that provide an expression of type (15) for the Jacobi operator
valid for all geodesic in N. In the following, we will determine these functions.

Theorem 3.2. The Jacobi operator along anyone geodesic v of N with unit
initial tangent vector can be written in the form

i = Jo + a1 ()T + aa(t) T3 + as(t) T + aa(t) Ty (39)
where

ai(t) = é(S sin(t/2) —sin(t)),  as(t) =5+ %(Cos(t) — 16c0s(t/2)),

as(t) = %(8 sin(t/2) — dsin(t)),  as(t) =4+ %(cos(t) ~dcos(t/2)).  (40)

ProOF. From Proposition 2.3, Proposition 2.5 and due to we assume that
|z|? = 1, we only have to solve the following homogeneous linear ordinary differ-
ential equation of order 5: ijtl) + %Jf’) + $5) = 0. Following the general theory
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about ordinary differential equations we have that y5 + %y3 + iy is its character-
istic polynomial whose roots are {0,+%,+2}. Thus, the Jacobi operator is given
by

Ji = co + ¢1 cos(t) + casin(t) + c3 cos(t/2) + ¢4 sin(t/2), (41)

where ¢;, [ = 1,...,4 are arbitrary parameters. Now, it remains only to find the
value of ¢;. It is easy to obtain from (41) the relations

C C.
Jo =co +c1 + cs3, Jol):02+54, 502):—(01+—3),

3 C4 4 C3
»70):—<02+§), '.70)201-&-%.

Then, we have

1 —1
(= \70 —+ 5j02) +4j04), c1 = g(joz) +4j(;1)), Coy = ?(‘701) + 4\.763)))

—16 8
3 = 7(702) +7y)), = §(~701) + 7).
We conclude the proof substituting these values in (41). O

Remark 3.1. The resolution of the Jacobi equation on N. The resolution of
the Jacobi equation on a Riemannian manifold can be quite a difficult task. In
the Euclidean space the solution is trivial. For the symmetric spaces, the problem
is reduced to a system of differential equations with constant coefficients. In [7]
and [8], I. CHAVEL obtained a partial solution of this problem for the naturally
reductive manifolds Vi = Sp(2)/SU(2) and Vo = SU(5)/(Sp(2) x S'). The
method used by I. Chavel, which allowed him to solve the Jacobi equation in
some particular directions of the geodesic, is based on the use of the canonical
connection. Nevertheless, his method does not seem to apply in a simple way
to solve the Jacobi equation along an unit geodesic of an arbitrary direction.
For naturally reductive compact homogeneous spaces, W. ZILLER [24] solves the
Jacobi equation working with the canonical connection; but the solution can be
considered of qualitative type (it does not allow us to obtain in an easy way the
Jacobi fields neither for any particular example nor for an arbitrary direction
of the geodesic). The methods used by I. Chavel and W. Ziller for solving the
Jacobi equation are special cases of a more general procedure (see Lemma of [6,
p. 51]). In particular, this procedure is valid on any g.o. space and any generalized
Heisenberg group. Although it is not always possible obtain explicit results using
this method, the Jacobi equation Y}” + J;Y; = 0 along an arbitrary geodesic ~(¢)
and with respect to the Levi-Civita connection V has been solved by this method
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on H-type groups by J. BERNDT, F. TRICERRI and L. VANHECKE in [6, p. 52].
Thus, using this result the Jacobi fields on N could be obtained explicitly.

Now, as a direct consequence of the study made in this paper, we can also
use on g.o. spaces the new method known on naturally reductive spaces namely,
the method based in the constant Jacobi osculating rank. This method allows us
to obtain explicitly the Jacobi fields for a particular example and for an arbitrary
direction of the geodesic. Moreover, it was presented by the second author and
A. TARRIO in [19] on the naturally reductive space Sp(2)/SU(2) and it was
used by the first author and S. BARTOLL in [5] on the naturally reductive space
U(3)/(U(1)xU(1)xU(1)). In particular, as a direct consequence of Theorem 3.2,
we can apply this new method to solve the Jacobi equation on N. Moreover, the
first author calculated explicitly in [3, p. 70-73] the Jacobi field (Y;); on N when
the unit tangent vector g is X = Zle z; B; (ie., x5 = z¢ = 0). Firstly, she
calculated using the method based in the constant Jacobi osculating rank of N
and later using Theorem of [6, p. 52]. Finally, she checked that both obtained
results are equivalents.
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