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On the correlation of pseudorandom binary sequences with
composite moduli

By HUANING LIU (Jinan), TAO ZHAN (Jinan) and XIAOYUN WANG (Jinan)

Abstract. Recently J. Rivat and A. Sárközy extended two large families of pseudo-

random binary sequences to the case of composite moduli m, where m is the product

of two different primes not far apart. In this paper we study the correlation measure

of these sequences. Our results show that these sequences are “bad” if either m is “not

large” or m is “large” but its prime factors are known.

§1. Introduction

In a series of papers C. Mauduit, J. Rivat and A. Sárközy (partly with other
coauthors) studied finite pseudorandom binary sequences

EN = (e1, . . . , eN ) ∈ {−1, +1}N
.

In particular in [8] C. Mauduit and A. Sárközy first introduced the following
measures of pseudorandomness: the well-distribution measure of EN is defined by

W (EN ) = max
a,b,t

∣∣∣∣∣
t−1∑

j=0

ea+jb

∣∣∣∣∣,
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where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a + (t− 1)b ≤ N .
The correlation measure of order k of EN is defined as

Ck(EN ) = max
M,D

∣∣∣∣∣
M∑

n=1

en+d1en+d2 . . . en+dk

∣∣∣∣∣,

where the maximum is taken over all D = (d1, . . . , dk) and M with 0 ≤ d1 <

· · · < dk ≤ N −M , and the combined (well-distribution-correlation) PR- measure
of order k

Qk (EN ) = max
a,b,t,D

∣∣∣∣∣
t∑

j=0

ea+jb+d1ea+jb+d2 . . . ea+jb+dk

∣∣∣∣∣

is defined for all a, b, t, D = (d1, . . . , dk) with 1 ≤ a+jb+di ≤ N(i = 1, 2, . . . , k).
Many pseudorandom binary sequences were given and studied, see [1], [2],

[3], [4], [5], [6], [7], [9], [10] for details. For example, two large families of pseudo-
random binary sequences have been given. The first construction was given by
C. Mauduit, J. Rivat and A. Sárközy in [7].

Proposition 1.1. Let p be an odd prime number, f(x) ∈ Fp[x] of degree d,

and define Ep = (e1, . . . , ep) by

en =





+1, if 0 ≤ Rp(f(n)) < p/2,

−1, if p/2 ≤ Rp(f(n)) < p,

where Rp(n) denotes the unique r ∈ {0, 1, . . . , p − 1} such that n ≡ r(modp).
Then we have

W (Ep) ¿ dp1/2(log p)2,

and for 2 ≤ l ≤ d− 1, we also have

Cl(Ep) ¿ dp1/2(log p)l+1.

The other construction was given by C. Mauduit and A. Sárközy in [9].

Proposition 1.2. Assume that p is a prime number, f(x) ∈ Fp[x] has degree

k(1 < k < p) and no multiple zero in Fp. For (a, p) = 1, denote the multiplicative

inverse of a by a−1 such that aa−1 ≡ 1(modp). Define the binary sequence

Ep = (e1, . . . , ep) by

en =





+1, if (f(n), p) = 1, Rp(f(n)−1) < p/2,

−1, if either (f(n), p) = 1, Rp(f(n)−1) ≥ p/2 or p | f(n).



On the correlation of pseudorandom binary sequences with composite moduli 197

Then we have

W (Ep) ¿ kp1/2(log p)2.

Moreover assume that l ∈ N, and one of the following conditions holds:

(i) l = 2, (ii) (4k)l < p.

Then we have

Cl(Ep) ¿ klp1/2(log p)l+1.

Note that the above constructions are with a prime moduli p. One might like
to look for constructions with composite moduli m, since this type of constructions
are more important in cryptography. Let m be a modulus of “RSA type”, i.e., it
is the product of two primes not far apart, say,

m = pq, p, q are primes, p < q < 2p. (1.1)

J. Rivat and A. Sárközy [11] tried to extend the above two constructions to the
case of composite moduli m defined by (1.1). They wrote that,“...we will show
that a partial extension of the construction above is possible, but we also run into,
perhaps, unexpected difficulties.” Indeed, in [11] first they study the extension of
the Legendre symbol construction [2] to Jacobi symbol with modulus of form
(1.1). Then they study the pseudorandom properties of two further constructions
with moduli of form (1.1). Their main results on these constructions are the
following.

Proposition 1.3. Assume that m ∈ N is of the form (1.1), f(x) = adx
d +

· · · + a1x + a0 ∈ Z[x], (ad, pq) = 1, and 2 ≤ d < p(< q). Define the binary

sequence E′
m = (e′1, . . . , e

′
m) by

e′n =





+1, if 0 ≤ Rm(f(n)) < m/2,

−1, if m/2 ≤ Rm(f(n)) < m,

where Rm(n) denotes the unique r ∈ {0, 1, . . . , m− 1} with n ≡ r(modm). Then

we have

W (E′
m) ¿ d2m1/2(log m)2.

Assume that d ≥ 3. Then we also have

C2(E′
m) ¿ dm3/4(log m)3.
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Definition 1.1. For a ∈ Z and m ∈ N such that (a,m) = 1, let im(a) denote
the unique integer b such that 0 ≤ b ≤ m− 1 and ab ≡ 1(modm).

Proposition 1.4. Assume that m ∈ N is of the form (1.1), f(x) = akxk +
· · · + a1x + a0 ∈ Z[x], (ak, pq) = 1, and 1 ≤ k < p(< q). Define the binary

sequence E′′
m = (e′′1 , . . . , e′′m) by

e′′n =





+1, if (f(n),m) = 1, Rm(im(f(n))) < m/2,

−1, if either (f(n),m) = 1, Rm(im(f(n))) ≥ m/2, or (f(n),m) > 1.

Then we have

W (E′′
m) ¿ k2m1/2(log m)2,

and

C2(E′′
m) ¿ k2m3/4(log m)3.

In this paper we shall study the correlation measure of order greater than 2
of the sequences defined in Proposition 1.3 and Proposition 1.4. In Section 3 we
shall prove the following.

Theorem 1.1. Define m, d, f(x) and E′
m as in Proposition 1.3. Assume

that d ≥ 4. Then we have

C3(E′
m) ¿ dm3/4(log m)4.

Theorem 1.2. Define m, k, f(x) and E′′
m as in Proposition 1.4. Assume

that (4k)3 < p(< q). Then we have

C3(E′′
m) ¿ k3m3/4(log m)4.

Since

C2(E′
m) ¿ dm3/4(log m)3, C3(E′

m) ¿ dm3/4(log m)4,

C2(E′′
m) ¿ k2m3/4(log m)3, C3(E′′

m) ¿ k3m3/4(log m)4,

it is natural to expect that

Cl(E′
m) ¿ dm3/4(log m)l+1 and Cl(E′′

m) ¿ klm3/4(log m)l+1

for l ≥ 4. However, in Section 4 we shall prove that C4l(E′
m) and C4l(E′′

m) are
large for l ∈ N.
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Theorem 1.3. Define m, d, f(x) and E′
m as in Proposition 1.3. Assume

that the prime factors p, q of m are made known, and

1 ≤ l ≤ min ((d− 1)/2, q − p + 1) .

Then we have

C4l(E′
m) À

(
2
π

)4l

m.

Theorem 1.4. Define m, k, f(x) and E′′
m as in Proposition 1.4. Assume

that the prime factors p, q of m are made known, and (4k)2l < p. Then we have

C4l(E′′
m) À

(
2
π

)4l

m.

§2. Some lemmas

To prove the theorems, we need the following lemmas.

Lemma 2.1. If n ∈ Z and m is an odd integer, then we have

1
m

∑

|a|<m/2

vm(a)e
(an

m

)
=





+1, if 0 ≤ Rm(n) < m/2,

−1, if m/2 ≤ Rm(n) < m,

where vm(a) is a function of period m such that

vm(0) = 1, vm(a) = 1 + i
(−1)a − cos(πa/m)

sin(πa/m)
(1 ≤ |a| < m/2) .

Furthermore, vm(a) satisfies

vm(a) =





O(1), if a is even,

−2im

πa
+ O(1), if a is odd.

Proof. This is Lemma 2 in [7]. ¤

Lemma 2.2. Let p be a prime number, k ∈ N, 1 ≤ k < p, f(x) ∈ Fp[x] a

polynomial of degree d ≥ k, and let d1, . . . , dk be k different elements of Fp. Then

for all (h1, . . . , hk) ∈ Fk
p\(0, . . . , 0), the polynomial

g(x) = h1f(x + d1) + · · ·+ hkf(x + dk)

is of degree ≥ d− k + 1.



200 Huaning Liu, Tao Zhan and Xiaoyun Wang

Proof. This is Lemma 3 in [7]. ¤
Lemma 2.3. Let p, q be distinct prime numbers and f(x) = alx

l + · · · +
a1x + a0 ∈ Z[x] with 2 ≤ l < min(p, q), pq - al and X, Y real numbers with

0 < Y ≤ pq. Then∣∣∣∣
∑

X<n≤X+Y

e
(

f(n)
pq

) ∣∣∣∣ ¿ l2p1/2q1/2 log(pq) for (al, pq) = 1,

∣∣∣∣
∑

X<n≤X+Y

e
(

f(n)
pq

) ∣∣∣∣ ¿ lpq1/2 log(pq) for (al, q) = 1,

∣∣∣∣
∑

X<n≤X+Y

e
(

f(n)
pq

) ∣∣∣∣ ¿ lp1/2q log(pq) for (al, p) = 1.

Proof. This is Lemma 10 in [11]. ¤
Lemma 2.4. Assume that p is a prime number, f(x) ∈ Fp[x] has degree

(0 <)k(< p) and no multiple zero in Fp. Assume that l ∈ N with 2 ≤ l ≤ p, and

one of the following conditions holds:

(i) l = 2, (ii) (4k)l < p.

Let d1, . . . , dl be l different elements of Fp. Then for all

(h1, . . . , hl) ∈ Fl
p\(0, . . . , 0),

the polynomial

g(x) =
l∑

i=1

hi

∏

1≤j≤l
j 6=i

f(n + dj)

is not the 0 polynomial.

Proof. This is Lemma 5 in [9]. ¤
Lemma 2.5. Let p and q be two distinct prime numbers. Let Q, R ∈ Z[x]

be polynomials such that reducing them modulo p the polynomials Qp and Rp

obtained in this way determine a rational function Qp/Rp over Fp, and reducing

them modulo q the polynomials Qq and Rq obtained in this way determine a

rational function Qq/Rq over Fq. Write D = max(deg(R), deg(Q)) and let X, Y

be real numbers with 0 < Y ≤ pq. Then we have∣∣∣∣∣
∑

X<n≤X+Y
(R(n),pq)=1

e
(

Q(n)ipq(R(n))
pq

) ∣∣∣∣∣ ¿ D2p1/2q1/2 log(pq),

if Qp/Rp and Qq/Rq are not constants or linear polynomials,
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∣∣∣∣∣
∑

X<n≤X+Y
(R(n),pq)=1

e
(

Q(n)ipq(R(n))
pq

) ∣∣∣∣∣ ¿ Dpq1/2 log(pq),

if Qq/Rq is not a constant or linear polynomial,
∣∣∣∣∣

∑

X<n≤X+Y
(R(n),pq)=1

e
(

Q(n)ipq(R(n))
pq

) ∣∣∣∣∣ ¿ Dp1/2q log(pq),

if Qp/Rp is not a constant or linear polynomial.

Proof. This Lemma can be proved from Lemmas 1, 11 and 13 in [11]. ¤

Lemma 2.6. Let p, q be distinct prime numbers. Then for any polynomial

f(x) ∈ Z[x], we have

pq∑
n=1

e
(

f(n)
pq

)
= e

(
f(0)
pq

) [
e
(
− iq(p)f(0)

q

) q∑
u=1

e
(

iq(p)f(u)
q

)]

×
[
e
(
− ip(q)f(0)

p

) p∑
v=1

e
(

ip(q)f(v)
p

)]
.

Proof. This is formula (19) in [11]. ¤

Lemma 2.7. Suppose that p is a prime number and f(x) = alx
l + · · · +

a1x + a0 ∈ Z[x] is a polynomial with 0 < l < p and (al, p) = 1. Then
∣∣∣∣∣

p−1∑
n=0

e
(

f(n)
p

) ∣∣∣∣∣ ≤ (l − 1) p1/2.

Proof. This is Corollary 2F in [12]. ¤

Lemma 2.8. Assume that m ∈ N is of the form (1.1). Then we have
∑

|r1|<m/2

∑

|r2|<m/2

p|r1+r2

r1+r2 6=0

∑

|r3|<m/2

· · ·
∑

|rl|<m/2

vm(r1)vm(r2)vm(r3) . . . vm(rl)

¿ ml−1/2 (log m)l
.

Proof. From Lemma 2.1 we have
∑

|r1|<m/2

∑

|r2|<m/2

p|r1+r2

r1+r2 6=0

∑

|r3|<m/2

· · ·
∑

|rl|<m/2

vm(r1)vm(r2)vm(r3) . . . vm(rl)



202 Huaning Liu, Tao Zhan and Xiaoyun Wang

¿
∑

−q<l<q
l 6=0

∑

|r1|<m/2

∑

|r1|<m/2

r1+r2=lp

|vm(r1)||vm(r2)|
( ∑

|r|<m/2

|vm(r)|
)l−2

¿ ml(log m)l−2
∑

−q<l<q
l 6=0

∑

|r1|<m/2

r1 6=0

∑

|r2|<m/2

r2 6=0

r1+r2=lp

1
|r1r2|

= ml(log m)l−2
∑

−q<l<q
l 6=0

∑

|r1|<m/2

r1 6=0

∑

|r2|<m/2

r2 6=0

r1+r2=lp

∣∣∣∣
1

(r1 + r2)

(
1
r1

+
1
r2

)∣∣∣∣

¿ ml(log m)l−2
∑

−q<l<q
l 6=0

1
|l|p

[ ∑

|r1|<m/2
r1 6=0

1
|r1| +

∑

|r2|<m/2
r2 6=0

1
|r2|

]

¿ ml−1/2 (log m)l
. ¤

Lemma 2.9. Let p, q ∈ N with (p, q) = 1 and Q(x), R(x) ∈ Z[x]. Then

∑

1≤n≤pq
(R(n),pq)=1

e
(

Q(n)ipq(R(n))
pq

)

=
∑

1≤u≤q
(R(u),q)=1

e
(

Q(u)iq(pR(u))
q

) ∑

1≤v≤p
(R(v),p)=1

e
(

Q(v)ip(qR(v))
p

)
.

Proof. This is Lemma 11 in [11]. ¤

Lemma 2.10. Let p be a prime number and Q/R a rational function over

Fp, which is not constant. Let s be the number of distinct roots of the polynomial

R in Fp. If ψ is a non-trivial additive character of Fp, then

∣∣∣∣∣
∑

n∈Fp

R(n)6=0

ψ

(
Q(n)
R(n)

) ∣∣∣∣∣ ≤ (max(deg(Q), deg(R)) + s− 1)
√

p.

Proof. This is Lemma 13 in [11]. ¤
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§3. Proof of Theorem 1.1 and Theorem 1.2

First we prove Theorem 1.1. Let M ∈ N, d1, d2, d3 ∈ Z such that 0 ≤ d1 <

d2 < d3 ≤ m−M . By Lemma 2.1 we get

M∑
n=1

e′n+d1
e′n+d2

e′n+d3
=

1
m3

M∑
n=1

∑

|r1|<m/2

vm(r1)e
(

r1f(n + d1)
m

)

×
∑

|r2|<m/2

vm(r2)e
(

r2f(n + d2)
m

) ∑

|r3|<m/2

vm(r3)e
(

r3f(n + d3)
m

)

=
1

m3

∑

|r1|<m/2

∑

|r2|<m/2

∑

|r3|<m/2

vm(r1)vm(r2)vm(r3)

×
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

)

=
1

m3

3∑

i=1

(
3
i

) ∑

|r1|<m/2

∑

|r2|<m/2

∑

|r3|<m/2

(rj1 ,m)>1,...,(rji
,m)>1

vm(r1)vm(r2)vm(r3)

×
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

)

+
1

m3

∑

|r1|<m/2
(r1,m)=1

∑

|r2|<m/2
(r2,m)=1

∑

|r3|<m/2
(r3,m)=1

vm(r1)vm(r2)vm(r3)

×
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

)
.

From Lemma 2.1 we easily have

1
m3

3∑

i=1

(
3
i

) ∑

|r1|<m/2

∑

|r2|<m/2

∑

|r3|<m/2

(rj1 ,m)>1,...,(rji
,m)>1

vm(r1)vm(r2)vm(r3)

×
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

)

¿ M

m3

3∑

i=1

(
3
i

)( ∑

|r|<m/2
(r,m)=1

|vm(r)|
)3−i( ∑

|s|<m/2
(s,m)>1

|vm(s)|
)i
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¿ M

m3

3∑

i=1

(
3
i

)( ∑

|r|<m/2
(r,m)=1

m

r

)3−i( ∑

|s|<m/2
(s,m)>1

s 6=0

m

s
+ 1

)i

¿ M

m3

3∑

i=1

(
3
i

)
m3−i(log m)3−i

( ∑

|s|<m/2
p|s
s 6=0

m

s
+

∑

|s|<m/2
q|s
s 6=0

m

s
+ 1

)i

¿ M

m3

3∑

i=1

(
3
i

)
m3−i(log m)3−imi/2(log m)i ¿ m1/2(log m)3.

Therefore

M∑
n=1

e′n+d1
e′n+d2

e′n+d3
=

1
m3

∑

|r1|<m/2
(r1,m)=1

∑

|r2|<m/2
(r2,m)=1

∑

|r3|<m/2
(r3,m)=1

vm(r1)vm(r2)vm(r3)

×
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

)
+ O

(
m1/2(log m)3

)
.

Since 0 ≤ d1 < d2 < d3 ≤ m−M , there exists at least one di such that di 6≡
dj(modp) or di 6≡ dj(modq) for j ∈ {1, 2, 3}\{i}. Without loss of generality,
we suppose that d3 6≡ d1(modp), d3 6≡ d2(modp). Note that deg(f) ≥ 4 and
(r3,m) = 1, from Lemma 2.2 we know that the polynomial

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)

is of degree ≥ 2 in Fp. Then from Lemma 2.3 we have

∣∣∣∣∣
M∑

n=1

e
(

r1f(n + d1) + r2f(n + d2) + r3f(n + d3)
m

) ∣∣∣∣∣
¿ dp1/2q log(pq) ¿ dm3/4 log m.

Then by Lemma 2.1 we get

M∑
n=1

e′n+d1
e′n+d2

e′n+d3
¿ 1

m3

( ∑

|r|<m/2
(r,m)=1

|vm(r)|
)3

· dm3/4 log m + m1/2(log m)3
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¿ 1
m3

( ∑

|r|<m/2
(r,m)=1

m

r

)3

· dm3/4 log m + m1/2(log m)3 ¿ dm3/4(log m)4.

Therefore
C3(E′

m) ¿ dm3/4(log m)4.

Now we prove Theorem 1.2. Let M ∈ N, d1, d2, d3 ∈ Z such that 0 ≤ d1 <

d2 < d3 ≤ m − M . By Lemma 2.1 and the methods of proving Theorem 1.1
we get

M∑
n=1

e′′n+d1
e′′n+d2

e′′n+d3
=

1
m3

M∑
n=1

(f(n+d1)f(n+d2)f(n+d3),m)=1

×
∑

|r1|<m/2

vm(r1)e
(

r1im(f(n + d1))
m

)

×
∑

|r2|<m/2

vm(r2)e
(

r2im(f(n + d2))
m

) ∑

|r3|<m/2

vm(r3)e
(

r3im(f(n + d3))
m

)
+ O(k)

=
1

m3

∑

|r1|<m/2

∑

|r2|<m/2

∑

|r3|<m/2

vm(r1)vm(r2)vm(r3)
M∑

n=1
(f(n+d1)f(n+d2)f(n+d3),m)=1

× e
(

r1im(f(n + d1)) + r2im(f(n + d2)) + r3im(f(n + d3))
m

)
+ O(k)

=
1

m3

3∑

i=1

(
3
i

) ∑

|r1|<m/2

∑

|r2|<m/2

∑

|r3|<m/2

(rj1 ,m)>1,...,(rji
,m)>1

vm(r1)vm(r2)vm(r3)
M∑

n=1
(f(n+d1)f(n+d2)f(n+d3),m)=1

× e
(

r1im(f(n + d1)) + r2im(f(n + d2)) + r3im(f(n + d3))
m

)

+
1

m3

∑

|r1|<m/2
(r1,m)=1

∑

|r2|<m/2
(r2,m)=1

∑

|r3|<m/2 (r3,m)=1

vm(r1)vm(r2)vm(r3)
M∑

n=1
(f(n+d1)f(n+d2)f(n+d3),m)=1

× e
(

r1im(f(n + d1)) + r2im(f(n + d2)) + r3im(f(n + d3))
m

)
+ O(k)

=
1

m3

∑

|r1|<m/2
(r1,m)=1

∑

|r2|<m/2
(r2,m)=1

∑

|r3|<m/2
(r3,m)=1

vm(r1)vm(r2)vm(r3)
M∑

n=1
(f(n+d1)f(n+d2)f(n+d3),m)=1
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× e
(

r1im(f(n + d1)) + r2im(f(n + d2)) + r3im(f(n + d3))
m

)

+ O
(
m1/2(log m)3

)
.

Define

Q(n) = r1f(n + d2)f(n + d3) + r2f(n + d1)f(n + d3) + r3f(n + d1)f(n + d2),

R(n) = f(n + d1)f(n + d2)f(n + d3),

then we have
M∑

n=1
(f(n+d1)f(n+d2)f(n+d3),m)=1

e
(

r1im(f(n+d1))+r2im(f(n+d2))+r3im(f(n+d3))
m

)

=
M∑

n=1
(R(n),m)=1

e
(

Q(n)im(R(n))
m

)
.

Since 0 ≤ d1 < d2 < d3 ≤ m−M , there exists at least one di such that di 6≡
dj(modp) or di 6≡ dj(modq) for j ∈ {1, 2, 3}\{i}. Without loss of generality, we
suppose that d3 6≡ d1(modp), d3 6≡ d2(modp). Reducing Q(n) and R(n) modulo
p we get Qp(n) and Rp(n) respectively, where

Qp(n) =





r1f(n + d2)f(n + d3)+ r2f(n + d1)f(n + d3)+ r3f(n + d1)f(n+ d2),

if d1 6≡ d2(modp),

f(n + d1) ((r1 + r2)f(n + d3) + r3f(n + d1)) ,

if d1 ≡ d2(modp),

Rp(n) =





f(n + d1)f(n + d2)f(n + d3), if d1 6≡ d2(modp),

(f(n + d1))
2
f(n + d3), if d1 ≡ d2(modp).

Note that (r3,m) = 1 and (4k)3 < p, by Lemma 2.4 we know that Qp(n) is not
the 0 polynomial in Fp. Since deg(Qp) < deg(Rp), then Qp/Rp is not a constant
or linear polynomial. So from Lemma 2.5 we have
∣∣∣∣∣

M∑
n=1

(f(n+d1)f(n+d2)f(n+d3),m)=1

e
(

r1im(f(n+d1))+r2im(f(n+d2))+r3im(f(n+d3))
m

) ∣∣∣∣∣

¿ k3p1/2q log(pq) ¿ k3m3/4 log m.
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Then by Lemma 2.1 we get

M∑
n=1

e′′n+d1
e′′n+d2

e′′n+d3
¿ 1

m3

( ∑

|r|<m/2

(r,m)=1

|vm(r)|
)3

· k3m3/4 log m + m1/2(log m)3

¿ 1
m3

( ∑

|r|<m/2

(r,m)=1

m

r

)3

· k3m3/4 log m + m1/2(log m)3 ¿ k3m3/4(log m)4.

Therefore
C3(E′′

m) ¿ k3m3/4(log m)4.

This completes the proof of Theorem 1.2.

§4. Proof of Theorem 1.3 and Theorem 1.4

First we prove Theorem 1.3. Let M ∈ N, 4l ∈ N with

1 ≤ l ≤ min ((d− 1)/2, q − p + 1) ,

d1, . . . , d4l ∈ Z such that

0 ≤ d1 < · · · < d4l ≤ m−M (4.1)

and




di ≡ dj(modp), if 2 - i and j = i + 1,

di 6≡ dj(modp), otherwise.
(4.2)

{
di ≡ dj(modq), if either (i, j) = (4k + 1, 4k + 3) or (i, j) = (4k + 2, 4k + 4),

di 6≡ dj(modq), otherwise.
(4.3)

By Lemma 2.1 we get

M∑
n=1

e′n+d1
. . . e′n+d4l

=
1

m4l

M∑
n=1

∑

|r1|<m/2

vm(r1)e
(

r1f(n+d1)
m

)
. . .

∑

|r4l|<m/2

vm(r4l)e
(

r4lf(n+d4l)
m

)



208 Huaning Liu, Tao Zhan and Xiaoyun Wang

=
1

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

vm(r1) . . . vm(r4l)

×
M∑

n=1

e
(

r1f(n + d1) + · · ·+ r4lf(n + d4l)
m

)
. (4.4)

Write F (n) = r1f(n + d1) + · · ·+ r4lf(n + d4l). By Lemma 2.6 we have

M∑
n=1

e
(

r1f(n + d1) + · · ·+ r4lf(n + d4l)
m

)

=
1
m

m∑
n=1

e
(

F (n)
m

) M∑
s=1

m∑
z=1

e
(

z(n−s)
m

)
=

1
m

m∑
z=1

M∑
s=1

e
(
−zs

m

) m∑
n=1

e
(

F (n)+zn

m

)

=
1
m

m∑
z=1

M∑
s=1

e
(
−zs

m

)
e
(

F (0)
m

) [
e
(
− iq(p)F (0)

q

) q∑
u=1

e
(

iq(p) (F (u) + zu)
q

)]

×
[
e
(
− ip(q)F (0)

p

) p∑
v=1

e
(

ip(q) (F (v) + zv)
p

)]
.

Then from (4.3) we get

q∑
u=1

e
(

iq(p) (F (u) + zu)
q

)

=
q∑

u=1

e
(

iq(p) (r1f(u + d1) + · · ·+ r4lf(u + d4l) + zu)
q

)

=
q∑

u=1

e



iq(p)

[
l−1∑
k=0

((r4k+1+r4k+3)f(u+d4k+1)+(r4k+2+r4k+4)f(u+d4k+2))+zu

]

q


.

If q | r4k+1 + r4k+3, q | r4k+2 + r4k+4, for k = 0, . . . , l − 1, then

q∑
u=1

e
(

iq(p) (F (u) + zu)
q

)
=

q∑
u=1

e
(

iq(p) · zu

q

)
=





q, if q | z,

0, if q - z.

Otherwise by Lemma 2.2 we know that F (u) is of degree ≥ d− 2l + 1 ≥ 2, then
from Lemma 2.7 we have

∣∣∣∣∣
q∑

u=1

e
(

iq(p) (F (u) + zu)
q

)∣∣∣∣∣ ≤ dq1/2.
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That is to say,

q∑
u=1

e
(

iq(p) (F (u)+zu)
q

)
=





q, if q | r4k+1 + r4k+3, q | r4k+2 + r4k+4,

for k = 0, . . . , l − 1, and q | z,

0, if q | r4k+1 + r4k+3, q | r4k+2 + r4k+4,

for k = 0, . . . , l − 1, and q - z,

O
(
dq1/2

)
, otherwise.

Similarly we get

p∑
v=1

e
(

ip(q) (F (v) + zv)
p

)

=





p, if p | r2j−1 + r2j , for j = 1, . . . , 2l, and p | z,

0, if p | r2j−1 + r2j , for j = 1, . . . , 2l, and p - z,

O
(
dp1/2

)
, otherwise.

Therefore

M∑
n=1

e
(

r1f(n + d1) + · · ·+ r4lf(n + d4l)
m

)

=





M, if p | r2j−1 + r2j , j = 1, . . . , 2l,

q | r4k+1+r4k+3, q | r4k+2+r4k+4,

k = 0, . . . , l−1,

O
(
dm3/4 log m

)
, otherwise.

(4.5)

Then from (4.4), (4.5) and Lemma 2.1 we have

M∑
n=1

e′n+d1
. . . e′n+d4l

=
M

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

p|r2j−1+r2j , j=1,...,2l

q|r4k+1+r4k+3, q|r4k+2+r4k+4, k=0,...,l−1

vm(r1) . . . vm(r4l)

+ O


 1

m4l

( ∑

|r|<m/2

|vm(r)|
)4l

dm3/4 log m






210 Huaning Liu, Tao Zhan and Xiaoyun Wang

=
M

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

p|r2j−1+r2j , j=1,...,2l

q|r4k+1+r4k+3, q|r4k+2+r4k+4, k=0,...,l−1

vm(r1) . . . vm(r4l)

+ O
(
dm3/4(log m)4l+1

)
.

By Lemma 2.8 we easily get

M∑
n=1

e′n+d1
. . . e′n+d4l

=
M

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

r2j−1+r2j=0, j=1,...,2l

r4k+1+r4k+3=r4k+2+r4k+4=0, k=0,...,l−1

vm(r1) . . . vm(r4l)

+ O
(
dm3/4(log m)4l+1

)

=
M

m4l

( ∑

|r|<m/2

(vm(r)vm(−r))2
)l

+ O
(
dm3/4(log m)4l+1

)
.

So from Lemma 2.1 we have

M∑
n=1

e′n+d1
. . . e′n+d4l

=
M

m4l

( ∑

|r|<m/2

2-r

(vm(r)vm(−r))2
)l

+ O
(
dm3/4(log m)4l+1

)

=
M

m4l

( ∑

|r|<m/2

2-r

(
16m4

π4r4
+ O

(
m3

r3

)))l

+ O
(
dm3/4(log m)4l+1

)

=
24l+1

π4l

(
1− 1

24l

)
ζ(4l)M + O

(
dm3/4(log m)4l+1

)
, (4.6)

where ζ(s) is the Riemann zeta function.
Now taking





d4k+1 = 0 + k

d4k+2 = p + k

d4k+3 = q + k

d4k+4 = p + q + k,

k = 0, . . . , l − 1, M = m− 2q. (4.7)
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Since 1 ≤ l ≤ q − p + 1, it is not hard to show that the integers d1, . . . , d4l, M

satisfy (4.1), (4.2) and (4.3). Then from (4.6) we have

∣∣∣∣∣
M∑

n=1

e′n+d1
. . . e′n+d4l

∣∣∣∣∣ À
(

2
π

)4l

m.

Therefore

C4l(E′
m) = max

M,D

∣∣∣∣∣
M∑

n=1

e′n+d1
. . . e′n+d4l

∣∣∣∣∣ À
(

2
π

)4l

m.

This proves Theorem 1.3.
Now we prove Theorem 1.4. Let M ∈N, 4l∈N with (4k)2l < p, d1, . . . , d4l ∈Z

satisfying (4.1), (4.2) and (4.3). Using Lemmas 2.1, 2.9, 2.4, 2.10, 2.8 and the
methods of proving Theorem 1.3 we have

M∑
n=1

e′′n+d1
. . . e′′n+d4l

=
1

m4l

M∑
n=1

(f(n+d1)...f(n+d4l),m)=1

∑

|r1|<m/2

vm(r1)

× e
(

r1im(f(n + d1))
m

)
× · · · ×

∑

|r4l|<m/2

vm(r4l)e
(

r4lim(f(n + d4l))
m

)
+ O(kl)

=
1

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

vm(r1) . . . vm(r4l)

×
M∑

n=1
(f(n+d1)...f(n+d4l),m)=1

e
(

r1im(f(n + d1)) + · · ·+ r4lim(f(n + d4l))
m

)
+ O(kl)

=
M

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

p|r2j−1+r2j , j=1,...,2l

q|r4k+1+r4k+3, q|r4k+2+r4k+4, k=0,...,l−1

vm(r1) . . . vm(r4l) + O
(
klm3/4(log m)4l+1

)

=
M

m4l

∑

|r1|<m/2

· · ·
∑

|r4l|<m/2

r2j−1+r2j=0, j=1,...,2l

r4k+1+r4k+3=r4k+2+r4k+4=0, k=0,...,l−1

vm(r1) . . . vm(r4l) + O
(
klm3/4(log m)4l+1

)

=
M

m4l

( ∑

|r|<m/2

(vm(r)vm(−r))2
)l

+ O
(
klm3/4(log m)4l+1

)

=
24l+1

π4l

(
1− 1

24l

)
ζ(4l)M + O

(
klm3/4(log m)4l+1

)
. (4.8)
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Now taking d1, . . . , d4l, M as in (4.7), then from (4.8) we have

∣∣∣∣∣
M∑

n=1

e′′n+d1
. . . e′′n+d4l

∣∣∣∣∣ À
(

2
π

)4l

m.

Therefore

C4l(E′′
m) = max

M,D

∣∣∣∣∣
M∑

n=1

e′′n+d1
. . . e′′n+d4l

∣∣∣∣∣ À
(

2
π

)4l

m.

This completes the proof of Theorem 1.4.

§5. Further discussions

In [11] J. Rivat and A. Sárközy proved the following.

Proposition 5.1. Define p, q, m, d, f(x) and E′
m = (e′1, . . . , e

′
m) as in

Proposition 1.3. Assume that 2 ≤ l ≤ d − 1, and d1 < d2 < · · · < dl and M are

positive integers with

di 6≡ dj(modp), di 6≡ dj(modq), for 1 ≤ i < j ≤ l

and M ≤ m− dl. Then we have

∣∣∣∣∣
M∑

n=1

e′n+d1
e′n+d2

. . . e′n+dl

∣∣∣∣∣ ¿ d2m1/2(log m)l+1.

Proposition 5.2. Define p, q, m, k, f(x) and E′′
m = (e′′1 , . . . , e′′m) as in

Proposition 1.4. Assume that l ∈ N, and one of the following conditions holds:

(i) l = 2; (ii) (4k)l < p(< q).

Then if d1 < d2 < · · · < dl and M are positive integers with

di 6≡ dj(modp), di 6≡ dj(modq), for 1 ≤ i < j ≤ l

and M ≤ m− dl, we have

∣∣∣∣∣
M∑

n=1

e′′n+d1
e′′n+d2

. . . e′′n+dl

∣∣∣∣∣ ¿ k4l2m1/2(log m)l+1.
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Our Theorem 1.3 and Theorem 1.4 show that E′
m and E′′

m are “bad” binary
sequences provided the prime factors p, q of m are known. However, if m = pq is
large and p, q are kept secret, from Proposition 5.1 and Proposition 5.2 we know
that E′

m and E′′
m can be considered as “good” sequences. Especially for positive

integers d1, d2, . . . , dl and M such that d1 < d2 < · · · < p(< q) and M ≤ m− dl,
we have ∣∣∣∣∣

M∑
n=1

e′n+d1
e′n+d2

. . . e′n+dl

∣∣∣∣∣ ¿ d2m1/2(log m)l+1

and ∣∣∣∣∣
M∑

n=1

e′′n+d1
e′′n+d2

. . . e′′n+dl

∣∣∣∣∣ ¿ k4l2m1/2(log m)l+1.

This suggests that the high order “short range” correlations of E′
m and E′′

m can
be small.
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