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The stability of a general quadratic functional equation
in distributions

By YOUNG-SU LEE (Daejeon) and SOON-YEONG CHUNG (Seoul)

Abstract. Making use of the fundamental solution of the heat equation we re-
formulate and prove the stability of a general quadratic functional equation with n-
independent variables in the space of tempered distributions. Moreover, using the Dirac
sequence of regularizing functions we extend this result to the space of distribution.

1. Introduction

Functional equations can be solved by reducing them to differential equations.
This is one of the easiest methods for solving functional equations. However, we
need to assume differentiability up to a certain order of the unknown functions,
which is not required in the use of direct methods. This leads to investigations on
the regularity properties of functional equations. JARAT [18] showed that, for cer-
tain general functional equations, measurability implies continuity and continuity
implies differentiability. From this point of view, there have been several works
dealing with functional equations based on the theory of distributions. Actually,
using distributional operators, it was shown that some functional equations in
distributions reduce to the classical ones when the solutions are locally integrable
functions (see [11], [13], [20], [23]). Another approach to distributional analogue
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for functional equations is via use of the regularizing functions [6], [9]. In fact,
this method gives essentially the same formulation as in [11], [13], [20], [23], but
it can be applied to stability problems of the functional equations in the space of
distributions (see [5], [7], [8])-

One of the interesting questions concerning the stability problems of func-
tional equations is as follows:

When is it true that a mapping satisfying a functional equation approx-
imately must be close to the solution of the given functional equation?

Such an idea was suggested in 1940 by UrLaM [28]. The case of approximately
additive mappings was solved by HYERS [16]. In 1978, RASSIAS [24] generalized
Hyers’ result to the unbounded Cauchy difference. During the last decades sta-
bility problems of various functional equations have been extensively studied and
generalized by a number of authors (see [12], [14], [17], [27]). For instance, BAE
and JUN [2] investigated stability properties of the following functional equation

f(ZxZ)JF S flai—a) =nd_ flw). (1.1)
i=1 i=1

1<i<j<n

We notice that (1.1) is a generalization of the quadratic functional equation

flx+y)+ flx—y) =2f(x) +2f(y). (1.2)

It is well-known [21] that if f : R — C satisfies (1.2) for all z,y € R and f is
bounded on some subset of R having positive inner Lebesgue measure, then there
exists ¢ € C such that f(x) = cz? for all z € R. Moreover, a function f between
real vector spaces satisfies (1.2) if and only if there exists a unique symmetric
biadditive function B such that f(z) = B(z,z) [1].

In this paper, using the notions as in [5], [7], [8] we reformulate and prove the
stability of (1.1) in the space of generalized functions such as tempered distribu-
tions by virtue of the heat kernel. Also making use of the regularizing functions
we extend this result to the space of distributions. Recently, using the theory of
distributions CHUNG [5], [8] proved the stability of (1.2) in the space of distrib-
utions. As a matter of fact our approaches are based on the methods as in [5],
[8]. We reformulate the stability problem of (1.1) in the space of distributions as

uo A+ Z uoBij—niuoPi
i=1

1<i<j<n

follows:

<k, (1.3)

where A, B;; and P; are the functions defined by

Az, ... xp) =21+ + 2,
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Jj<n,

IN

Bij(xl,...,xn):xi—mj, 1 7

1< n.

IN
IN A

Pi(xl,...,x”):xi, 1

Here o denotes the pullback of generalized functions and the inequality ||v]| < e
in (1.3) means that |(v, ¢)| < €||p|| L1 for all test functions . We refer to [15] for
pullbacks and to [3], [7], [8], [9] for more details of the space of distributions and
some related stability results.

We prove as results that every solution u in distributions of the inequality
(1.3) can be written uniquely in the form

u=q(x) + p(z),

where ¢(x) is a quadratic function satisfying (1.1) and p is a bounded measurable

2 —
n_tn—4 .

function such that ||pu|r~ < fn=e.

2. Stability in S'(R™)

In this section we consider the stability problem of (1.1) in the space of
tempered distributions. We first introduce the space of tempered distributions.
Here we use the multi-index notations, || = a1+ +am, al = aq! .. ap!, (¢ =

T emoand 9% =97 .. 0%, for ¢ = (C1y - Cm) ER™ a=(a1,..., ) €
Ng*, where Ny is the set of non-negative integers and J; = 8%]_.

Definition 2.1 ([15], [25]). We denote by S(R™) the Schwartz space of all
infinitely differentiable functions ¢ in R™ satisfying

Iolla,s = sup |2%0%p(x)| < o0
IGR’"L

for all o, 8 € NiJ*, equipped with the topology defined by the seminorms || - ||q, -
A linear functional u on S(R™) is said to be tempered distribution if there exists
constant C' > 0 and nonnegative integer N such that

(o) <C Y sup [220%|
lal|8l<N TSR

for all ¢ € S(R™). The set of all tempered distributions is denoted by S’(R™).
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In order to prove the stability problem in the space &’'(R™) we employ the
m-dimensional heat kernel

At) =™/ 2 exp(—|z|?/4t), x € R™, t >0,
o) = Bagy < § (T el lal? 40
0, zeR™ t<0.

Since for each ¢t > 0, E(-,t) belongs to the Schwartz space S(R™), the convolution
W(z,t) = (ux E)(z,t) = (uy, B(z —y)), 2€R™, t>0

is well defined for all v € §'(R™), which is called the Gauss transform of u. It is
well-known that semigroup property of the heat kernel

(By * Es)(7) = Erys(2)

holds for convolution. Semigroup property will be useful to convert inequality
(1.3) into the classical functional inequality defined on upper-half plane. We also
use the following famous result, so called heat kernel method [22], which states
as follows:

Let u € §'(R™). Then its Gauss transform @ is a C*°-solution of the heat equation

(0/0t — A)a(z,t) =0
satisfying
(i) There exist positive constants C, M and N such that

iz, )] < Ot~ (1 + [=))™ in R™ x (0,6). (2.1)

(i) @(x,t) — wast — 01 in the sense that for every ¢ € S(R™),

(u, @) = tl_lgl+ a(z, t)p(z)d.
Conversely, every C*°-solution U (z,t) of the heat equation satisfying the growth
condition (2.1) can be uniquely expressed as U(z,t) = a(z,t) for some u €
S'(R™).

We are now going to consider the stability of (1.1) in the space of tempered
distributions. Since (1.1) is a generalization of (1.2), we shall first see the stability
results of (1.2). The classical stability of (1.2) was proved by SKOF [26] and
generalized in [4], [10], [19] as follows:
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Theorem 2.2. Let f : G — E be a mapping from a group G to a Banach
space E satisfying
1f(@+y)+ flz—y) —2f(z) = 2f(y)ll <€
for all x,y € G. Then there exists a unique function q : G — E satisfying
q(z +y) +qlz —y) = 2q(x) + 2q(y)

such that
[ f(z) —q(z)]| <

[N e

for all x € G.

Generalizing the above stability theorem to the space of tempered distribu-
tions CHUNG [5], [8] proved the following:

Theorem 2.3. Let u € S'(R™) satisfy the inequality
luo Ay +uwo Ay —2uo Py —2uo Py <e,

where Ay (z,y) = x +y, As(x,y) = x —y, Pi(z,y) = x and Py(z,y) = y. Then
there exists a unique quadratic form

q(x) = Z aijpipj; T = (p1,--,Pm)
1<i<j<m
such that
€
Ju = (@) < 5.

Following the notions as in [5], [6], [7], [8], [9] we convert inequality (1.3)
into the classical functional inequality. Convolving the tensor product E;, (x1) ...
E:, (z,,) of the heat kernels in both sides of (1.3) and using the semigroup property
of the heat kernel we have

[(UOA) * (Etl(l'l)Etn(xn))] (gla”'agn) :ﬂ(€1 + &t +"'+tn)v

where u is the Gauss transform of u. Similarly we get
[(UOBU) * (Et1 (171) . Etn(‘rn))] (51, - 7§n) :ﬁ(gz 7§j,ti +tj), 1< <ji<n,
[(wo P)  (Ey, (x1) ... By, (x0))] (&1, .., &) = a(&, ta), 1<i<n.

Thus, inequality (1.3) is converted into the classical functional inequality

n

ﬂ(ixi,iti>+ Z a(xi—xj,ti+tj)—nij(xi,ti) <e
i=1 i=1

1<i<j<n i—1

for all z1,...,z, € R™ t1,...,t, > 0.
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Lemma 2.4. Suppose that f : R™ x (0,00) — C is a continuous function

satisfying
f(Z%ZE) + Y fmi—aptitt) =n)y flrit) (n>2) (2.2)
i=1  i=1 1<i<j<n i=1

for all x1,...,xy, € R™, t1,...,t, > 0. Then the solution f is of the form

flz,t) = Z a;jpip; +0t, = (p1,-..,Pm)
1<i<j<m

for some a;;,b € C.

PROOF. Define F(z,t) := f(x,t) — f(0,t) for all x € R™,¢ > 0. Then F
satisfies F'(0,t) = 0 for all ¢ > 0 and

F(zn:xl,zn:l%) + Z F(xi—xj,ti—l—tj)znzn:F(a:i,ti) (23)
=1 =1 1<i<j<n i=1

for all zq,...,2, € R™ t1,...,t, > 0. Putting xy = x and 2o = --- =z, =0
in (2.3) we have

n

Fz,ty+ - +tn) + > F(z,t +1;) = nF(x,t). (2.4)
1=2
Letting t3 = --- =t, — 0 in (2.4) we get

F((E,tl + tg) = F({,Cﬂfl)

for all x € R™ #1,t5 > 0. This shows that F(z,t) is independent of ¢ > 0 and we
verify that ¢(z) := F(x,1) = F(x,t) satisfies (1.1). Putting z3 =...,z, =0 1in
(1.1) we see that ¢(x) satisfies (1.2). Since ¢ is a continuous function in R™, we
may write

q(z) = Z aijpipj; T = (P1,.--,Pm)

1<i<j<m

for some aij € C.
On the other hand, setting x; = --- =z, = 0 in (2.2) we get

f (0, Z ti> + Z f(O, ti + tj) = TLZ f(O, ti) (25)

1<i<j<n i=
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for all t1,...,¢, > 0. By virtue of (2.5) we see that ¢ := lim;_,o+ f(0,¢) exists.
Letting t1 = -+ = t, — 0 in (2.5) we get ¢ = 0. Taking t3 =---=1t¢, — 0in
(2.5) we obtain

[0, t1 +t2) = f(0,t1) + f(0,22)
for all t1,t5 > 0. Given the continuity, we must have f(0,t) = bt for some b € C.
Therefore the solution of (2.2) is of the form

[z, t) = F(z,t) + £(0,1) = q(z) + bt.
This completes the proof. (I

As a consequence of the above lemma we state and prove the stability the-
orem of (1.1) in the space of tempered distributions. This is a generalization of
Theorem 2.3.

Theorem 2.5. Suppose that v € S'(R™) satisfies the inequality

n
luoA+ > woBjj—nY uoPl<e (n>2). (2.6)
=1

1<i<j<n

Then there exists a unique quadratic form

gz)= Y aypipj, == (p1,... . Pm)
1<i<j<m

such that
n?+n—4
n2tn—2"
PROOF. Convoluting with the tensor product Ey, (z1) ... E:, (x,) of the heat
kernels in both sides of (2.6) we have the classical functional inequality

lu = g(2)]| <

i=1 =1 1<i<j<n i=1
for all z1,...,2, € R™ t1,...,t, > 0. Putting z; =--- = x,, = 0 in (2.7) yields
u<02t> + Y a0 ti+t) —nY @(0,t) <e (2.8)
i=1 1<i<j<n i=1

for all t1,...,t, > 0. In view of (2.8) it is easy to see that

¢ := limsup (0, )
s—0t
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exists. Letting t; = --- = t, — 07 in (2.8) we have |c| < nQ_Efl_z. Setting
ty =ty =t,t3 =--- =1, — 0% in (2.8), and then dividing the result by 4 we
obtain

n2+n—4
271%(0, 2t) — @(0, ¢t — " e

Using the iterative methods gives

2
ke~ k - n“+n—4

for all k € N,¢t > 0. By virtue of this inequality h(t) := limy_ . 27%@(0, 2%¢)
converges uniformly and is the unique function satisfying

h(t +s) = h(t) + h(s), (2.9)
n>+n—4
w(0,t) — h(t)| < ——— 2.10
7(0,1) — (D) < St (2.10)
for all ¢, s > 0. It follows from (2.9) and (2.10) that
k 2
) . n“+n—4
47973(0,278) — (1 = 27M)h(t)| € =—5——¢. 2.11
j; w0, 28) = )()_3(n2+n—2)6 (2.11)
On the other hand, putting z; = 290 = z, x3 = --- = x, = 0 and letting
ti=ty=1t,t3=...t, — 0" in (2.8) we have
_ _ _ 2(n® +n —4)
2x,2t 0,2t) — 4 ) < ———¢.
i(20,26) + (0, 20) — (o, )] < = e
Using the induction arguments yields
ky u 2(n2 +n—4)
Plugging (2.11) into (2.12) and letting F'(z,t) := a(x,t) — h(t) we obtain
2
—4
|F(x,1) — 4 FF (2%, 2k < 17 (2.13)

_n2—|—n—26'

Now we verify that
glx,t) := hm 47k 2k, 2F1)
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is the unique function satisfying

g(in,th) + Z g(@i — @), ti +t;) = nzg(l’i,ti) (2.14)

1<i<j<n i=1
such that
n24+n—4

[F(2,t) — g(z, )] < mﬁ-

(2.15)

Let us define the function G(z,t) := g(z,t) + h(t). Then, G is a continuous
function satisfying (2.14). By Lemma 2.4 the function G has the form

G(Iat) = Z aijiPiP; + bt7 Xr = (p17 cee apn) e R™
1<i<j<m

for some a;;,b € C. Thus, it follows from (2.15) that

- n?4+n—4
Letting t — 07 in (2.16), finally we have
n?+n—4
- < —¢.
= gw)] < 2
This completes the proof. ([

Remark 2.6. The above norm inequality ||ju — g(x)|| < 2212:36 implies that

u — q() belongs to (L') = L*°. Thus all the solutions u of the inequality (2.6)
in §’(R™) can be rewritten uniquely in the form

u=q(z) + p(x),

n2+n—4
n2+n—2

where p is a bounded measurable function such that |||/~ < €.

3. Stability in D’(R™)

In this section we shall extend the previous result to the space of distribu-
tions. Recall that a distribution w is a linear functional on C$°(R™) of infinitely
differentiable functions on R™ with compact supports such that for every compact
set K C R™ there exist constants C' > 0 and N € Ny satisfying

[(u,0)] < C > sup |0y

la| <N



302 Young-Su Lee and Soon-Yeong Chung

for all ¢ € C°(R™) with supports contained in K. The set of all distributions
is denoted by D'(R™). It is well-known that the following topological inclusions
hold:

CX(R™) — S(R™), S'(R™)— D'(R™).

As we see in [5], [7], by virtue of the semigroup property of the heat kernel, the
inequality (1.3) can be controlled easily in the space S'(R™). But we can not
employ the heat kernel in the space D’(R™). Instead of the heat kernel, we use
the function ¢y (x) :=t=™¢($), » € R™, t > 0, where ¢(x) € CZ°(R™) such that

P(x) >0, suppyp(x) C{xr e R™:|z| <1}, /w(m‘)daz =1
For example, let

Aexp(—(1—|z]>)7Y, |zl <1
sy = AP, e <

07 |£E'| 2 17

A= </|I<1exp(—(1 - |x|2)_1)dx> ,

then it is easy to see 1 (x) is an infinitely differentiable function with support
{z : |Jz|] < 1}. Now we employ the function ¢;(z) := t~™(z/t),t > 0. If
u € D'(R™), then for each t > 0, (u* ¥4)(z) = (uy, Y(z — y)) is a smooth
function in R™ and (u * ¢¢)(x) — u as t — 0T in the sense of distributions, that
is, for every ¢ € C(R™)

where

(,¢) = lim [ (ux ) (@)p(e)de.

t—0t

Making use of the regularizing functions CHUNG [8] extended Theorem 2.3 to the
space D'(R™). Similarly, we generalize Theorem 2.5 to the space of distributions.
This is a main result of this paper.

Theorem 3.1. Let u € D'(R™) satisfy the inequality
luoA+ Y woBj—nY uoPl<e (n>2). (3.1)
1<i<j<n i=1

Then there exists a unique quadratic form

q(x) = Z aijpiPj, T = (P1,---;Pm)
1<i<j<m
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such that )
n“+n-—4
- < e
lu—g(a)l < e
PRrROOF. In view of Theorem 2.5, it suffices to show that every distribution
satisfying (3.1) belongs to the space §’'(R™). Convoluting with ¢y, (z1) ... 9, (24)

in both sides of (3.1) we have

(u*wtl*...*¢tn)(x1+...+mn)

+ 0y (U*T/Jti*%-)(lﬁ—Ij)—nZ(U*Kbti)(fﬂi) <e (3.2)

1<i<j<n

for all z1,...,z, € R™,tq,...,t, > 0. By virtue of (3.2) it is easy to see that for
each fixed =z,

f(x) := limsup(u * ) (z)

s—0+

exists. Letting x; = -+ = 2, = O and t; = --- = ¢, = s — 0" so that
(u=15)(0) — f(0) in (3.2) we get

2€
) < ——.
Setting x1 = z,20 =y, 23 = ---=x, = 0and t3 = --- = ¢, = s — 07 so that

(u*1s)(0) — f(0) in (3.2) we obtain

‘(u * wtl * ¢t2)(x + y) + (u * d)tl * wtz)(‘r - y)
= 2(ux Yy, ) () = 2wy, (y) — ————

Since | f(0)| < ﬁ, the above inequality can be rewritten as

[ (e, 5 i) (@ 4 y) + (w ey x¢r, ) (2 — )

2(n? —4
2 )(@) — 2 i) (0)] < 2 e (33)
Putting y = 0 in (3.3) and dividing the result by 2 we have
(00 1)) — () ) — (n )0 < e o)
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Letting ¢t; — 07 so that (u* 1y, )(z) — f(z) in (3.4) we get

n?+n—4
———¢.
n24+n—2

(i, ) (@) = f() = (wxr,)(0)] < (3.5)

From the inequality (3.3), (3.4) and (3.5) and the triangle inequality we obtain

10(n? +n —4)
- T———

[f@+y)+ flo—y) = 2f(2) —2f)l = — 50—

for all z,y € R™. According to the result as in [26] there exists a unique quadratic
function g : R™ — C satisfying

q(z +y) +qlx —y) = 2q(x) + 2¢(y)

such that (n? 2
5(n° +n —
@)~ aa)] < 22 TR (3.
for all x € R™. Tt follows from (3.5) and (3.6) that
6(n*+n—4)
[(u* ;) () — q(z) — (u* ;) (0)] < mé- (3.7)
Letting to — 07 so that (u * ¢,)(0) — f(0) in (3.7) we have
2(3n% +3n — 11
i~ (@)l < X ) (5:9)

n%+n—2

By virtue of the inequality (3.8) h(z) := u — q(x) belongs to (L')" = L. Thus
we conclude that v = ¢(x) + h(z) € S'(R™). This completes the proof. O

As an immediate consequence of Theorem 3.1, we have the following corol-
lary [8].

Corollary 3.2. Let u € D'(R™) satisfy the inequality
luo Ay +uo Ay —2uo Py —2uo Py <e,

where A1(z,y) =z + vy, As(z,y) = x — vy, Pi(z,y) =  and Ps(x,y) = y. Then
there exists a unique quadratic form

q(z) = Z aijpipj; T = (p1,--,Pm)
1<i<j<m
such that
[u—q(2)|| <

N A



(1]
2]
(3]
(4]
[5]

6

[7]

8

9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]

(22]

The stability of a general quadratic functional equation in distributions 305

References

J. AcziL and J. DHOMBRES, Functional Equations in Several Variables, Cambridge Uni-
versity Press, Cambridge, 1989.

J.-H. BAE and K.-W. JuN, On the generalized Hyers-Ulam-Rassias stability of an
n-dimensional quadratic functional equation, J. Math. Anal. Appl. 258 (2001), 183-193.
J. A. BAKER, Distributional methods for functional equations, Aequationes Math. 62
(2001), 136-142.

P. W. CHOLEWA, Remarks on the stability of functional equations, Aequationes Math. 27
(1984), 76-86.

J. CHUNG, Stability of functional equations in the spaces of distributions and hyperfunc-
tions, J. Math. Anal. Appl. 286 (2003), 177-186.

J. CHUNG and S. LEE, Some functional equations in the spaces of generalized functions,
Aequationes Math. 65 (2003), 267-279.

J. CHUNG, S.-Y. CHUNG and D. KimMm, The stability of Cauchy equations in the space of
Schwartz distributions, J. Math. Anal. Appl. 295 (2004), 107-114.

J. CHUNG, A distributional version of functional equations and their stabilities, Nonlinear
Anal. 62 (2005), 1037-1051.

S.-Y. CHUNG, Reformulation of some functional equations in the space of Gevrey distrib-
utions and regularity of solutions, Aequationes Math. 59 (2000), 108-123.

S. CzERWIK, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem.
Univ. Hamburg 62 (1992), 59-64.

E. Y. DEEBA and E. L. KoH, d’Alembert functional equations in distributions, Proc. Amer.
Math. Soc. 116 (1992), 157-164.

E. ELQoracHI and M. AkkoucHl, Hyers—Ulam stability of the generalized Cauchy and
Wilson equations, Publ. Math. Debrecen 66 (2005), 283-301.

1. FENYG, On the general solution of a functional equation in the domain of distributions,
Aequationes Math. 3 (1969), 236-246.

P. GAVRUTA, A generalization of the Hyers-Ulam-Rassias stability of approximately addi-
tive mappings, J. Math. Anal. Appl. 184 (1994), 431-436.

L. HORMANDER, The Analysis of Linear Partial Differential Operators I, Springer-Verlag,
Berlin, 1983.

D. H. HYERs, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A. 27 (1941), 222-224.

D. H. HYERS, G. IsAc and TH.M. RassiAs, Stability of Functional Equations in Several
Variables, Birkhduser, Boston, 1998.

A. JARAI, Regularity Properties of Functional Equations in Several Variables, Springer,
New York, 2005.

K.-W. JuN and Y.-H. LEE, On the Hyers—Ulam—Rassias stability of a Pexiderized quadratic
inequality, Math. Inequal. Appl. 4 (2001), 93-118.

E. L. KoH, The Cauchy functional equations in distributions, Proc. Amer. Math. Soc. 106
(1989)), 641-646.

S. KUREPA, On the quadratic functional, Acad. Serbe Sci. Publ. Inst. Math. 13 (1961),
57-72.

T. MATSUZAWA, A calculus approach to hyperfunctions III, Nagoya Math. J. 118 (1990),
133-153.



306 Y .-S. Lee and S.-Y. Chung : The stability of a general quadratic. ..

[23] M. NEAGU, About the Pompeiu equation in distributions, Inst. Politehn. Traian Vuia
Timigoara Lucrar. Sem. Mat. Fiz., 1984, 62-66.

[24] TH. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc. 72 (1978), 297-300.

[25] L. ScHWARTZ, Théorie des Distributions, Hermann, Paris, 1966.

[26] F. SkoF, Local properties and approximation of operators, Rend. Sem. Mat. Fis. Milano
53 (1983), 113-129.

[27] T. TrIF, On the stability of a general gamma-type functional equation, Publ. Math. Deb-
recen 60 (2002), 47-61.

[28] S. M. ULAM, Problems in Modern Mathematics, Wiley, New York, 1964.

YOUNG-SU LEE

DEPARTMENT OF MATHEMATICAL SCIENCES
KOREA ADVANCED INSTITUTE

OF SCIENCE AND TECHNOLOGY

DAEJEON, 305-701

REPUBLIC OF KOREA

E-mail: masuri@kaist.ac.kr

SOON-YEONG CHUNG

DEPARTMENT OF MATHEMATICS AND PROGRAM
OF INTEGRATED BIOTECHNOLOGY

SOGANG UNIVERSITY

SEOUL, 121-741

REPUBLIC OF KOREA

E-mail: sychung@sogang.ac.kr

(Received June 11, 2008; revised January 22, 2009)



