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Spectral subspaces on hypergroup algebras

By ALI REZA MEDGHALCHI (Tehran) and S. M. TABATABAIE (Tehran)

Abstract. In this paper we develop the concepts of Arveson spectrum and spectral
subspaces on hypergroups and extend some of their basic properties to commutative
hypergroups.

1. Introduction and notation

Let K be a commutative locally compact hypergroup. We denote by M (K)
the space of all bounded regular complex Borel measures on K, by MT(K) the
subset of positive measures in M (K), by E° the interior of E C K, and by d,. the
Dirac measure at the point x. Hypergroups were introduced in a series of papers
by R. I. JEWETT [9], C. F. DUNKL [6], and R. SPECTOR [14] in 70’s. They are
in fact extensions of topological groups. Roughly speaking, a hypergroup is a
locally compact space which has enough structure so that a convolution on the
space of finite regular Borel measures can be defined. Therefore, the extension
of Fourier analysis on hypergroups is made with more difficulties and sometimes
with different proofs to that of groups. Examples include locally compact groups,
double-coset hypergroups, Gy hypergroups, polynomial hypergroups, etc. We
refer to [2] for more examples. In this paper, we develop the notion of Arveson
spectrum and extend spectral subspaces to hypergroups. In [12] we have used this
notion to give an extension of the spectral mapping theorem.

The conjugate space of a Banach space Y is denoted by Y*. If a Banach
space X is the conjugate space of a Banach space Y, we shall say that Y is the
predual of X, and write Y = X,.

Mathematics Subject Classification: 43A62, 461.99.
Key words and phrases: hypergroups, Arveson spectrum, spectral subspaces, W *-algebras.



308 Ali Reza Medghalchi and S. M. Tabatabaie

A C*-algebra M is called W*-algebra if for a Banach algebra M, , (M, )*= M.
Any W*-algebra is unitary (with unit 1,,). The famous examples of W*-algebras
are von Neumann algebras. We can consider o(M, M,) topology on M [11].
In this paper M is always a W*-algebra. We denote by B, (M) the set of all
(0(M, M,),o(M, M.,))- continuous operators on M.

Let 0 : M(K) — B,(M) be a norm-decreasing algebra-homomorphism. For
any t € K we denote o, = o(d;). Suppose that ¢ has the following properties,

(1) For any t € K, 04 : M — M is an *-automorphism.

(2) For every x € M and p € M,, the function t — (o¢(z), p) is continuous.

(3) 0e = In, where e is the identity of K and I is the identity mapping on M.
For any p € M(K) we have

(o) (), p) = / (0+(2), p) du(),

K

where x € M and p € M,. A proof of this formula is given in Section 2.

Spectral subspaces were introduced by R. GODEMENT [7], which may be
viewed as an attempt to extend the Stone theorem. A systematic study of spectral
subspaces and their applications to dynamic systems was presented by W. ARVE-
SON [1]. In this paper, we define the Arveson spectrum and spectral subspaces
for hypergroups and study their properties. The hypergroups we study are com-
mutative, strong, and we also assume that X, (K) = K. We give some examples
of this type in Section 2. The proofs of some results are completely different
from the group case. For instance, the proof of Lemma 3.4 in group case is
based on (fg), = fzgz, while this is not true in general for hypergroups. The
Lemma 3.4 helps us to extend some significant results of Arveson spectrum, from
A. CONNESs [4], to hypergroups. In Section 2, we will first give definition and
some basic properties of commutative locally compact hypergroups.

2. Some basic properties of hypergroups

First we recall the definition and basic properties of a hypergroup. The main
references are [2] and [9].

Definition 2.1. Let K be a locally compact Hausdorff space. The space K is
a hypergroup if there exists a binary mapping (z,y) — d; * 0, from K x K into
M (K) satisfying the following conditions,
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(1) The mapping (d,,0,) — 05 * J, extends to a bilinear associative operator
from M(K) x M(K) into M(K) such that

/K (s v) = /K /K /K (5, % 5, )dp()dv(y)

for all continuous functions f on K vanishing at infinity.

(2) For each z,y € K the measure 0, * J, is a probability measure with compact
support.

(3) The mapping (u,v) — p * v is continuous from MT(K) x MT(K) into
MT(K); the topology on Mt (K) being the cone topology.

(4) There exists an e € K such that . * 6, = §, = d; * 0, for all x € K.

(5) There exists a homeomorphism involution 2 — =~ from K onto K such that,
for all z,y € K, we have (g %0 )’ = 5 - *5 - where for p € M(K), p~ is
defined by [, f(t)du = [ f( , and also, e € supp(d, * d,) if and
only ify=x", Where supp(6 * (5( ) is the support of the measure J, * d,.

(6) The mapping (z,y) +— supp(dy * dy) from K x K into the space C(K) of
compact subsets of K is continuous, where C(K) is given the topology whose
subbasis is given by all Cyy = {A € C(K): ANU # 0 and A C V}, where
U, V are open subsets of K.

Note that J, * ¢, is not necessarily a Dirac measure. The set Z(K) :=
{z € K : forall y € K, supp(d, * 6,) is a singleton} is called the center of K.
A hypergroup K is commutative if §, * 0, = 0, * 0, for all , y in K. Each
commutative hypergroup K carries a Haar measure m such that §, * m = m for
all z € K, as shown by SPECTOR [15]. Let f, g be Borel functions on K and
p € M(K). For any z,y € K we denote f,(y) = f(xz*y) := [ fd(0z *Jy). Also
we define

(u* f)(x /fy xx)du(y) and (f xg)(x /fx*y ~)dm(y),

where t € K. If z,y € K and A, BC K we denote A~={z":2z € A}, {a} x {y} =
supp(dy * dy), and A+ B = J,c 4 e p{7} * {y}-

A complex continuous function £ on K is said to be multiplicative if £(z*y) =
&(z)&(y) holds for all z,y € K. The space of all multiplicative functions on K is
denoted by X;(K). A nonzero multiplicative function £ on K is called a character
if £(x7) = &(z) for all z in K. The dual K of K is the locally compact Hausdorff
space of all characters with the topology of uniform convergence on compacta. In
general K is not necessarily a hypergroup. A hypergroup K is called strong if its
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dual K is also a hypergroup with complex conjugation as involution, pointwise
product as convolution, that is

n(e)x(z) = /K £() dby * 5,(€)

for all n,x € K and z € K, and have the constant function 1 as the identity

element. By [13], £ € Z(K) if and only if |¢] = 1.
We denote

LP(K)=LP(K,m) and LP(K)=LP(K,x),

where 7 is the Plancherel measure on K associated with m. In despite of the
group case, the structure space A(L'(K)) of Banach algebra L'(K) does not
necessarily equal to K and we only have A(L'(K)) = X3(K), while K C X,(K).
Throughout this paper, we assume that K is a commutative strong hypergroup
(ie. K is also a hypergroup) and K = X,(K) (we refer to these conditions
by notation (p)). Observe that any locally compact abelian group has these
properties. Also, if G is a locally compact abelian group and H is a compact
subgroup of Aut(G), then the space Gy containing all H-orbits is a commutative
hypergroup satisfying (p). In fact, (Gg) = (G)g. We refer to [13] for more
details. As another example, let G be a group such that G/Z is compact, where
Z ={zx € G :forany y € G, zy = yx}. If K is the hypergroup containing all
conjugacy classes of G, then K and its dual K satisfy (p) [2]. On the contrary,
an interesting example of Naimark given in [9] does not satisfy conditions (p).

For any f € LY(K) and p € M(K), the Fourier—Stieltjes transform fi of p
and the Fourier transform f of f are defined by

(€)= /K EDdu(t) and  f(€) = /K EDF(H)dm(t),

where £ € K. For any f,g € L2(K), we have f,j e L2(K) and fx § = (fgj [2].

Let M be a W*-algebra with predual M,. Let € M and p € M,. Ob-
viously for any measure v € M(K) with finite support, we have (o(v)(z), p) =
Ji(oe(x), p) dv(t). Let p € M(K). Since the set E containing all measures in
M (K) that have finite support is dense in M (K), there exists a net (vg) C E
such that vz — p in M(K). Then by ([9], 2.2C) we have [, f dvg — [, f dp,
where f(t) = (o4(2), p) (t € K). On the other hand by continuity of o, [, f dvg =
(o(vg)(z), p) — (o(u)(z), p). Then for any u € M(K) we have

(o)) = [ (o)) duct),

K
where x € M and p € M,.
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3. Arveson spectrum on hypergroups

If A is a commutative Banach algebra and F C A, the hull of E is defined by
hull(E) := {¢ € A(A) : for any a € E, a(yp) = 0}, where A(A) is the structure
space of A.

Definition 3.1. Let o : M(K) — B,(M) be the function introduced in Sec-
tion 1.
(i) The Arveson spectrum of o is defined by sp o := hull({f € L'(K): o(f) =0}).
Trivially spo = ({f~(0) : f € L'(K)and o (f) = 0}.
Since for any f € LY(K), f € Co(K), so spo is a closed subset of K. Also
for any p € M, and f € L}(K),

(a(F)(1ar), p) Z/K<0t(1M),p>f(t)dm(t)=<f(1)1M,p>~

Therefore for each f € LYK), o(f)(1a) = f(1)1as, and so if o(f) = 0 then
f(1) = 0. In other words 1 € spo.

(ii) Let x € M. We define spU(Ax) = hull({f € LYK) : o(f)(z) = 0}). Then
sp, () is a closed subset of K.

(iii) Let E be a closed subset of K. We define the associated spectral subspace
by M(o,E) :={x € M :sp,(x) C E}.
The following lemma is very useful in the sequel.

Lemma 3.2. Let & € K and U be a closed neighborhood of &. Then there
exists a function k € L'(K) such that 0 < k <1, k(¢) = 1 and suppk C U.

PROOF. We consider a symmetric neighborhood V of e such that {&} * V x
V CU and 0 < m(V) < oo (this neighborhood exists by Definition 2.1(6)). Since
" L*(K) — L*(K) is surjective [2] and XV, X{¢}sv € L*(K), then there are
g,h € L*(K) such that § = x{¢}.v and h=xv. Put k:= =2 Then k € L'(K)

(V)
and k = —5(9h) = 50+ h ([2], 2.2.23). So

k() = ﬁg « hin) = ﬁ /K v (Dxqeyey (7% 77) d(y)

i)
= ddy, * 6,— dm (7).
V) Jv iy )

If k(1) # 0, then there are characters 7, A such that v € V and X € {€}*V N {n}*
{77 }. Therefore by ([9], 4.1B), n~ € {A~b+{y~} C {6 }+V{y~} € {€ }V4V,
and so n € {€} «V «V C U. This implies that supp(k) C U. Clearly we have
k(&) =1. 0
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Theorem 3.3. (i) sp,(z) =0 if and only if z = 0.
(ii) For any closed subset E C K, 0 € M(c, E).
(iii) spy (™) = sp,(2)~ (= {€ : € € sp,(2)}).
(iv) Ift € K is such that for any £ € K, £(t) # 0, then for any & € M, sp,(x) C
sP, (04(7))-
(v) For any f € L*(K) and x € M, sp,(o(f)(z)) C sp, () (" supp(f).
(vi) Let E be a closed subset of K. Then x € M(o, E) if and only if for any

f € LY(K) with f =0 on a neighborhood of E, o(f)(z) = 0.

(vil) If t € K is such that for each & € K, £(t) # 0, then for any closed subset
ECK, M(0,E) C 0y(M(0,E)).

(viii) If z € M and p € M(K) and i = 0 on a neighborhood of sp,(x) then
o(p)(x) = 0. Also if f € L'(K) and f =1 on a neighborhood of sp,, (z) then
o(f)(w) = .

(ix) spo = Ugzen Sp, ().

PROOF. (i) Let € € K. There exists an h € C.(K) such that & € supp(h).
Since the set {f: f e C.(K)} is a dense self-adjoint subalgebra of Co(K), there
is a function f € C.(K) such that |f| > 0 on supp(h). Then f(£) # 0. Ob-
viously (f)(0) = 0. This implies that £ ¢ sp_(0), i.e. sp,(0) = 0. Conversely
let sp,(x) = 0. Then hull({f € LYK) : o(f)(x) = 0}) = 0. By abstract
Tauberian Theorem [8], () is a spectral synthesis subset of K. Then L'(K) =
{f e LN(K) : o(f)(z) = 0}. Soforany f € L'(K) and p € M., 0= (o(f)(z),p) =
S (oe(x), p) f(t) dm(t). But the mapping t — (oy(x), p) is bounded and contin-
wous (|(a0(z), o)l < ol lou(@)| = ol z]). So for any ¢ € K and p € M,,
(o¢(xz),p) =0, 1ie. 2z =0.

(ii) is obvious by (i).

(iii) First we note that o (f)(z)* = o(f)(x*), because by ([5], Proposition 1.12
page 240) for any p € M,,

Now by some calculations one can conclude that

sp, () = {€ € K : for any f € LY(K),o(f)(z)* = 0 implies f(£) =0}
={¢eK :forany f € LY(K),o(f)(z) = 0 implies f(§) = 0} = sp, (z)~.
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(iv) For any t € K and £ € K we have f,(£) = f(£)&(
/ E(),(s) dm(s / () f (¢ 5) dm(s /K & % 5)£(s) dm(s)
/ £() m(s) = FOE(H).

t) because

Since ¢ € K implies £(t) # 0, we have f(€) = 0 if and only if f,(€) = 0. Now we
show that o(f)(o¢(x)) = o(dxf)(x). Forz € K and p € M, put h := (o(.)(x), p).
Then

oo = [

K

(02(02(2)). ) () dim(s) = /K (o(s % £)(x), p) f(5) dm(s)
:/ h(s*t)f(s)dm(s):/ h(s)f(s*t™)dm(s)

K K
- /K (0()(x), )81 * F(s) dm(s) = (o6, % (@), p).

Therefore,

sp,(01()) = {¢ € K : for any f € L'(K), o(6,+ f)(x) = 0 implies f(£)¢(t7) = 0}

and then it clearly shows that sp,(z) C sp, (o¢(x)).

(v) Let € € R\ supp(f). Since supp(f) is closed then by the regularity of
LY(K) [3], there exists a function g € L'(K) such that §(§) = 1 and § = 0 on
supp(f). Then we have (g * fj = ¢f = 0 and so that by injectivity of the Fourier
transform, g x f = 0. So for any p € M,,

(o(9)(a(f)(@)), p) = {o(g * )(x), p) = /K<0t($),p>g* f(t) dm(t) = 0.

Then o(g)(o(f)(x)) = 0, while §(§) # 0. So & ¢ sp,(a(f)(x)).
sp, (0(f)(z)) C supp(f). On the other hand if o(g)(z) = 0 then o(g)(o
a(g* [)(x) =o(f*g)(x) = a(f)(o(g)(x)) = 0 and so sp, (o (f)(x)) S sp,(z).
(vi) Suppose that f = 0 on a neighborhood of E and z € M(o,E) i.e.
sp, () C E. Then f vanishes on a neighborhood of hull({g € L' (K) : o(g)(z) = 0}).
Now a well-known result of Shilov states that an ideal I in a regular Banach alge-

erefore

Th
() =
SP,
(o,

bra A contains all elements a in A that @ vanishes on a neighborhood of hull(I) in
A(A) [10]. Then f € {g € L' (K) : o(g)(z) = 0}, that is o(f)(z) = 0. Conversely
suppose that for any f € L!'(K) with f = 0 on a neighborhood of E we have
o(f)(z) =0. If x ¢ M(o, E) then we can consider an element £ € sp, (z)\E and
a closed neighborhood U of € such that U E = . By Lemma 3.2 there exists
a function k € L'(K) such that k(¢) = 1 and supp(k) C U. Then k = 0 on the
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neighborhood K\U of E, and so that o(k)(z) = 0. Since £ € sp,(z), k(£) =0, a
contradiction. So x € M (o, E).

(vil) Let « € o, (M (0, E)). Then we have sp, (o(z)) C E. By (iv),
sp,(z) C FE and so z € M (o, E). Since o} is bijective, (vii) holds.

(viii) Suppose that ji = 0 on a neighborhood of sp, (x). For any f € L'(K)
we show that o(f)(o(u)(z)) = 0 and this proves the first claim in (viii). For any
feLYK), fxpe LY(K)and (fxu) = fii = 0 on a neighborhood of sp,, (z). So by
the regularity of L*(K) (as in the proof of (vi)), o(f)(o(u)(x)) = o(f *u)(z) = 0.
Now let f € L'(K) and f = 1 on a neighborhood of sp,, (). Since 6.(€) = £(e) = 1
(¢ € K), then (f —d.) = 0 on a neighborhood of sp, (z). So o(f — 8.)(z) = 0 and
therefore o(f)(x) = 0(de)(x) = In(x) = .

(ix) Tt is clear that U,cps sp, () C spo. Conversely if € ¢ Ucns sp, () then
we choose a closed neighborhood U of £ such that U N (Ugzenrsp,(x))=0. By
Lemma 3.2 there exists a function k € L'(K) such that k(¢) = 1 and supp(k)

Then k = 0 on a neighborhood of Ugepssp, (x). So for any = € M, k
on a neighborhood of sp_(x). On the other hand since always we have z €
M (o,sp,(x)), by (vi) for any z € M we have o(k)(xz) = 0, i.e. o(k) = 0. Now
because of k(£) =1, £ ¢ spo. O

Lemma 3.4. Let € > 0, £ € Z(K), f € L'(K) and f(¢) = 0. Then there
exists a function k € L*(K) such that || f k|, < € and k = 1 on a neighborhood
of €.

PROOF. We consider positive arbitrary numbers €, €3, €3. Since f € L1(K),
there exists a compact set £ C K such that fK\E |f(s)]dm(s) < €. Then the set
W={ne K : [n(z)—&(x)| < €2, for any € E~} is an open neighborhood of £ in
K. Since K is Hausdorff and locally compact, there are compact neighborhoods
U; and V of £ such that V C Uy C Uy C W. We consider a symmetric open
neighborhood U of 1 in K such that V « U s U C UP, 0 < 7(U) < o0, 0 <
7(V*U) < oo, and U C {n € K : |n(z) — 1| < €3, for any 2 € E~}. Since
"1 L*(K) — L*(K) is bijective [2], there are g,h € L?(K) such that § = v,
h= xu. If k:= %7 similar to the proof of Lemma 3.2, k=1on V, and also
&L < llgll2 |hlle m(U) ™ = =(V * U)%W(U)_Tl. For any x € K we have

(k+ f)(o / F()k(z *y™) dm(y) = /K k(o ™) dm(y) — k(z) ()
- /K F)k(@ + ™) — EGR()] dm(y).
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So,
s sl < [ [ 1@k y7) = Tkl dny) dn)
AL |/|kx*y — k()| dm(x) dm(y)
= [ 15ty = Skl ) + /K\E|f<y>|||ky—s<y>k|1dm<y>.

In the sequel we compute two latter integrals. Since

k- = €@kl < llky- Il + 1€kl < 2llk]1,

then

— 1 -1
/K\E @) ky- = &)kl dm(y) < 2[|k[ly 1 < 2a(V « U)2m(U) = €.
For the other integral,

/E 7). = EHL ) < I sup [ — EGA,

= I/l sup/ ha + 2) ()| dm(x),

where z = y~. But

m(U) [k(x x 2) = §(2)k(x)] = / g()h(t) dbx * 6. (t) — £(2)g(2)h(x)

K
- /K ((h(8) — h()) (g(t) — E(=)g(@))dbs * 5.(1)
+£(2)g(@)[h=(x) — h@)] + h(z)[g () — £(2)g(x)].
Then
w(U) &z — £()k]l < /|H1 )| dm(x /|H2 )| dm(a /K|Hs<w>\dm<x>,
where
Hy(z) = /K ((t) — h(@))(g(t) — E(2)g(x))dd, # 6. (t),

Hy(x) = £(2)g(x)[h.(z) — h(z)] and  Hz(z) = h(z)[g:(2) — £(2)g(x)].
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Now we compute these three integrals. Since |¢] = 1,
[ @) dm(@) = [ lo(@)]h-(0) = h(z)] dma)
= [lg(h= = B)llx < llgll2 b= — hll2 < 7(V % U)2 w(U)? €5,
because ||g||3 = ||g||3 = 7(V * U), and for each z € E~
.= bl = = bl = [ 160) =B Pa() = [ ) b(e) =1 dn(a)
= [ )= 1P in(o) < w(0)
Also we have
[ @) dm(@) = [ [p(e)] l0.G0)  €)g(e)] dmia) = [ntg: ~ E)o)ls
< b2 llg- — £(2)gll> < 7(U)E w(V * U)% e,
because ||h||2 = ||k]|2 = 7(U) and for each z € E~
lg- — £(2)gl3 = llg: — £(2)3l3 = / 1G:(7) — £(2)3() P dr ()
= [ 0P 1) - € dnta)
— [ he)-€@Pdnt) <n(vv)&
VU

The computing of [, |Hi(x)| dm(z) needs more intricacies, because for any func-
tions f, g on a hypergroup we do not have in general (fg), = fzg.. First note
that by Holder inequality we have

(@) = | / D(g(t) — €(2)9(x)) db, = 5.(8) < Ba(2)Ba(),
where

/ |h(t) —h(x)|? dd,*6.(t) and By(x / lg(t) g(x)|? b, %6, ().

So
/ \Hy(2)] dm(z) < / By ()} Ba(z)* dm(z)
K K

<([ mw dm@))%( | Bl dm(a:))%
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But

Bl(ZL')

/th(t)l2+|h( @)[? — 2R(A(t)h(x)) by * 5(t)

= (In?])=(2) + [h(@)]* = 2R(h(2)h. (2))
= (1P?])=(2) + [hs(2) = h(x)]* = [ha(2) .

By ([9); 3-3B), [|h-[l2 < [[l2, so

/K [(112]). (2) — |ha ()] dm(a) < [Bl3=[1ha 3= (il + [1Be ) (1A= 1A ]2)
< 2|hlls [Ih. — hll2 < 27(U) €5

Then [, By(z)dm(z) < w(U) (€3 + 2€3). Similarly

2= [ 1o + I¢(:)a @) ~ 2R(o(FE() 45, + 6.1

= (I9°]):(2) + [€(x)g(2)]* — 2R(E(2)g(2)g:(x))
= (16(2)91)= (@) + lg=(2) — E(2)g(@)* — lg=(2)|*.

Also for each z € E~ we have
/K E(2)9(z) — g2 ()2 dm(z) = |1E(2)g — :113 = [€(2)3 — G112
- / ) IE(2) — (=) dr() = / 6(2) — ()P dn(y) < 7(V U) &,
K VxU

and

/K(\ﬁ(Z)QIQ)z(w) — lg: (@) dm(z) < [l€(2)g]13 — llg=113
< (I€(=)gll2 + llg=N2) (1€ (2)g — g=1l2) < 2[lgll21§(2)g = g:ll2 < 27 (V * U) €2

Then [, By(z)dm(z) < w(V*U)e3+2m(V «U) €3. This completes the proof. [

Lemma 3.5. Let ¢ € Z(K) and ¢ > 0. For every compact set E C K
there exists a compact neighborhood V of £ in K such that for any s € F and
x € M(o,V),

los(z) — &(s)z|| < ell]].

PROOF. Since K is locally compact, we can consider compact neighborhoods
Wy and Wy of € such that W, C W C Wy. By (a similar argument to) Lemma 3.2
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there exists a function f € L*(K) such that f =1 on W, and supp f € Wg. For
any s € K, we put Fy := 0, * f — &(s)f. Tt is clear that F, € L'(K), and

Fy(€) = (8, [)(€) —E(5) f(&) = fE) (™) — &(s7) f(€) =

Then by Lemma 3.4 for any § > 0 and any s € K there exist a function hy € L!(K)
and a compact neighborhood W of £ such that ||hs x Fg|l; < 0 and hs =1 on
W,. The mapping s — Fs from K into L'(K) is continuous. Then for any
s € K and a > 0 there exists a neighborhood Us of s in K such that for any
t € U, |Fs — F¢||1 < a. By compactness of E, there are s1,...,s, € F such that
ECU,,U---UUs,. We put Wy =W, N---NW;_. Clearly Wj is a neighborhood
of £ and for any s € E there exists a j € {1,2,...,n} such that ||[F, — Fy,| < a.
Also since the set {||hs]|1 : s € K} is bounded (say by a bound M),

ha, % Fully < [, * Fo, |1 + b, * Fa — ho, % Fo, |1 < 6+ Ma.

It is clear that fzsj =1 on Ws5. We can consider ¢, a so small that § + Ma < e.
Thus for any s € E there exists a function k € L1(K) such that || Fs*k||; < € and
k=1on Wsy. Now we put W = Wy N W5 and consider a compact neighborhood
V of £ such that V C W° C W. Let s € E and « € M(0,V). So sp,(z) C W°.
Since k, f =1 on W°, we have (f * kj = 1 on a neighborhood of sp,(x). Then by
Theorem 3.3(viii) o(f * k)(z) = z. So

los(2) = E(s)all = llos(o(f * k) (@)
= |lo(ds * [ *xk)(x
= llo([0s % f = €(s) f
= llo(Fs x k) (@)[| <

E(s)o(f * k)(@)]
a(§(s™)f k) (@)
(x

[ k) (@)l
[1Es * Kl |zl < ellz]]. O

) =
) =

Summing up, we have the following characterization of spo.

Theorem 3.6. Let £ be in the center of K. The followings are equivalent.
(i) £ espo.
(ii) For any closed neighborhood V of ¢ in K, M(c,V) # {0}.

(iii) There is a net (x,) in M such that for any ¢, ||z,|| = 1 and lim, ||os(z,) —
&(s)x,|| = 0, uniformly on compacta.

(iv) For any f € L'(K), |f(€)] < |lo(f)].
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PROOF. (i)=(ii) Let £ € spo. If for a closed neighborhood V of ¢ we have

M (o, V) = {0} then by Lemma 3.2 there exists a function f € L'(K) such that
supp f €V and f(¢) = 1. Since sp, (o(f)(z)) Csupp f C V, o(f)(z) € M(c,V).
Then o(f) =0 and f(£) # 0. This implies that £ ¢ sp o, a contradiction.

(ii)=-(iii) For any closed neighborhood V of £ we consider a non-zero element

t, € M(o,V) and put x, = m By Lemma 3.5 the net (x,) satisfies (iii).

(iii)=(iv) Let (x,) be the net in (iii). Then for any f € C.(K) and z,,
e (NI = Nl ()l = /Kﬂs(%)f(é‘) dm(s)]|
> I/Ké“(S)f(S) dm(s)| ||zl —/K los(@.) = E(s)a.[1f(s)] dms).

Then by limiting and using the compactness of support of f we have ||o(f)] >

1f(€

(1]
2]
3]
(4]

(5]
[6]

[7]
(8]
[9]

(10]
(11]

(12]

13]

)|. Now (iv) holds by density of C.(K) in L!(K).

(iv)=-(i) is obvious by definition of Arveson spectrum. O
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