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Dependence of the Gauss—Codazzi equations
and the Ricci equation of Lorentz surfaces

By BANG-YEN CHEN (East Lansing)

Abstract. The fundamental equations of Gauss, Codazzi and Ricci provide the
conditions for local isometric embeddability. In general, the three fundamental equations
are independent for surfaces in Riemannian 4-manifolds. In contrast, we prove in this
article that for arbitrary Lorentz surfaces in Lorentzian Kaehler surfaces the equation
of Ricci is a consequence of the equations of Gauss and Codazzi.

1. Introduction

Let M™ be a complex n-dimensional indefinite Kaehler manifold, that means
M™ is endowed with an almost complex structure J and with an indefinite Rie-
mannian metric g, which is J-Hermitian, i.e., for all p € M™, we have

Gg(JX,JY)=§(X,Y), VX,Y eT,M", (1.1)
VJ =0, (1.2)

where V is the Levi-Civita connection of §. It follows that J is integrable.

The complex index of M™ is defined as the complex dimension of the largest
complex negative definite subspace of the tangent space. When the complex
index is one, we denote the indefinite Kaehler manifold by M ', which is called a
Lorentzian Kaehler manifold (cf. [1]).

The curvature tensor R of an indefinite Kaehler manifold M" satisfies
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R(X,Y;Z,W)=R(ZW;X,Y), (1.4)
R(X,Y;JZ,W)=—R(X,Y; Z,JW), (1.5)
where R(X,Y; Z, W) = §(R(X,Y)Z,W).

It is well-known that the three fundamental equations of Gauss, Codazzi
and Ricci play fundamental roles in the theory of submanifolds. For surfaces in
Riemannian 4-manifolds, the three equations of Gauss, Codazzi and Ricci are
independent in general.

On the other hand, we prove in this article a fundamental result for Lorentz
surfaces; namely, for any Lorentz surface in any Lorentzian Kaehler surface the
equation of Ricci is a consequence of the equations of Gauss and Codazzi.

2. Basic formulas and fundamental equations

Let M? be a Lorentz surface in a Lorentzian Kachler surface M7 with an
almost complex structure J and Lorentzian Kaehler metric g. Let g denote the
induced metric on MZ. Denote by V and V the Levi-Civita connection on g
and g, respectively; and by R the curvature tensor of M.

The formulas of Gauss and Weingarten are given respectively by (cf. [2], [9])

VxY =VxY +h(X,Y), (2.1)

Vxé=—AcX + Dx¢ (2.2)

for vector fields X, Y tangent to M? and & normal to M, where h, A and D are
the second fundamental form, the shape operator and the normal connection.

For a normal vector £ of M7 at x € M?, the shape operator A is a symmetric

endomorphism of the tangent space T, MZ. The shape operator and the second
fundamental form are related by

gW(X,Y), &) = g(Ac X, Y) (2.3)

for X, Y tangent to M?.
The three fundamental equations of Gauss, Codazzi and Ricci are given by

R(X,Y:Z,W)=R(X,Y; Z,W) + (h(X, W), h(Y, Z)) (2.4)
- <h(X7 Z)a h(Yv W)> )

(R(X,Y)2)" = (Vxh)(Y, Z) - (Vyh)(X, 2), (2.5)

G(RP(X,Y)E,n) = R(X,Y;€n) + g([Ae, A)]X,Y), (2.6)
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where X, Y, Z, W are vector tangent to M2, and Vh is defined by
(Vxh)(Y,Z) = Dxh(Y,Z) — h(VxY,Z) = MY, VxZ). (2.7)

The following lemma is an easy consequence of a result of [7].

Lemma 2.1. Locally there exists a coordinate system {x,y} on a Lorenz
surface M# such that the metric tensor is given by

g =-—m?(z,y)*(dr ® dy + dy @ dx) (2.8)

for some positive function m(z,y).

PROOF. It is known that locally there exist isothermal coordinates (u,v) on
a Lorentz surface M# such that the metric tensor takes the form:

g = E(u,v)*(—du ® du + dv ® dv) (2.9)
for some positive function E (see [7] (see, also [5]). Thus, after putting
r=u-+v, Y=u-—v,

we obtain (2.8) from (2.9) with m(z,y) = E(z,y)/v2. O

3. Main theorem
The main purpose of this article is to prove the following fundamental result
for Lorentz surfaces.

Theorem 3.1. The equation of Ricci is a consequence of the equations of
Gauss and Codazzi for any Lorentz surface in any Lorentzian Kaehler surface.

PROOF. Assume that ¢ : M? — Mlz is an isometric immersion of a Lorentz
surface M7 into a Lorentzian Kaehler surface M?. According to Lemma 2.1, we
may assume that locally M? is equipped with the following Lorentzian metric:

g =-—m?(z,y)(dr ® dy + dy @ dx) (3.1)

for some positive function m. The Levi-Civita connection of g satisfies

9  2my 0 0 g  2my 0

V&or = Tm or VEay 0 Y
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and the Gaussian curvature K is given by

K— 2mmy,y — 2mxmy.

mA
If we put
10 10

€5 = (3.4)

€1 = E@iy’

mox’
then {e1,es} is a pseudo-orthonormal frame satisfying
<€1,61> = <€2,62> = O7 <61,€2> =-—1. (35)
From (3.2) and (3.4) we find

my
Ve, e1 = oLl Ve,€1 = —ﬁgeh
My m
Veleg = —Weg, Vegeg = migeg. (36)
For each tangent vector X of M2, we put
JX = PX + FX, (3.7)

where PX and F'X are the tangential and the normal components of JX. For the
pseudo-orthonormal frame {e1, ez} defined by (3.4), it follows from (1.1), (3.5),
and (3.7) that

Pey = (sinha)e;, Peg = —(sinha)ey (3.8)
for some function «. We call this function « the Wirtinger angle.
If we put
es = (secha)Fey, e4 = (secha)Fey, (3.9
then we may derive from (3.7)-(3.9) that
Jei; = sinh aeq + cosh aeg, Jeg = —sinh aes + cosh aey, (3.10)
Jez = —coshae; —sinhaes, Jey = — cosh aes + sinh aey, (3.11)
(es,e3) = (eq,e4) =0, (eg,eq) = —1. (3.12)

We call such a frame {ey, s, €3, e4} an adapted pseudo-orthonormal frame for M?.
Let us put Vxe; = Zizl w;-“(X)ek;j, k = 1,2. Then we deduce from (3.5)
that

Vxer =w(X)er, Vxes = —w(X)ey, w= w%. (3.13)
Similarly, if we put Dxe, = wi(X)es;r, s = 3,4, then (3.12) yields
Dxes = ®(X)es, Dxes=—®(X)ey, & =ws. (3.14)



Dependence of the Gauss—Codazzi equations and the Ricci equation. . . 345

For the second fundamental form h, we put h(e;, e;) = h%eg + h§je4. Then,
by applying Vx (JY) = JVxY, (3.10)-(3.14), we may obtain the following:

Acyej = hijer + hijes,  Acyej = hiyer + hijes, (3.15)
ejo = (w; — ®;) cotha — th)’j, (3.16)
era = hiy —h3,, esa = hiy — h3y, (3.17)
wj — ®; = (h}; + hj,) tanh o, (3.18)

where w; = w(e;) and ®; = O(e;) for j =1,2.
For simplicity, let us put

h(ei,e1) = Bes + ves, h(ei,ea) = des+ peq, h(ea,ea) = Aes + peq.  (3.19)
In view of (3.12), and (3.19), equation (2.4) of Gauss can be expressed as

2(mmgy — Mmamy) -
. - K, (3.20)

YA+ Bu — 20 =

m

where K = f]?(el, e2; ea, e1) is the sectional curvature of the ambient space ]\;[12
with respect to the 2-plane spanned by eq, es.
By using (3.6), (3.14), and (3.18) we find

m
D, e3 = (mig — (B4 ) tanha) es,
D, e3 = — (% + 6+ tanha) es,
m
D, eq = ((6 + ) tanh o — m—g) e,
D.,eq = (% + (6 + p) tanh a) eq. (3.21)
So, it follows from (3.6), (3.19) and (3.21) that

(velh)(el,el) = (’i: _ 67:7290

— B(B+ ¢) tanh oz) e3

x 3 xr
+(7 - WZ +’y([3+g0)tanha> eq,
m m

= 0y Omy
(Ve h)(er,e2) = (m + e 0(B+ ) tanha) e3

m
+ (f%ﬁ _ e ; + B+ @) tanha) e,
m m
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(Ve,h)(e1,e1) = (% + [j:;y — B0+ w) tanha) es3

3ym
N (vy + 0 (6 + ) tanha) e,
m m

= Az 3Admy,
(Ve,h)(ez,e2) = (m + o A(B + ) tanh a) es
M KMy
+ (H + 2 + p(B + ) tanh a) €4,

- 1) om
(Testen,e2) = (2 = 5 = 6 4 ) tanha )
¥ pm
+ (Ey + mizy + (0 + ) tanha) eq,

(Ve h)(e2,e9) = ()\U — 3)\# — A0+ ) tanha) es3
m

m
Py _ Py
+ (m 2 + p(d + p) tanh a) es. (3.22)

On the other hand, from (3.10) we also find
(R(el,eg)eg)L = —sechafi(el,eg; e, Jes)es
— {tanh aK + sech aR(el, ea; ez, Jer) ey,
(R(eg,e1)er)t = {tanhaK — sech aR(eq, e1; €1, Jez) }es
— sech aé(eg, er;e1, Jey)ey. (3.23)

By applying (3.4), (3.12), (3.22), (3.23), and the equation of Codazzi we get

om, A
Ax_éy:(w+w_52_5u)mtanha_%w
— msech aR(ey, eg; e, Jes),
omy = s

m
e — ¢y = (80 — Bu)mtanh o + £ —

— msech ozR(el, eo2; ea, Jep) — m(tanh a)R,

By — 0z = (Bu — dp)mtanh o + ome, — By

— msech ozR(eg, e1;e1, Jes) + m(tanh a)f(,

Mg + 3ym
Vy — Pz = (Bp + ¢* — 67 — yp)mtanh o — %

— msechaR(eq, er;e1, Jer). (3.24)
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Also, from (3.4), (3.5), (3.15), (3.17) and (3.19) we have
_ [P H (5 A
() ) em
o0 = mlp — B), vy = m(ps — ). (3.26)

By applying (3.10), (3.11) and (3.25) we derive that
Rley, e;e3,e4) = (sech? a — tanh® o) K
— 2sech atanh aR(ey, e2; e, Je1), (3.27)
([Aes, Acyler, e2) = YA — B (3.28)

From (3.6), (3.21), and (3.28), we find

N 2MMyy — 2Mgm sech? o
G(RP(e1,ea)es, e4) = ym4 L+ {0+ pmas — (B+@)ay} -
tanh o
HO+pme = (B4 @hmy +m(Be +po = By — @)} g (3:29)

Therefore, the equation of Ricci is given by

2mmy, — 2mgm sech? a
I {0+ o — (B4 @)ay} —
tanh «
=+ {(5 + .u)mw - (ﬂ + Qp)my =+ m(é.L + Mz — ﬁy - @y)}?

=4\ — Bu + (sech® a — tanh® @) K — 2sech artanh aR(eq, ea; €2, Jer).  (3.30)
On the other hand, using (3.4) and (3.17) we find
(6 + pag — (B+ p)ay =2m(dp — Bu). (3.31)
Also, by applying (3.24), we get

(5 + ,U')m:t - (ﬁ + ‘P)my + m((sl + pe — ﬁy - Qoy)
= 2(6p — Bu)m? tanh o« — 2m? tanh o K
+ m? sech a{R(ez, e1;e1, Jes) — R(eq, ea; ea, Je1)}. (3.32)
Substituting (3.31) and (3.32) into equation (3.30) gives

2mmgy — 2mgmy, 7

YA+ B — 20 = 7
m

— tanh arsech a{R(eg, er;er, Jes) + R(el, €2; €, Jel)}. (3.33)
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On the other hand, by applying the curvature identities (1.3) and (1.5),
we find

Rl(ea,e1;e1, Jea) = —R(ey, ea; e, Jey).

Combining this with (3.33) shows that equation (3.33) becomes equation (3.20)
of Gauss. Consequently, the equation of Ricci is a consequence of Gauss and
Codazzi for arbitrary Lorentz surfaces in any Lorentzian Kaehler surface. (]

From the proof of Theorem 1 we also have the following.

Theorem 3.2. The equation of Gauss is a consequence of the equations of
Codazzi and Ricci for Lorentz surfaces in Lorentzian Kaehler surfaces.

Remark 1. Some special cases of Theorem 1 are obtained in [3], [4].

Remark 2. Theorem 1 is false in general if the Lorentz surface in a Lorentzian
Kaehler surface were replaced by a spatial surface in a Lorentzian Kaehler surface.

Remark 3. Since the three fundamental equations of Gauss, Codazzi and
Ricci provide the conditions for local isometric embeddability, these equations
also play some important role in physics; in particular in the Kaluza—Klein theory

(cf. [6], [8], [10]).
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