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Bernstein type theorems for minimal surfaces in («, 3)-space

By NINGWEI CUI (Hangzhou) and YI-BING SHEN (Hangzhou)

Abstract. Let V"1 be an (n + 1)-dimensional real vector space and F = ag(s),
s = B/d, be an («, 8)-metric, where & is an Euclidean metric and 3 is a one form.
Minimal surfaces with respect to the Busemann—Hausdorff measure and the Holmes—
Thompson measure are called BH-minimal and HT-minimal surfaces, respectively. We
give a Bernstein type theorem for minimal graphs in (V"H7 F) with n < 7. Let Fy =
a¢(s), s = 3/, be a Minkowski metric with b := ||3]ls. We use a PDE to characterize
the BH-minimal and HT-minimal graph over any hyperplane containing the origin in
(vt Fb). Then we prove that this PDE is an elliptic equation of mean curvature type
when b € [0,€) for some constant € > 0 and give a Bernstein type theorem for BH-
minimal surface in (V?3, F}). BH-minimal cones with an isolated singularity at the origin
are also given.

1. Introduction

The classical Bernstein theorem states that any (regular) minimal surface
in R3, which is a graph defined by a C?-function on R?, is a plane. In higher
dimensions, any complete minimal graph in R**! with n < 7 is an affine n-
hyperplane. We want to generalize the Bernstein theorem into Finsler space.
As is well known, various definitions of mean curvature have been introduced in
Finsler geometry because of the uncertainty of the volume form. There are two
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natural volume forms in Finsler geometry, one is the Busemann-Hausdorff vol-
ume form, and another is the Holmes—Thompson volume form. Minimal surfaces
with respect to the Busemann—-Hausdorff measure and the Holmes—Thompson
measure will be called BH-minimal and HT-minimal surfaces, respectively. Using
the Busemann—Hausdorff volume form, Z. SHEN introduced the notion of mean
curvature for the submanifold in Finsler space and obtained some local and global
results ([8]). A Bernstein theorem was obtained in [12] for BH-minimal surfaces
in Minkowski Randers space (R3, & + B) when the norm of the one form B satis-
fies ||3]la € [0,1/v/3). Later, Q. HE and Y. B. SHEN introduced the notion of
mean curvature by calculating the volume variation with respect to the Holmes—
Thompson volume form ([5]). Then they gave a Bernstein type theorem ([4]) for
hypersurface in Randers space (R™*1, &+ B) with @ an Euclidean metric for n <7
and proved that the Bernstein theorem holds for the HT-minimal graph in any
3-dimensional Minkowski space R3.

The purpose of this paper is to study the minimal hypersurfaces in an (a, 3)-
space (V"1 F), where V"1 is an (n + 1)-dimensional real vector space, F =
a¢(s), s = 3/a, & is an Euclidean metric and 3 is a one from.

Set a system of ODE

{¢<¢ —s¢/)" 1 =1+ p(s) + s2q(s),
d(d — s¢')" 29" = q(s),

where p(s) and ¢(s) are arbitrary odd C*° functions.

(1)

Theorem 1.1. Let F' = a¢(s), s = 3/&, where & is an Euclidean metric and
3 is a one form, ¢ is given by ¢(s) = (1+h(s))~# with h(s) an arbitrary odd C>
function (or ¢ satisfies (1)). Then any complete BH-minimal (or HT-minimal)
graph in (n + 1)-space (V*1, F) with n < 7 is an affine hyperplane.

We remark that the only ¢ satisfying (1) we found is ¢ = 1+ s (i.e. Randers
metric). In this case, Theorem 1.1 was obtained in [4].

We denote by Fy, = a¢(s), s = §/a, a Minkowski metric with b := ||§]|4.
We shall establish the Bernstein type theorem in (V3, ). It was obtained in [4]
that any complete HT-minimal graph in 3-dimensional Minkowski space V? is a
plane. So, in the following, we only study the BH-minimal surfaces.

Define .
g 1
opu(t) == [/0 Wd@] (2)

Oy (t) == 2075 (t) (0> —t) + opu(t). (3)

and
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Theorem 1.2. Let Fy, = agp(s), s = B/o?, be a Minkowski («, 8)-metric,
where & is an Euclidean metric and 3 is a one form with length b := ||5]|a € [0, b,)
such that Fy is positive definite. Let

(t)
(t)
Then any BH-minimal surface in (V3, Fy) with b € [0,€), which is the graph of a
function defined on R2, is a plane.

€ := sup {e’ €[0,bo) | ®y(t) # 0,

@/
B >0, Vit e (0,57, VbE[O,e’)}. (4)
D,

For Randers metric F, = & + 57 we can compute € = % (See Example 6.1
in Section 6). This is the main result in [12].

This paper is organized as follows. In Section 2, we give the definitions and
notations. In Section 3, we study the Busemann-Hausdorff volume form ([2],
[3]) and the Holmes—Thompson volume form ([2]) of an (a, §)-metric. Then we
give a Bernstein type theorem for minimal graphs in the (o, §)-space (V"1 F)
with n < 7. In Section 4, we calculate the mean curvature of a graph over any
hyperplane containing the origin in Minkowski space (V"1 F,) and use a PDE
to characterize such a BH-minimal or HT-minimal graph. Then we give a local
rigidity theorem which can be viewed as a generalization of the result in [15]. In
Section 5, we prove that the minimal graph equation obtained in Section 4 is an
elliptic equation of mean curvature type when b € [0, €) for some constant € > 0.
Then we can obtain a Bernstein type theorem for BH-minimal graphs in (V3, Fy)
(i.e. Theorem 1.2). In Section 6, we give some examples to show that we can find
the number € in Theorem 1.2 for a given (a, §)-metric. We also give BH-minimal
cones with an isolated singularity at the origin when b > €. It is clear that our
result is a generalization of that in [12].

2. Preliminaries

Let M be an n-dimensional smooth manifold and « : TM — M be the
natural projection from the tangent bundle T'M. The local coordinate system
(') on M and the tangent vector field y = y' 8% € T M give a local coordinate
system (z%,y") on TM. A Finsler metric on M is a function F' : TM — [0, 00)
satisfying: (i) F is smooth on TM \ {0}; (ii) F(z, \y) = A\F(z,y) for (z,y) € TM
and any positive real number A; (iii) The fundamental form g := g;;dz’ @ da’
is positive definite, where g;; := %[FQ]ylyJ A smooth manifold endowed with a
Finsler metric is called a Finsler space. The simplest Finsler space is Minkowski

space, on which the metric function F' is independent of x.
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Here and from now on, we shall use the following convention of index ranges:
1<id,j,---<n; 1<a,pf,---<n+1.

Einstein summation convention is also used throughout this paper.
If (M, F) is a Finsler space, the Busemann—-Hausdorff volume form induced
from F is defined by

dVBH = oBH (2)dzt A - A dz™,

where

Vol(B")
BH( .\ _ '
7E ) = G e R | Fley ) < 1)

It coincides with the Hausdorff measure of M as a metric space when F' is re-
versible. The Holmes—Thompson volume form induced from F' is defined by

dVHT = BT (2)da' A -+ A dz™,

where

@) = ey |, Vet )i

where 7 is the induced volume form of S, M := {y € T, M|F,(y) = 1} from the
Riemannian metric § = g;;(y)dy’ ® dy’ on the punctured tangent space 7, M \ 0.

Let (M™*? F) be a Finsler manifold and f : M™ — (M™? F) be an iso-
metric immersion. The notion of mean curvature with respect to Busemann—
Hausdorff volume form was introduced by Z. SHEN in [8]. Let f; : M" —
(M"P F), t € (—€,€,) be a variation of f such that f, are isometric immer-
sions with fo = f and f; = f outside a compact set Q@ C M. f; induce a family
of Finsler metrics F; = ft*F on M and a variational vector field X = %h:o
along f. Consider the function V(t) = [,, dV/ZH, we have

V'(0) = /M HEH (X)avEH,

where H? H s called the BH-mean curvature form of the immersion f and f is
said to be BH-minimal when HP" = 0.

From now on, we consider a hypersurface isometrically immersed in (V**1 F).
Let f: (M",F) — (V"1 F) be an isometric immersion. In local coordinates

7= fo(t, .. ).
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Let 2z = %’;a and z = (2%) € GL(n,n + 1). For & € V"1 define

_ Vol(B™)
Vol{(y?) € R™ | Fi(yiz9 3% |z) < 1}

1 0z~

fBH(ic,z) : (5)

The Busemann-Hausdorff volume form dVE# of the induced metric F is given
by
dVEHR | = FBH(z, 2)dx' A -+ A da™, (6)

where # = f(z) and z = (2{). The BH-mean curvature form of f is H7" =
HBHdz where ([8])

1 BH 2rBH a2 8 2 BH a8
3P _ {8}" O2FBH g2y PF 8f} @

TFBE T 0 90920 0idni | 0300z On

Note that when (V"1 F) is a Minkowski space, F5(Z, z) is independent of &
from (5). In this case, (7) reduces to

1 82]:BH 82 B
M = SO (8)
62?8,zj O0xt0xI

It was pointed out in [14] that Z. SHEN’s method is also valid for Holmes—
Thompson volume form. The mean curvature form ’H? T and the minimal surface
with respect to this volume form will be called HT-mean curvature form and HT-
minimal surface respectively. The corresponding quantities will be marked with
HT such as FET  etc.

In Finsler geometry, (o, 3)-metric is an important class of Finsler metrics
which are defined by a Riemannian metric & = y/a;;y'y? and a one form 3 = b;y".
They are expressed in the form

F:aqb(s), S:ﬁ/aa

where ¢(s) is a positive C* function on (—b,,b,). It can be proved ([9]) that F
is a positive definite Finsler metric for any « and § with ||8z]|« < b, if and only
if ¢ satisfies

$(s) — s¢/(s) + (° = s%)¢"(s) > 0, (Is| < b <bo). (9)

We note that (a, 3)-metric contains many important Finsler metrics. If ¢ = 1+,
2

the Finsler metric F = «a + (§ is Randers metric. If ¢ = 1—;, F = aoiﬁ is

Matsumoto metric which was first introduced in [6]. If ¢ = (1 + 5)%, F = %
is called two order metric.
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3. Bernstein type theorem in high dimensions

For an (a, 8)-metric F = a¢(f/a), the Busemann—Hausdorff volume form
was calculated in [3] and the Holmes-Thompson volume form together with
Busemann—Hausdorff volume form were calculated in [2] independently. Define

—1

VALY [T _sin" 20
opu(t) == r(2) {/0 ¢n(t§COSG)d6:| . o

2
(10) reduces to (2) when n = 2. Thanks to the computation in [2], we define
i

opr(t) = \/7?F(”)1) /07T H(t? cos ) sin™ 2 d6), (11)

where
H(s) == ¢(¢ — s¢')"*[¢ — s¢ + (t — 57)¢"]
and I'(t) = 0+°° '~ le~%dx is the Euler function.

Lemma 3.1 ([2], [3]). For an (o, ()-metric F' = a¢(s), s = (B/a, the
Busemann—Hausdorff volume form and the Holmes—Thompson volume form of F
are given by dVE" = opy(||B8]|2)dVea and dVHET = opyr(||B]|2)dVa respectively.

Proposition 3.2. Let F = «a¢(s), s = [f/a, be an (a, B)-metric. If ¢ is
given by ¢(s) = (1 + h(s))~» with h(s) an arbitrary odd C* function, then
dVBH = dV,,. If ¢ satisfies (1), then dVAT = dV,,.

PROOF. Note that [ h(t cos0)sin™ 2 6df = 0 for any odd function h(s)

and L
™ N @==S
/ sin" % 0df = M
0 I'(3)
Plugging ¢(s) = (1+h(s)) "= into (10) yields o (t) = 1. Similarly, if ¢ satisfies
(1), then O’HT(t) =1. O

Now we consider an isometric immersion f : (M™, F) — (M ntl ), where
F = ag¢(s), s = ﬁ/d with Riemannian metric & = \/a,3dZ*dz% and one form
5 = bodi®. Then the induced metric F is also an (a, B)-metric of the same type
F = a¢(f/a) with Riemannian metric o = \/a;;y’y7 and one form (3 = b;(z)y’,

where

o0 oz, 2o = 2L
aij(z) = 272} Gap,  bi(x) = bazi’, 27 = ozrt’

If ¢ is given in Proposition 3.2, then the Busemann—Hausdorff volume form (or

(12)

Holmes-Thompson volume form) of (M, F)) is that of the Riemannian manifold
(M, ).
From the formula of mean curvature (7), we have immediately
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Proposition 3.3. Let F = a¢(s), s = B/o?, be an («, 8)-metric, where ¢
is given by ¢(s) = (1 + h(s))~= with h(s) an arbitrary odd C> function (or ¢
satisfies (1)), then the BH-mean curvature form (or HT-mean curvature form) H
of the submanifold (M, F) isometrically immersed in (M, F) is just that of the
submanifold (M, a) isometrically immersed in the Riemannian manifold (M, &).

Let M™*! be a real vector space V"1, & be an Euclidean metric. By Bern-
stein theorem on minimal graphs in the Euclidean space ([10]), we have immedi-
ately

Theorem 3.4. Let F = a¢(s), s = /&, where & is an Euclidean metric and
(3 is a one form, ¢ is given by ¢(s) = (1+h(s))~# with h(s) an arbitrary odd C>
function (or ¢ satisfies (1)). Then any complete BH-minimal (or HT-minimal)
graph in (n + 1)-space (V"1 1:") with n < 7 is an affine hyperplane.

Theorem 3.5. Let F = ad(s), s = (3/d&, where & is an Buclidean metric
and (3 is a one form, ¢ is given by ¢(s) = (1+h(s))~2 with h(s) an arbitrary odd
C® function (or ¢ satisfies (1) for n = 2). Then any complete stable BH-minimal
(or HT-minimal) surface in 3-space (V3, F) is a plane.

4. Minimal graph over any hyperplane in (V*11, ﬁ‘b)

In this section, we study the BH-minimal and HT-minimal graph over any
hyperplane containing the origin in Minkowski (e, 3)-space (V"1 F}) with Fy, =
a¢(f/a), where @ is an Euclidean metric and 3 is a one form of constant length
b= |3|ls with respect to .

Given a hyperplane P containing the origin, we can use an &-orthonormal
basis {e1,ea,...,en41} such that P = span{ej,es,...,e,}. This basis gives a
coordinate system {z',#2,...,#""!} for V"1, Note that § is a constant one
form. We denote by 68, := éd(@i,ea) the angle of Bﬁ and e, with respect to
the Euclidean metric & and A, := cos#f,, where Bﬁ is the dual vector of B with
respect to &. Then Fj, can be expressed by

Fy = \/b0pdzdis¢ <W> .

/Sopdicdi?

For an isometric immersion f : (M, F) — (V"1 F}) locally given by

ja = fa(a:l?""xn)?
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the induced metric F = f*F}, has the form F = a¢(3/a) with Riemannian metric
a = +/a;;y"y? and one form B = b;y’, where

a;j(z) = zf‘zfcsag, by =bAyzy, 2= of (13)

L 9t

Note that (V**1, F}) is a Minkowski space, then (8) holds. By Lemma 3.1 and

(6), F(2) is given by
F(2) = o([181*)y/det(ai;). (14)

Here and from now on, F(z) will denote FBH(z) or FHT(2), o(t) will be given
by (10) or (11). We denote by ||3||* = bgaij)\a)\gziazf the square length of 5 with
respect to a.

Theorem 4.1. Let f : (M,F) — (V™' F},) be an isometric immersion

locally given by
= foat, .. 2.
Then the BH-mean curvature form (or HT-mean curvature form) Hy = H~dz”
is given by
1 y
My =~ 0 2620 s (181) (%7 — BoM) (57 — B)
Tl

+ o817 - B
+ 202\ A A AT [\ A g (| B]2)(5°7 — BT (67 — B

2 f
Oxt0xI’

(181" - B} (15)

where A™ := a2, BB .= aijziazf, 18112 = b*AaXg B, Xy = cos Z5(3t, ea)
and o(t) is given by (10) or (11).
PRrROOF. We denote

A= a2, B .= aijziazf. (16)

Then the square length of 3 with respect to a can be expressed by
1817 = °AaAs B (17)
By (13) and 16) we can compute
0

57
0z]

akl — _(akiAl'y + aliAk'y)’ (18)



Bernstein type theorems for minimal surfaces in («, 3)-space 391

0

5 B*F = Ai*(6P7 — BPY) + AP (6°7 — B*). (19)

Differentiating (17) we have

9 ,
7 18117 = 26X A (677 — B™). (20)
It is easy to show
0 i
@\/det(aij) = \/det(ai;) A7, (21)
Since F(z) = o(||8]|?)/det(a;;), from (20) and (21) we get

0

S F = {2ANs (181D A (67 = B7) + o(I812)A7 Jy/det(ay,).  (22)

By (18), we can compute easily

9 - o
— A = a" (0% — B¥) — AT A", 23
a4 = o ) (23)
Differentiating (22), using (19) (20) (21) (23) and by a direct computation, we
get

O2F 5 o o

— AP AT ATY AT

57z = LA )
+ 202 Ao Aga” (| B12) (677 — BPY)(AT AT — AT> AT
+26° Ao Ao’ (| B]I*) (877 — BOT) (AT AT — AT ATY)
+a [202 X A5 (||B]1) (67— BY") (67 = B7) + o (|| 8] (67"~ B™)]
+ 202X\ A AP AT 262 Ao Aga” (|| B]12) (8% — BYM) (677 — BPY)
=~ ' (182)(87 = B }y/det(as;). (24)

From (8) and (14) we can obtain (15) immediately. O

In the following, we will use Theorem 4.1 to study the graph over a connected
domain 2 in the hyperplane P. In this case, we shall denote the coordinates for
vVt by {ol, 22, ... 2"} rather than {#!,%2,...,2""1}. Define a function for
0<t<b?by

By (t) := 207 () (b* — t) + o (1), (25)

where o(t) is given by (10) or (11).
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Theorem 4.2. Let f: Q — (V™1 F}) be a graph over a connected domain
Q in a hyperplane P which is given by

flt .o a™) = (22 (et ™). (26)
Then the BH-mean curvature form (or HT-mean curvature form) is given by

My = Hoss ( =3 wda® + dx”“), (27)
k

where

P = s > {1817 (55— 252
+ 2620, (]|8]12) (/\ —|—wW2) </\ +w;;/ )}uij. (28)

Thus f is BH-minimal (or HT-minimal) if and only if

S {81 (55 - 555

)

+ 2620(1)2) (s —|—wW2) (M +wW2)}uij:o, (29)

where Ui 2= %77“%] = 81 :z:J’ W2 =1+ Z’L uz? W= )\n+1 - Zk )\kUk, Hﬁ”2 =
b2 (1 — V“{,—Z), Ao = cos Za(BY, eq), ®y(t) is defined by (25).

PROOF. Since f is a graph given by (26), we get zF = §F, 2! = u;. From
(13) and (16), we can compute
aij = 045 + usuy, al =§9 — %, Ale = pio (30)
and 1
©J ij i,m U n n
B]:CL'], B’+1:W’ B+17+1:1_W’ (31)
where W2 :=1+ Do u?. Let w = A\py1 — >k Akur. We can compute directly
LT a,n w uk
Ao (6% +1 _ pa +1) ot /\B((gkﬁ _Bkﬁ) — _wﬁ’
AsA® = N 4wt (32)

W2
Plugging (30)—(32) into (15), we obtain

Uiy

Moo = ot > {220 (191) 25 + o 1912)] (8, — 224
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22 [0 (181%) 5 — o 1B1)] (s + i) (3 + ) s (39)
and
Hi = —urHpt1. (34)
From (17) (30) (31) and (32) we get

2

w

1817 = 6*(1 = 577)- (35)
By (35) and the definition of ®;(¢) in (25), we obtain (27) and (28) from (33) and
(34) immediately. O

If the graph is defined over a hyperplane P which is perpendicular to (¥, then
(% is in the direction of z™*!-axis. In this case, \; = Apg = --- = Ay = 0, Ay = 1.
Theorem 4.2 reduces to

Theorem 4.3. Let f : Q — (V"1 F}) be a graph over a connected domain
Q in the hyperplane P which is perpendicular to 3* and given by (26). Then the
BH-mean curvature form (or HT-mean curvature form) is given by

Hy = Hoa (= Y wpda® + da™1),
k

where

1 Ui Uj , Ui U
M = Wizj{ébuwn% (35— 772 ) + 20} 181%) Ty fru-

Thus f is BH-minimal (or HT-minimal) if and only if

S {@11%) (5 - 52 ) + P11 G by =0, (36)

L)

where u; = 2% uij = 22 EJ,WQ—I—&—ZZ u?, |82 = b*(1— 32), u(t) is defined
by (25).

Remark 4.4. The equations (29) and (36) for a BH-minimal graph in Randers
space have been obtained in [12] for n = 2(see [12], p. 298, Theorem 4 and p. 296,
Theorem 3).

Remark 4.5. The BH-minimal and HT-minimal graphs in Randers space were
simultaneously studied in [15] for dimension n (see [15], p. 380, Proposition 3.1
and 3.2, p. 381, Proposition 3.5). The equations (29) and (36) can be viewed as
the generalization of corresponding formulas in [15].



394 Ningwei Cui and Yi-Bing Shen

An interesting problem is to study surfaces which are both BH-minimal and
HT-minimal in 3-dimensional Minkowski space. In [15], the author obtained a
local rigidity theorem for surfaces which are both BH-minimal and HT-minimal in
Minkowski Randers space (V3, @+ () with % in the direction of 23-axis. We shall
point out that this result is also valid in Minkowski (c, 3)-space (V3, Fb) with 3¢
in the direction of z3-axis. Obviously, the plane and helicoid generated by lines
screwing about z3-axis are both BH-minimal and HT-minimal. Conversely, we
note that a surface can be locally viewed as a graph over a connected domain in
certain plane P. Without loss of generality, we can assume that P = {23 = 0}
and P = {z! = 0}. We assume that z:’jg; is different for 0 = oy and 0 = ogr.
If P = {2® = 0}, from (36) we get a system of PDE:

(37)
U%Ull —+ U%UQQ + 2U1U2U12 =0.

{Un + ug2 =0,
If P = {z! = 0}, this is equivalent to the case that \; = 1 and Ay = A\3 = 0 in
Theorem 4.2. In this case, from (29) one can get a system of PDE:

Z (5ij - %) uzj =0,

ij

u? 2 (38)
Ul + W %:uiujuij - W Zj:ulujulj =0.

Here, 1 < i, j < 2. Note that (37) and (38) have been explicitly solved in [15]
(see [15], p. 382, Theorem 4.1 and p. 383, Theorem 4.2). We get immediately

Corollary 4.6. Let (V3 F, = a¢((/ad)) be a Minkowski (o, §)-space with
B in the direction of z3-axis. Then the helicoid generated by lines screwing about
x3-axis is both BH-minimal and HT-minimal. Moreover, if gzgg

0 = opy and 0 = ogr, then any local surface which is both BH-minimal and

is different for

HT-minimal must be either a piece of palne or a piece of helicoid generated by
lines screwing about z>-axis.

5. Bernstein type theorem in (V3, Fy)

Lemma 5.1. ®,(t) defined by (25) is smooth for t € [0,b?].
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PROOF. We prove this lemma for opgy () which is defined by (10). Since
@(s) is a positive smooth function on (—b,,b,), we only need to show that op gy (t)
is smooth at t = 0. Denote ¢(s) := ¢~ "(s) and by Taylor expansion

d(s) = ag + ars + ags® + - - - + aps® + o(s") (39)

holds for arbitrary large order k. Plugging (39) into (10), we get

N = -1
opu(t) = LnQ) o + ot + - - - + dgpt’ + O(tk)}
I'(3)
Since ag = ¢~ "(0) # 0, then ag # 0, we can see that opp(t) is smooth at ¢ = 0.
Similarly, we can prove this lemma for (11). O

Theorem 5.2. Let F, = a¢(s), s = 3/a, be a Minkowski metric, where &
is an Euclidean metric and (3 is a one form with length b := ||3||s € [0,b,) such
that F, is positive definite. Define ®y(t) by (25) and let

€= sup{e'e[o,bo)|q>b(t>7éo, 228 >0, Vtelo,b?, Vbe[o,e’)}. (40)

If b € [0,¢), then the minimal equation (29) is an elliptic equation of mean
curvature type.

PROOF. By (40), ®(t) # 0 for any t € [0,b?] when b € [0,¢), then the
minimal equation (29) can be written as

E E;j(z,u, Vu)u;; =0, (41)
ij
where

B, Fu) = (5 = S58) + 28 1) (A -+ o) (A + o)

To prove that (41) is of mean curvature type, we need to show

(0 - BE) €' < Bij(a 2 p)e'e <(14+0) (6, - BB ' (42)

for any p and ¢ with some constant C' > 0, where (x,2,p) € U x R x R, W? =
1+ |p|? and € := (€1,...,€") € R™.

By (40), we have iégg > 0 for t € [0,b%] when b € [0,¢€), then the LHS of
(42) holds. To prove the RHS of (42), we are aimed to show

LCERICY: +w<€£>)2 o (- 29)
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for any p and £ with some constant C' > 0, where A := (\,...,\,) € R",
w = >\n+l - <>‘ap> ,
Since [|8]|* = b*(1 — V“f,—zz) € [0,b?], we can see that %(HﬁHQ) is bounded from

Lemma 5.1. It suffices to show

Ox®+w@4»2cha%ﬁ”@3.

w?2 w2
If £ = 0, this is obvious. If £ # 0, we denote Z5()\, &) = and Zs(p, &) = ¥, then
9 2
(()\,Q +w%) (W2|/\\cosv+w|p|cosﬁ)

= . 43
GRETE W21+ [ sin ) )

Case(i): If sin® # 0, for the RHS of (43), the degree of |p| in the numerator
is less than or equal to 4, while the degree of |p| in the denominator is equal to 4,
then the RHS of (43) is bounded when |p| — oo.

Case(ii): If sin®¥ = 0, then p is parallel to £. It has two possibilities. If p and
¢ are in the same direction, then cos?¥ =1 and w = A1 — |A| - |p| cos . If p and
¢ are in the opposite direction, then cos® = —1 and w = A,,11 + |A| - |[p| cosy. By
a direct computation, the RHS of (43) becomes

2 2
(W2|/\\cos7+w|p|cos19> (|/\|c0s7+)\n+1|p| cosﬂ)
— = . (44)
W?2(1+ |p|?sin” ¥) 1+ |p|?

Noticing the degree of |p| in the numerator and denominator, the RHS of (44) is
bounded when |p| — co. This completes the proof of (42).
From the LHS of (42), we have

(p,€)* _ €17 2 2
e = W2(1+|p\ sin 19) >0

Eij(z,2,p)&¢ > ¢ —

for any £ # 0. Thus (41) is elliptic. We complete the proof. O

Theorem 5.3. Let f : P — (V"' F}) be a graph over the hyperplane P
which is perpendicular to 3% and given by (26). Define ®;(t) by (25). If there
exists t, € (0,b%) such that ®y(t,) = 0, then

to
u(z!t,. .. 2") = T V)2 + -+ ()2

is a BH-minimal (or HT-minimal) graph with an isolated singularity at the origin.
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PRrROOF. Form Theorem 4.3, the minimal equation is given by (36). For any
cone

u(zl,. . 2") = k(22 + -+ (z7)2

with constant k, a direct computation shows that
Z uiujuij =0.
j

Note that W2 =1+ k2, (36) becomes

o, [ v? K =0.
14 k2

We have t, = b%i%, then k = ,/ b2t_"to. We complete the proof. O

We now use Theorem 5.2 to establish the Bernstein type theorem in (V3, Fb).
It was proved in [4] that any complete HT-minimal graph in the 3-dimensional
Minkowski space (V?, F ) with any Minkowski metric F is a plane. So we only
consider BH-minimal surfaces. From Theorem 5.2 and using the theory in [11]
we get

Theorem 5.4. Let F, = ap(s), s = B/d, be a Minkowski («, 3)-metric,
where & is an Euclidean metric and (3 is a one form with length b := ||8]|a € [0, b,)
such that F} is positive definite. Define ®;(t) by (3) and let

Py (t)
Dy (1)

€ := sup {e' € [0,b,) | ®p(t) # 0, >0,Vtel0,b?], Vbe [o,e')}.
Then any BH-minimal surface in (V3, F}) with b € [0, €), which is the graph of a
function defined on R?, is a plane.

6. Examples

In this section, we study BH-minimal surfaces in (V3, F,) for some (a, 3)-
metrics including Randers metric, Matsumoto metric and the two order metric.

Example 6.1 ([12], Randers metric). Let f:R>— (V3 Fy=4/30_ (y*)2+by?)
be a graph over the x'z2-plane which is given by f(x!,2?) = (2!, 22, u(2!, 2?)).

By (2), we have opp(t) = (1 —t)2. Then from (3) we get

3L —t+ (b —1)]

(t) = (1L=0)F(1 - 30" 20), BY(1) = =
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It can be proved from (9) that F}, is positive definite if and only if b € [0,1)
(cf. [9]). We can see that ®}(t) > 0 for any ¢ € [0, b?].

() 0 < b < Z=, then 3 2 > 0 for V¢ € [0,6%]. We conclude from

Theorem 1.2 that any BH-minimal surface in such a Minkowski Randers space

with 0 <b < % which is the graph of a function defined on R?, is a plane.

()Iff<b<1 we have ®(t,) = 0 for ¢, —3b71 By Theorem 5.3, the
cone

32 -1
12y
ule'a?) = [ T
_ 3 _ . o . . _ 1

over Q = {z* = 0} \ {0} is a BH-minimal surface. In particular, when b = 75
the cone u(z!,z?) = \/(21)2 + (22)? is a BH-minimal graph. It is a BH-minimal
graph with an isolated singularity at the origin.

Example 6.2 (Matsumoto metric). Let f: R? — (V3 Fy, = ) be a graph
Wlth a= ZZ 1 (y*)? and 3 = by? over the z'z2-plane. For Matsumoto metric,

by (2), we have opg(t) = (24 t)~!. Then from (3) we get

24+ 0% +3(b% —t)
(2+1)3

2(1—b%) + 3t

) ="

Oy (1) =

It can be proved from (9) that Fj is positive definite if and only if b € [0, 1). We

can see qj’g g > 0 for V ¢ € [0,b%]. Then we conclude from Theorem 1.2 that any
BH-minimal surface in such a Minkowski Matsumoto space, which is the graph
of a function defined on R?, is a plane.

Example 6.3 (Two order metric). Let f : R? — (V?’,Fb — (@) ) be a

[e3%

graph with & = 23:1(90‘)2 and 3 = by® over the z'z2-plane, which is given

(03

7
by f(zt,2?) = (2,22 u(zt, 2?)). By (2), we have opp(t) = 2(21;?22 . Then from

(3) we get

C2(1—1)3[2(1 — 100%) + 3¢(7 — 5% + 4t)]
() = 21 302 !
5(1— 1) 2[(76 + 72t + 27t2) (b2 — t) + (1 — t)(4 + 3t)(2 + 3¢)]
(2 +3t)3 '

It can be proved from (9) that E, is positive definite if and only if b € [0, 1)(cf. [9]).
We can see that @} (t) > 0 for any ¢ € [0,b%].

() If0<b< ﬁ, then 2;;8 > 0 for V ¢t € [0,b%]. We conclude from

Theorem 1.2 that any BH-minimal surface in such a Minkowski space (Vg, Fy, =

Oy (1) =
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M) with 0 < b < \/%*0’ which is the graph of a function defined on R?, is a

a

plane.

(ii) If &5 < b < 1, then ®y(t,) = 0 for

1
to= 57 (1567 — 21 + \/15(15b% + 2262 + 23) |.

By Theorem 5.3, the cone

L) = 1562 — 21 + /15(15b% + 2202 + 23)

21)2 o+ (22)2
962 + 21 — /15(15b% + 22b% + 23) (@ + (%)

defined over Q = {23 = 0} \ {0} is a BH-minimal surface. In particular, when

b2 = ¥505-19
- 18

, the cone u(z!,2?) = /(21)? + (22)? is a BH-minimal surface. It

is a BH-minimal graph with an isolated singularity at the origin.
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