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Abstract. In this paper, the (1, y)-stability of the Cauchy functional equation is
investigated on some noncommutative groups. It is shown that if v is invariant with re-
spect to inner automorphisms of a step-two solvable group G, then the Cauchy equation
flzy) = f(z)+ f(y) is (¢, )-stable on G. If ¢ satisfies the condition lim, %’Lz) =0,
then the Cauchy equation is (¢, v)-stable on step-two solvable groups and also on step-
three nilpotent groups.

1. Introduction

In 1940, S. M. UrLaM [17] posed the following fundamental problem. Given
a group (1, a metric group (Ga,d) and a positive number ¢, does there exist a
number ¢ > 0 such that if f : G; — Gy satisfies d(f(zy), f(x)f(y)) < § for all
x,y € Gy, then a homomorphism T : G; — G exists with d(f(z),T(z)) < ¢ for
all x,y € G17 See S. M. UrLaM [17] for a discussion of such problems, as well
as D. H. Hyers [8], [9], D. H. HyErs and S. M. Uram [11], [12], AoxI [2],
TH. M. Rassias [15], [16], G. L. Fort1 [7], and J. AczEL and J. DHOMBRES
[1]. The first affirmative answer was given by D. H. HYERs [8] in 1941.

Mathematics Subject Classification: Primary: 39B82.
Key words and phrases: Cauchy equation, (¢, )-stability, (1, v)-pseudoadditive mapping, step-
two solvable group, and step-three nilpotent group.



68 Valerii A. Faiziev and Prasanna K. Sahoo

Theorem 1.1 (HYERS [8]). Let Eq and E; be Banach spaces. If the function
f: E1 — B, satisfies the inequality

[f(z+y) - f(2) - fyll <e (1.1)

for some € > 0 and for all x,y € E7, then there exists a unique function T : F; —
FEs such that

T(x+y)—T(x)—T(y) =0 forall de,y € Ey (1.2)

and
If(z) =T(z)|| <e forall xze Ej. (1.3)

AOKI [2] proved a generalized version of Hyers’ result which permitted the
Cauchy difference to become unbounded. That is, he assumed that

1f(x+y) = flz) = I < elllz]” + [yll?)  for all z,y € En,

where € and p are constants satisfying ¢ > 0 and 0 < p < 1. By making use of the
direct method of HYERS [8], he proved in this case too, that there is an additive
function T from F; into E5 given by the formula

T(z) = lim if(Q":E)

n—oo 21

such that
1T(z) — f(2)|| < kel|z|]”,

where k depends on p as well as e. Independently, TH. M. RASsIAS [15] in
1978 rediscovered the above result and proved that the mapping T is not only
additive, under certain conditions, it is also linear. RASSIAS’s paper [15] pro-
vided an impetus for a lot of activities in the development of what we now call
Hyers—Ulam—Rassias stability theory of functional equations. On an arbitrary
group G, the Cauchy functional equation f(x + y) = f(z) + f(y) takes the form
flay) = f(z)+ f(y) for all ,y € G. The first paper to extend Rassias’s result to a
class nonabelian groups and semigroups was [5]. In [5] among other results, it was
proven that the Cauchy functional equation f(zy) = f(x) + f(y) is (¢, )-stable
on any abelian group as well as any metabelian (step-two nilpotent) group. It was
also shown that any group A can be embedded into a group G, where the Cauchy
functional equation is (1, v)-stable. This paper is a continuation of the study of
(1, v)-stability initiated in [5]. In this paper, we study the (1, ~)-stability of the
Cauchy functional equation on step-two solvable groups and step-three nilpotent
groups.
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2. The space of (¢, ~)-pseudoadditive mappings

In this section, we recall some important notions from [5] that we need for this
paper. We will denote the set of real numbers by R and the set of natural numbers
by N. Let Rf = [0,00) be the set of non-negative numbers and R* = (0, c0)
be the set of positive numbers. Let S be an arbitrary semigroup and G be a
group. Throughout this paper, the function % : ]Rar — RT is considered to be an
increasing function satisfying the following three additional conditions:

(1) (ts t2) < p(t1)9(t2) for all 1,15 € Ry,

(2) ¥(t1 +t2) < ¥(t1) + ¥(t2) for all ty,t, € Ry, and

(3) limy oo Y% =0, n € N.

Throughout this paper, by v we will mean a function v : S — R{ satisfying the

inequality

(1) y(zy) < y(2) +7(y) for all z,y € S.
It is obvious that for any = € S and for any m € N the inequality

A(@™) < mA(a) (2.1)
holds.

Definition 2.1. Let S be an arbitrary semigroup and E a Banach space.
Further, let ¢ : R — R* and v : S — R{ be the functions as described above.
The mapping f : S — FE is said to be a (¢,7)-quasiadditive mapping if there
exists a § € R™ such that

[f(zy) — f(2) = fFW)l < 0w (v(2) + ¥ (v(y)] Vz,yeS (2.2)
holds.

It is clear that the set of all (4,~)-quasiadditive mappings from S to E
is a real linear space relative to the usual operations. Let us denote it by
KAMy (S, E).

Definition 2.2. Let ¢ : S — E be a mapping from the semigroup S to a
Banach space E. The mapping ¢ is said to be a (¥, )-pseudoadditive mapping
if it is a (¢, y)-quasiadditive mapping satisfying ¢(2™) = np(z) for all x € S and
for each n € N.

We denote the space of all (¢, v)-pseudoadditive mappings from a semigroup
S to a Banach space E by PAM,, ,(S; E). By HOM(S; E) we mean the set of
all homomorphisms from S to E. By By ~(S; E) we denote the linear space of
functions from S to F over reals satisfying the relation:

I f(@)]| < ep(y(x)) for some ¢ >0 and for all x € S.
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3. Stability

In this section, we prove some general results related to the (1), )-stability
of the Cauchy functional equation. In [5] the following theorem was established.

Theorem 3.1. The linear space KAM, (S; E) is a direct sum of the sub-
spaces PAM,, ,(S; E) and By ,(S; E), that is

KAMw’.Y(S; E) = PAMw;Y(S; E) (&) Bwﬁ(s; E)
Definition 3.2. The Cauchy functional equation

flzy) = f(x) + f(y), Vw,yes (3.1)

is said to be (v, ~)-stable for the pair (S; E) if for any f : S — E satisfying the
functional inequality

1 f(xy) — f(z) = fFW)I < O[p(y(z) +9(v(y))] Y,y €S (3.2)

there is a solution g : § — E of functional equation (3.1) such that the function
f(z) — g(z) belongs to the space By ,(S; E).

It was shown in [5] that the equation (3.1) is (¢, )-stable for the pair (S; E)
if and only if PAM,y ,(S; E) = HOM(S; E).

The following theorem and its proof are generalizations of a similar result
proved in [6].

Theorem 3.3. Let E; and Es be Banach spaces over reals. Then the equa-
tion (3.1) is (v,7)-stable for the pair (S, Ey) if and only if it is (1,~y)-stable for
the pair (S, E2).

PROOF. Let E be a Banach space over reals and R be the set of reals. Let
the equation (3.1) be stable for the pair (S, E). Suppose (3.1) is not stable for
the pair (S,R). Then there is a nontrivial (1, y)-pseudocharacter f on S. So, for
some 0 > 0 we have

1 (zy) = f(z) = F)l < Ol(v(2) + D (v(y)] Vo, y € S.

Now let e € E and |le]| = 1. Consider the function ¢ : § — E given by the
formula ¢(z) = f(z) - e. It is clear that ¢ is a nontrivial (¢, 7)-pseudoadditive
FE-valued function, and we obtain a contradiction.
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Now suppose that the equation (3.1) is stable for the pair (S,R), that is,
PAM, ,(S;R) = HOM(S;R). Denote by E* the space of linear bounded func-
tionals on E endowed by functional norm topology. It is clear that for any
¢ € PAMy ,(S;E) and any A € E* the function A o ¢ belongs to the space
PAM,y ,(S;R). Indeed, for some nonnegative 6 and any z,y € S we have
le(zy) — o(@) — o)l < O[v(v(x)) +(v(y))]. Hence

[Aop(zy) — Aop(x) — Ao p(y)] = [Ae(zy) — (@) — ()]
< M (v(@)) + L(v(m)]) = (A8 (v(2)) + P (v (y))]-

Obviously, A o p(z™) = nA o ¢(x) for any = € S and for any n € N. Hence
the function A o ¢ belongs to the space PAMy ,(S;R). Let f : S — E be a
nontrivial (¢, y)-pseudoadditive mapping. Then there are x,y € S such that
flzy) — f(z) — f(y) # 0. Hahn-Banach Theorem implies that there is a £ € E*
such that £(f(zy) — f(x) — f(y)) # 0, and we see that £ o f is a nontrivial
(1, v)-pseudoadditive real-valued function on S. This contradiction proves the
theorem. ]

In view of Theorem 3.3, it is not important which Banach space is used on
the range. Thus one may consider the (1, )-stability of the functional equa-
tion (3.1) on the pair (S,R). Let us simplify the following notations: In the
case E = R the spaces KAMy ~(S;R), PAM, ~(S;R), and HOM(S;R) will be
denoted by KXy ,(S5), PXy,(S), X(S), respectively. Further, we will call a
(1, v)-additive map a (1, y)-quasicharacter, and a (1), y)-pseudoadditive map a
(1, v)-pseudocharacter. We also will use the following properties of the (¢, ~)-
pseudocharacter

(1) f(zy) = f(yx) for any 2,y € 5,

(2) flab) = f(a) + f(b), if ab=ba

established in [5]. From the first property it follows that if S is a group, then
for any z,y € 9, the relation f(y~'zy) = f(z) holds. This implies that every
(1, v)-pseudocharacter f is invariant under inner automorphisms of group S. As
usually by pseudocharacter we mean a real-valued function f : .S — R satisfying
conditions:

(2) the set {f(zy) — f(x) — f(y) | Yo,y € S} is bounded, and

(2) f(z™) =nf(x) for any x € S and any n € N.

The set of pseudocharacters of a semigroup S will be denoted by PX(S). It is
clear that if -y is a constant function then PX,, ,(S) = PX(95).

Lemma 3.4. Let the group G be the union of its subgroups, G = Uac1Ga,
such that for any x,y € G there is a € I such that x,y € G,. Suppose that the
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equation (3.1) is (¢, v)-stable for any G,. Then the equation (3.1) is (1, y)-stable
on G.

ProoF. Let f € PXy (G). Then for some # > 0 and for any z,y € G we
have the inequality

[f(zy) = f(2) = F)l < O (v(2)) — (v (2))].

For any x,y € G there is an « such that z,y € G,. The equation (3.1) is stable
on G,. Therefore f(xy) = f(x) + f(y). It means that (3.1) is stable on G, and
the proof of the lemma is now complete. O

In [5], it was shown that if G is a group and f € PAMy ,(G; E), then (i)
f(e) =0, and (ii) f(z~!) = — f(x) for any z € G.

Now for any group G we introduce the following function 7. Let G’ be com-
mutator subgroup of G and g € G’. Then g can be represented as a product
g = c¢103. .. ¢ of commutators ¢;. By commutator length |g| of g we mean the
minimum number of commutators we need to represent g as a product of com-
mutators. For unit element e we set |e|] = 0. Suppose G = G’. Then we define

v(9) = lgl- (3.3)

We define v(G) = sup{v(g9) | ¢ € G}. Therefore, v(G) is a nonnegative integer
or +00.

Theorem 3.5. Let the group G be the union of its subgroups, G = Uae1Gaq,
such that for any z,y € G there is an a € I such that x,y € G,. Suppose that
G = @', and that for any « there is 3 such that G, C G%. Let the function ~y
be defined by (3.3). Assume that v(G.,) < oo for any a € I. Then the equation
(3.1) is (¥, ~)-stable on G.

PROOF. Since G = G’ = Uye1Go = UnerGL,, by Lemma 3.4 it is necessary
and sufficient to show that (3.1) is (¢, y)-stable on G, for any « € I.

Let v(G)) = ko € N. Then for any = € G, we have y(z) < ko and
P(y(z)) < Y(ka). Therefore if f € PXy ,(GY,), then

[f(xy) = f(2) = f)l < O (v(2)) + o (v(w)], =y € Gy,

which yields
[f(zy) — f(2) = fy)] < 200(ka), .y € Gy,
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From the last relation it follows that f € PX(G!). Consider f on G,. Let
a,b € G, and w = a~'b~'ab their commutator. Let G, C G’ﬁ for some § € I.
Then we have a,b,w € G5 and

[Fla"b ab) — f(a™'b") — flab)| < 200 (ks),

which is
[f(a™07 ab) — f((ba)™") — f(ab)| < 204 (ks).
Since f(z~1) = —f(x) (see [5], Lemma 2.8), we have

[f(a™ b7 ab) + f(ba) — f(ab)| < 200(kp),

which simplifies to
|f(a™ '™ ab)| < 209 (kp).

Thus f is uniformly bounded on the set of commutators {[a,b] | a,b € Gu}.
Now let g = wyws ... wg,, where w; is a commutator for ¢ = 1,...,k,. Then
|f(wiws ... wg, )| < 2ka09(kg). Thus f is a bounded function on GJ,. Now from
the relation f(z") = nf(x), Vo € G, ¥n € N it follows that f = 0 on G.,. But
it is known that if a pseudocharacter is zero on commutator subgroup of a group
B then it is an additive character of B (see [4]). Therefore f is a character of G,
and f(zy) = f(z) + f(y). This completes the proof of the theorem. a

4. Stability on step-two solvable groups

Let [z, y] denotes commutator of two group elements x and y, that is [z, y] =
z 'y~ lzy. A group G is said to be step-two solvable group if for any z, y, u,
v in G we have the equality [[z,y], [u,v]] = e, where e is the unit element of G
(see [13]). It is obvious that any abelian group is a step-two solvable group. Any
extension of an abelian group by another abelian group is a step-two solvable
group.

Let FF = F(X) be a free group of an arbitrary rank with the set of free
generators X. Then a subgroup of F' generated by all elements of the form
[[z,y], [u,v]], where z,y,u,v € F is a normal subgroup of F. Let us denote it
by F”. Then quotient group FP(X) = F/F" is a free step-two solvable group
with the free set of generators X. Then for any step-two solvable group H any
mapping 7 : X — H can be extended as an homomorphism of F2 onto the
subgroup of H generated by the set 7(X).
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Let G be a free step-two solvable group with two generators a and b. It is
well known (see [3]) that G’ is a free abelian group with the set of free generators:
w;; = a " "b~I[a,blb/a’ for i, j € Z. When there is no confusion, we will write w; ;
simply as w;;. Let w = wqo.

Lemma 4.1. For any i,j € Z, we have the following relations:
(1) a *w; ja* = w5,
(2) b= Fwg jb* = wo ik
PROOF. The proof is obvious. O

Lemma 4.2. For any k € N, we have
ailbfkabk = WopWop1Wo2 - - - wo(k_l).

PRrROOF. We prove this lemma by induction on k. If K = 1, then we have
a" b Fab® = wgpy. Suppose that for any k < n lemma has been established and
let us establish it for n + 1. Since

a o ab™ ! = a7 ab™b = o 'b  aa” b ab™b
=a v afa,b")b = a b tabb [a, b"]b
= [a,b]b~[a, b"]b = weob ™ twoowo - . . Won_1b
(by induction hypothesis)

= WooWo1Woz2 - - - Wor,  (by Lemma 4.1 (2))

the proof of the lemma is now complete. O

In the last two sections, as usual, for x,y € G, the conjugate of z by y will

be denoted by z¥ and hence z¥ =y~ 'zy.

Theorem 4.3. Let D be an arbitrary step-two solvable group. Suppose that
function ~y is invariant with respect to inner automorphism of group D. Then the
equation (3.1) is (1, ~y)-stable on D.

PRrROOF. First let D = G be a step-two solvable free group with two gener-
ators a and b. Let f € PX, ,(G). Thus for some § > 0, the map f: G — R
satisfies the relation

[f(xy) = f(2) = fF()] < Olp(v(2) + (v ()], =y €. (4.1)

We should show that f € X(G). Since G is a free step-two solvable group there is
an additive character € of G such that {(a) = f(a) and £(b) = f(b). Then function
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¢ = f — & is an element of PXy ,(G) such that ¢(a) = ¢(b) = 0. It is clear that
f € X(G) if and only if ¢ € X(G). So, from the beginning we can assume that
f(a) = f(b) = 0. Then for any k € N, letting = a~! and y = b~*ab* in the last
inequality, we obtain

[f(a™ 07 ab®) — fa™) — f(b~ ab®)| < B[ (v(a™) + (v (b ab®))]
and using relations f(a) = 0 and v(b~*ab*) = v(a) we get

[f(a™ 107" ab")| < Oy (v(a™) + ¥((a)], k €N, (4.2)

Taking into account that f| ., is an additive character (since G’ is commutative)

Gl
invariant with respect inner automorphisms of G we get

f((flbfkabk) = f(w00w01 PN ka_l) = kf(’woo) (43)
Now from (4.2) and (4.3) we obtain
| f (woo)| < Ol (v(a™) +d(v(a)], k € N

which implies f(wgo) = 0. Therefore, f(w;;) =0 for any i,j € Z and f
Let A and B be subgroup of G generated by a and b respectively. Let B be the

G,EO.

subgroup of G generated by B and G’. Then B is the semidirect product of B
and G’, that is B = B x G’. Let us verify that f|§ =0.
For any n € N, any ¢ € B and any v € G’ we have

(c)” =™ vo . v, (4.4)

-1 n—2

Letting z = ¢” and y = v v ...0% in (4.1), we have

[f(c"v® 0® vv) = f(e") = f(v©  0° v)|
<O + (v o))
for each n € N. Hence
|f(c"v‘:n71116n72 S 0%)] < O[p(v(cY)) + zb(v(vcnilvcniz v))].

Using the subadditivity of v, we have

e )] < e[wm(c» +w(nlv(uck))].

k=0
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From the last inequality and the fact that - is invariant with respect to inner
automorphisms, we obtain

[f(c0® v o) < 0p(n)[(v(e) + (v (v))]

The last relation and (4.4) imply

[ ((c0))] < 09 (n)[¥(v(e)) + P (v(v)]-

Since f(z™) = nf(x), we obtain

nlf(cv)| < 0p(n)[Y(v(c)) + ¢ (v(v))]

and therefore

() <02 wr(0) + wir0))]

for each n € N. Letting n — oo in the last inequality and using the fact that
limy, 00 @ = 0, we obtain f(cv) = 0 and therefore f|§ =0.

Now consider group G. This group is a semidirect product of A and B, that
is G = A x B. Every element g of G can be represented in the form g = du, where
d € A and u € B. Arguing as above we can show that f(g) = 0. Therefore f =0
on the group G. It means that equation (3.1) is (¢, v)-stable on G.

Now suppose that H be an arbitrary step-two solvable group with two gen-
erators « and . The group G is a free step-two solvable with two generators
a and b. Then there is an epimorphism 7 : G — H such that 7(a) = a and
7(b) = B. Define v* by the rule v*(z) = v(7(x)) for any x € G. Tt is clear that
~v* satisfies conditions:

Y (zy) < (@) +9%(y) and (2" 'yz) =7 (y)

for any z,y € G.
Let f € PXy (H). Then for some 6 > 0, the map f satisfies

[f(zy) = f(x) = fF(y)] < Olp(y(2)) + P (v(y)], Va,y € H.

Let us verify that f € X(H). Suppose that there are ¢,d € H such that f(cd) —
f(e)— f(d) # 0. Then function f* defined by the rule f*(x) = f(7(x)) belongs to
the space PXy 4+ (G). But for elements u and v such that 7(u) = ¢ and 7(v) = d
we get f*(uv) — f*(u) — f*(v) = f(ed) — f(c) — f(d) # 0. This contradicts the
relation PXy ,+(G) = X(G). Therefore, f € X(H). So, every step-two solvable
group generated by two generators has the (¢, ~)-stability property.
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Now let D be an arbitrary step-two solvable group. Then D = U, ,D(z,y),
where D(z,y) is a subgroup generated by elements z,y € D. Equation (3.1) is
(1, v)-stable on any D(z,y). Therefore by Lemma 3.4 equation (3.1) is (¢, ~)-
stable on D. This completes the proof of the theorem. ([l

Theorem 4.4. Let D be an arbitrary step-two solvable group. Suppose
2
the function v satisfies an additional condition: lim, .. % = 0. Then the
equation (3.1) is (1, ~y)-stable on D.

PROOF. As it was done in the previous theorem it is enough to prove this
theorem for the case D = GG, where G is a free step-two solvable group with two
generators a and b. Let f € PXy ,(G). Then for some ¢ > 0, the function
f G — R satisfies the relation

[f(zy) — f(z) = fW)| < O (v(2) + ¥ (v(2))], =,y €C.
Let us assume that f(a) = f(b) = 0. Then for any k € N we have
|fla™b7 ab®) — f(a™h) = fF(07"ab®)| < O (v(a™")) +((b~ " ab"))].
From the last inequality, we see that
[f(a™ 07 ab™)| < 0 (v(a™)) + 9 (v(a) + (v (")) + 9 (v(0"))]
which is
|fla™ b % ab™)| < 0]y (v(a™)) + w(v(a) + Y(ky(b™)) + Y (ky(b))].
Since (t1te) < (t1)(t2) for all t1,ts € R, we have
[fa™07 ab")| < 0 (v(a™) + v (v(a)] + O (k) [ (v (b)) + $((b))].

Taking into account that f

o 18 an additive character invariant with respect inner
automorphisms of G we get

f(a_lb_kabk) = f(w00w01 N U)Qk_l) = k‘f(woo).

Therefore, for each k € N, we have

|f (woo)| < O[1(y(a™)) + ¥(v(a)] + 0v(k) [$(v(b~")) + 1 (v(D))]
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and hence

Y(k)

Flwoo)| < £ [B0 ™) +e((@)] + 052 H07) + (o).

E IS

The last inequality implies that f(woo) = 0. Therefore, f(w;;) = 0foranyi,j € Z

Let B be a subgroup of G generated by B and G’. Then B is a semidirect
product of B and G’, that is B = B x G’. Let us verify that f‘g = 0. For any
c € B and any v € G’ we have

(o) =" ¢ L% (4.5)

and for each n € N

| flemo" oL ot)| < 0 liﬂ(nﬁ’(c)) +¢ (Z 7(%:’“))1 :

k=0
Using the fact that v = ¢=*vck and the last inequality, we get

|f(cnvc"*1@c”72 .. 1)011)| <4é [w(n’y(c)) + (z_: (,Y(ka) +v(v) + W(Ck))>]

k=0

which implies

|f<c%c"1v°”~w¢v>|§9lw< 7(€)) + Y (ny(v) (Z ™)+ (e >)>]~

Further, simplifying the last inequality, we have

n—1 n—2

|f(c"v® v® )]

<0 lzb(m(C)) + 9y (v) +¢ (Z_: (k [v(e™h) + 7(@]))] :

k=0
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|f(c"v® v® )]

dCalSON ]

<0 [wlom(e) + 6(m (o) + wtnn 1) (1

Therefore

() <0 [s(m (@) + 60m(0) + vl - 1y (LD ],

Using the fact f(2™) = nf(x) and simplifying the resulting expression, we obtain
_ ~1
o)l < 02 pir(0)) + wir(w) + 022Dy (WC )+ WC”) .

n n 2

Since lim,, _, % =0and lim,,_,

and hence f |§ = 0 . Now consider group G. This group is a semidirect product

P(n?)

=0, the last inequality implies f(cv) =0

G = A x B. Every element g of G can be represented in the form ¢ = du, where
d € A and u € B. Arguing as above we can show that f(g) = 0. Therefore f =0
on the group G. It means that the equation (3.1) is (¢,y)-stable on G.

Now suppose that H is an arbitrary step-two solvable group with two gen-
erators o and . If G is a free step-two solvable group with two generators a
and b, then there is an epimorphism 7 : G — H such that 7(a) = a and 7(b) = 8.
Define v* by the rule v*(x) = v(7(x)) for any = € G. It is clear that v* satisfies
conditions:

7 (xy) <95 (2) +97(y) and (a7 yz) =7 (y)
for any x,y € G.
Let f € PXy ~(H). Then, for some 6 > 0, the map f satisfies

[f(zy) = f(x) = FW)] < 0 (y(2)) + ()], =,y € H.

Let us verify that f € X(H). Suppose that there are ¢,d € H such that f(cd) —
f(e)— f(d) # 0. Then function f* defined by the rule f*(x) = f(7(x)) belongs to
the space PXy +(G). But for elements u and v such that 7(u) = ¢ and 7(v) = d
we get f*(uv) — f*(u) — f*(v) = f(ced) — f(¢) — f(d) # 0. This is a contradiction
to the fact that PX, ,+(G) = X(G). Therefore f € X(H). So every step-two
solvable group generated by two elements has the (1, y)-stability property.

Now let D be an arbitrary step-two solvable group. Then D = U, ,D(z,y),
where D(z,y) is a subgroup generated by elements =,y € D. The equation (3.1)
is (1,7)-stable on any D(z,y). Therefore by Lemma 3.4 the equation (3.1) is
(1, 7)-stable on D. Now the proof is completed. a

Remark 4.5. The function ¢ (t) = t7+ 1 with 0 < ¢ < 1/2 satisfies condition
Y(n?) _ 0
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5. Stability on step-three nilpotent groups

A group G is said to be a step-two nilpotent (or metabelian) group if for any
x,y,u € G we have equality [[z,y],u] = e, where e is the unit element of G. A
group G with unit element e is said to be a step-three nilpotent group if for any
x,y,u,v € G the equality [[[z, y], u],v] = e holds (see [13]). It is obvious that any
abelian group is a step-two nilpotent group, and any step-two nilpotent group is
a step-three nilpotent group.

Let K be a commutative field. The set

1z oy 2
0 1 x> w )
13 Yiy €K> :172
0 0 1 ] |*0¥rs0
0 0 1

of all 4 x 4 upper triangular matrices forms a group under matrix multiplication.
This group is denoted by UT'(4, K), and any subgroup of this group is a step-three
nilpotent group. The group UT' (4, K) is also known as Heisenberg group Hy(K).

Let FF = F(X) be a free group an arbitrary rank with the set of free gen-
erators X. Denote by [[[F, F], F], F] the normal subgroup of F' generated by all
elements of the form [[[z,y], u], v], where x,y,u,v € F. Then the quotient group
FO)(X) = F/[[[F, F], F], F) is a free step-three nilpotent group with a free set of
generators X. It means that for any step-three nilpotent group H any mapping
7: X — H can be extended to a homomorphism of F®) onto the subgroup of H
generated by the set 7(X).

Let G be a free step-three nilpotent group with two free generators a and b.
It is well known that G has the following presentation (see [14]):

G={(a,b|brab=ac, b"'cb=cd, a”'ca = ch,
ad = da, bd = db, ah = ha, bh = hb). (5.1)
From (5.1) it follows that for any integers n, m the following relations
a”"c"a" =AM, (5.2)
e (5.3)
hold. Suppose that ¢ € PXy (G).

Theorem 5.1. Suppose the function 1 satisfies lim,, oo %) _ 0. Then

n

for any step-three nilpotent group G the equation (3.1) is (1, ~)-stable.
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PROOF. As we know we can consider only the case when G is free step-three
nilpotent group with two generators a,b. Let ¢ € PXy ,(G). We must show that
» € X(G). We can assume that ¢(a) = ¢(b) = 0.

Then from (5.2), we get

pla™"c™ma™) = p(c™h"™M™). (5.4)

From Theorem 2.11 from [5] it follows that p(u~tvu) = p(v) for any u and v.
Now taking into account this relation, Theorem 2.10 from [5] and (5.4) we get

p(c™) = @(e™) + p(h"™).

So ¢(h) = 0. Similarly, we get ¢(d) = 0. From presentation (5.3) it follows
1 n(n—1)

that b~ "ab" = ac*d™= ), for any n € N. Therefore, cp(ac”d 2 ) = 0 and
p(ac™) = 0. Thus from

lp(ac™) — pla) — (") < 0[P (v(a)) + P (v(c"))]

we have

p(c™)] < [ (v(a)) + o (v(c"))]-
Since ¢ € PXy 4(G), we have

nlp(e)] < [y (v(a) + ¢ (ny(c)]

and hence
) [P0@) | v(w)

o) < 0| HI 1 By |

The last inequality implies that ¢(c) = 0. So, we have ¢(a) = p(b) = ¢(c) =
¢(d) = ¢(h) = 0.

Now let us show that ¢ = 0 on G. First note that ¢ is a function on factor
group G/Z(G), where Z(G) denotes center of G. Indeed, Z(G) is a free abelian
group generated by elements d and h. From relations ¢(d) = ¢(h) = 0 it follows
that ¢ = 0 on Z(G) and for any v € G and any w € Z(G) we have p(uw) = p(u).
Taking into account this note we get the following relations:

anbmckanl pm Ckl — gt bm-‘rmlcnlm—i-k-‘rkl (mod Z(G)),

and

(@™ ek )P = gPrppmenm B APk (n6d Z(@)). (5.5)
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For any z,y, 2z € G, we have

lp(zy2) — p(zy) — @(2)] < O (v(2y)) + Y (v(2))]

and
lp(zy) — () — p(y)] < O[Y(v(2)) + P (v(y))]-
Therefore
lp(zyz) — @) — p(y) — @(2)| < O (v(2y)) +P(v(2)) + Y (v(2)) + (v (v))]-
Since ¥(y(zy)) < ¥(v(x) +7(y)) < ¥(v(2)) + ¥ (7(y)), the last inequality yields

lp(zyz) — @(z) — o(y) — @(2)] < 20[0(v(x)) + L(v(y) + P (v(2))]- (5.6)

Now let v = a™b™c*d?h’ be an arbitrary element of G. From (5.5), it follows that

. (»=1)
for any p € N there is a w, € Z(G) such that vP = a?"pP™ ™" : +Pkq,. Hence

we have

(vP) = @(a”"b”mc"mp(p;l)

+pkwp) — (p(apnbpmcnmP(Pgl)_i_pk).

From (5.6), we get

[p(07) = p(aP™) — p(B7™) — (e )
< 29[1/}(7(6#7”)) + (v (bP™)) +w(7(cnmp(p;1)
Hence from the last inequality, we have
()] < 26[((aP™)) + (™)) + oy (TR

which simplifies to

+pk))] ]

p(p—1)

pe(0)] < 20[w(py(a™)) + (™)) + (3™ 7)) + (v ()]
Thus simplifying further, we see that
v(p)

Pl < 20==[0((a") + ¥ (™) + v ()]
+20 =Dy 12y,
Since limp_.o @ = 0 and limp_ $e@=D) — ( the last inequality implies

©(v) = 0. Therefore ¢ = 0 on G and equation (3.1) is (¢, )-stable on G. The
proof of the theorem is now complete. ([
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