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On almost everywhere convergence of Fourier series
on unbounded Vilenkin groups
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Dedicated to Professor Zoltan Dardéczy on the occasion
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Abstract. In 1973 GOSSELIN [9] proved that if we have a bounded Vilenkin system,
then the Vilenkin—Fourier series of a function in the Lebesgue class L? for 1 < p converges
a.e. to the function. It is the most celebrated problem in the harmonic analysis on
unbounded Vilenkin groups to give function classes for the elements of which the Fourier
series converges almost everywhere. No positive answer is known even for continuous
functions in the Lipschitz class. In this paper we give a discretized version of the theorem
of Carleson and Hunt, and apply it in order to prove the following theorem with respect
to unbounded Vilenkin systems. Let f € L?(Gwm), and 3%, A* Zgg‘ﬂ;fl | (k)] < oo.
Then we have the a.e. relation S, f — f. This immediately implies the a.e. convergence
Snf — f for all f € Lip(a,2) (o > 0).

1. The discrete Fourier series

In the first part of this paper we pass from the statement of CARLESON
and HUNT [6], [10] on Fourier series, as a statement about Fourier series on
the real line, to a statement about Fourier series for groups Z,,. Namely, the
integers mod m. We note that this kind of observation, a transference result,
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has several antecedents in the literature. For instance the paper by MATE [12]
transfers the CARLESON [6] theorem to the integers. The paper by BILLARD [3]
discusses the Carleson theorem in the context of Walsh systems. The papers by
THIELE [19] discuss several different proofs of Carleson theorem in the Walsh
setting. CAMPBELL and PETERSEN [5] transfer the Carleson theorem to the
integers (unaware of Maté) and then to dynamical systems. AUSCHER and CARRO
[2] discuss general transference between the three Euclidean groups R, T, and Z.

The second part of the paper concerns a positive result on the convergence
of Fourier series for unbounded Vilenkin groups and certain square integrable
functions on such groups.

Denote by e : R — C and e,, : R — C the following functions:

e(z) = exp(2mz), em(x) =e(x/m).

The jth partial sum of the Vilenkin—Fourier series of the function g : Z,, — C is:

I
-

Sjg(k) := ) g(i)em(ik),

3

m—

1
z—E n)em(in)
m “—=

is the ith Fourier coefficient. The maximal function of the partial sums of the

I
=)

where

Fourier series of g is

S*g:= sup |S;g|.
JE€Lm

The aim of this section is to prove that this maximal operator is of type (LP, LP)
that is to prove:

Theorem 1.1.

SIH

1 m—1 i} m—
p” 7;) 157g(n)|P kZ::

where 1 < p < 00, and the constant C' depends only on p.

PRrROOF. For the basic idea of the proof of this theorem see 5.3 Lemma 3,
6.4 Theorem 12, and 5.5 Theorem 16 in the book of SCHIPP, WADE and SIMON
[16]. Also see Theorem 7.5 in chapter X in the book of ZyGMUND [22]. For a
positive integer n let K, be the nth classical trigonometric Fejér kernel function
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and for an integrable function f € L![0,1] define the function V f : Z,, — C in
the following way:

Vi = [ (2K (5 0) = 8 (5 1)) SO0 (0 € 2o,

It is clear that if g : Z,, — C and G := Z;Z)l g(i)e’, then for every j € Z,, we

have -
-

Sig=V (Z Q(i)ez> =V(s,6),
i=0

where s;G denotes the jth partial sum of the trigonometric Fourier series of G.
That is, for every z € Z,, we have
sup [S;g(z)|
0<j<m

= s [V(5,0)()
/01 (2K2m (% - t) - K, (% — t)) st(t)dt’
< sup

1 X
K,|——t G(t)dt
0<j<m /0 (m )SJ () ‘

! x ! x
< _— = . _ .
< 2/0 2Kom, (m t) sup |s;G(t)|dt —|—/0 K., (m t) sup |s;G(t)|dt

0<j<m 0<j<m

= sup
0<j<m

! x
2Kom | — — 1) 5;G(t)dt
/0 2 (m )sJG( )d‘+ sup

0<j<m

=200, (s [561) (2) + 0 (500 15,61) (o)

0<j<m 0<j<m

where ogh(z) := fol Kq (£ —t)h(t)dt (h € L'0,1], ¢ =1,2,...). Since

1
X
[ (1) at| Il = 0
0 m

lloghllee = max Jogh(z)] < max

and besides,

m—1 1 m—1
- _ l
ol = m= 3 oI [t 3 K () ol =
1=0 =0

then for every 1 < p < 400 we get by the help of the interpolation theorem of
Marczinkiewicz the operators o, are uniformly of type (L?,LP). Consequently,
the theorem of CARLESON and HUNT [6], [10] gives

H 0<S}1£m |Sjg|Hp < OPH 0<S;1£m |5jG|Hp < CPHG”P = O;D”V*QHP < OpHng,

where V* denotes the adjoint operator of V. This completes the proof of the
theorem. O
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2. The Vilenkin systems

First we give a brief introduction to the theory of Vilenkin systems. These
orthonormal systems were introduced by N. JA. VILENKIN in 1947 (see e.g. [20],
[1]) as follows.

Let m := (mg, k € N) (N := {0,1,...}) be a sequence of integers each of
them not less than 2. Let Z,,, denote the discrete cyclic group of order my.
That is, Z,,, can be represented by the set {0,1,...,my; — 1}, with the group
operation mod my addition. Since the groups is discrete, then every subset is
open. The normalized Haar measure on Z,,,, u is defined by pi({j}) := 1/my
(j€{0,1,...,mp —1}). Let

oo
Gm = X Zpy,.
k=0

Then every x € G, can be represented by a sequence x = (x;,i € N) |
where z; € Z,,, (i € N). The group operation on G,, (denoted by +) is the
coordinate-wise addition (the inverse operation is denoted by —), the measure
(denoted by p), which is the normalized Haar measure, and the topology are the
product measure and topology. Consequently, G,, is a compact Abelian group.
If sup,,cy mn < 00, then we call Gy, a bounded Vilenkin group. If the generating
sequence m is not bounded, then G,, is said to be an unbounded Vilenkin group.

The Vilenkin group metrizable in the following way:

— T —Yi
o) =3 S iy e G,
i=0 ‘

The topology induced by this metric, the product topology, and the topology
given by below are the same. A base for the neighborhoods of G, can be given
by the intervals:

In(z) := Gy, In(x):={y=(y,i €N) € Gy, :y; = x; fori <n}
for x € Gyp,n € P:= N\ {0}. Let 0 = (0,7 € N) € G,,, denote the nullelement of
G, I, :=I1,,(0) (n € N).

Furthermore, let LP(G,,) (1 < p < o) denote the usual Lebesgue spaces
(IIllp the corresponding norms) on G,,, A, the o algebra generated by the sets
I(z)(z € Gp,), and E, the conditional expectation operator with respect to
A, (n€N) (E_1f:=0(f €L")).

Let My := 1, Mp41 := mp M, (n € N) be the so-called generalized powers.
Then each natural number n can be uniquely expressed as

n:Zli (niE{O,l,...,mi—l},ieN),
=0
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where only a finite number of n; ’s differ from zero. We introduce the following
notations:

n*) = ZniMi, (n,k eN) |n|:=max{keN:n,#0} (1<neN).
i=k

The generalized Rademacher functions are defined as

T (z) = exp (27”96—”) (x € Gyn € Nju:=+/—1).
m

n

_ 0, if z,e0,
It is known that Zﬁ’afl r(z) = { o e (x € G, n €N).

My, ifx,=0
The n'* Vilenkin function is

Y = Hr;” (n € N).
j=0

The system ¢ := (1, : n € N) is called a Vilenkin system. Each ,, is a character
of G, and all the characters of G,,, are of this form.

Define the Fourier coeflicients, the partial sums of the Fourier series, the
Dirichlet kernels, and the Fejér (or (C,1)) means with respect to the Vilenkin
system 1) as follows

n—1
fo):= [ foudp,  Suf =Y Fk)r,
n—1 n
Daly,a) = Daly — ) = 3 vel@)in(e), o =~ DSk,
k=0

k=1

(n €P,y,x € Gm, f(0) = [, fdp, Sof = Do =0, f € L'(Gy)). It is well-
known that

S0l () = /G f(#)Du(y — 2)dp(z)

(neP, ye Gy, fe L (Gy)). It is also well-known that

M, ifz e 1,(0)
DM"(x)_{o if ¢ I,,(0),

Sm, f(x) = My . )fdu = E.f(z) (f € LY(Gn),neN).
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Moreover, [1] for n € N

o0 mk—l o0 nk—l
Dn=vnY Dy > 1h= 00D Y i (1)
k=0 1=mr—ng k=0 =0

If 1 < p < oo and k is any nonnegative integer, then the integrated modulus
of continuity of order k for f € LP(G,,) is

wp(f k) =sup{llryf — fllp:y € Ix},

where 7,f(z) = f(z +y). ONNEWEER [13, p. 680] defined Lip(a,p) to be the
space of all f in LP(G,,) such that wy,(f, k) = O(M, ) [4], [14].

The almost everywhere convergence of the full partial sums for L?(G,),
p > 1, is known in the bounded case [9] but not in the unbounded case. There
is no known result with respect to the a.e. convergence of the partial sums S, f
even for continuous functions in Lipschitz classes.

On the other hand, mean convergence of the full partial sums for LP,p > 1,
is known for the unbounded case. Namely, in 1999 the author [7] proved that if
f € LP(G,,), where p > 1, then o, f — f almost everywhere. This was the very
first “positive” result with respect to the a.e. convergence of the Fejér means
of functions on unbounded Vilenkin groups. With respect to norm convergence
that is, the fact that the partial sums S, f converges to f in LP-norm for all
f € LP(Gy,), and 1 < p < oo one can see the papers (written independently at
the same time) of YouNa [21], ScHIPP [15] and SIMON [18], [17]. On the other
hand, much is unknown for unbounded Vilenkin systems. We mention for instance
the convergence of (C,«) means with negative . For the Walsh—Paley system
this means is investigated by GOGINAVA [8], but for unbounded Vilenkin systems,
nothing can be said.

In this paper we prove the following

Theorem 2.1. Let G,, be any Vilenkin group (bounded or not), and f €
L?(G,,) such that

May1—1

S Y fmE <.

A=0 k=Ma
Then we have the a.e. relation lim, .., S, f = f.
We could say that with respect to bounded Vilenkin systems since

log(M4) ~ A, then Theorem 2.1 is nothing else but the well known Rademacher—
Menshov theorem for general orthonormal systems. But, in this paper we are
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talking about unbounded ones, and for this reason log(M4)/A can converge to
400 arbitrary fast. Consequently, for these Vilenkin groups Theorem 2.1 is much
stronger than the Rademacher-Menshov theorem. The same can be said with
respect to the theorem of KOLMOGOROV, SELIVERSTOV, PLESSNER and KACZ-
MARZ (see e.g. [11]) which states for bounded Vilenkin groups that the inequality
S0 o | f(k)[?log k < oo implies the almost everywhere convergence of the partial
sum of the Fourier series. We emphasize once again that in this paper we are
talking about of Vilenkin groups of any kind. That is, the sequence m can grow
“very fast”.

PROOF. Introduce the operators T), . : L'(Gy,) — L°(Gy,) (n, k € N):

Tn,kf(y)

neg—1 mg—1
= (i 3 (Mk+1 / f(twnw(t)du(t))zmn<y>ri<yk<s>>>ri<y>,

i—0 \"""F 30
= s=
J Tit1(yx(s))

where y, y1(8) := (yo,- -+, Yk-1,5,0,0,...) € Gp,. In other words,

’ﬂk—l

Tonf= ) Ex (Ek+1(fd;n(k+1))1/}n(k+1)7:i) . (2)

J=0

(1) and (2) imply that

In|

k=0
Fix (for a moment) n**1) and y and let the function g be defined as

9(Yo, -+ Yk—1,8) := Mk+1/ FO) e (O)du(t) (s € Zim,).
Tit1(y(s))

Then we have

Tt =] mi D 90y, ) k()7 () |

j=0 'k =0
By Theorem 1.1 we have

mk—l mk—l

1 1
— sup |1}, 2<o0— e U1, S)]?
o 2 sw TP < Com Z::O 9o, - - Yr—1.5))|

yr=0 "F

= CBy (|Brns (fipoen)?) ) (3)
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Apply the conditional Hélder inequality for Ex1(ft,¢+1)). Then We get

| Bt (FOnaes)|” < B (111 (4)

Consequently, by (3) and (4) we have the following inequality

mk—l

Y swp TP < CEL(Eun(fP) < CE(SP)

yr=0 "F

This inequality immediately gives
2
[sup [T i f1 ||, < CISIE ()
n

for any k£ € N.
For k < A= |n| we have T, k.f = Tn i (Fat1f), and T, x,(E4f) = 0. Conse-
quently in this case we get

[ sup | T f |5 = || sup | T (Bassf — Eaf)l |3 < ClEasif — Eafll3.

Next, we discuss the case k = A. More exactly, the question is that: What can
be said about sup 4 SUP| = |T, af|? Tt is easy to have that T, af = Th aEay1f,
and TnyAEAf = EAf. ThuS7

H Stjlpls‘up [T, A f] H2 = || SUP‘SIUP Ty, a(Eatrf — Eaf) + Eaf] H2

<0Hs3‘pls‘up Tn,a(Bap1f — Eaf) |||2+0||sup|EAf| 5 =i +ia.

By (5) for i; we have

. = 2 >

<oy | SUp (Toa(Basrf = Baf) 15 C Y I1Barif = Eafll3 < ClfII5-
A=0 ™= A=0

On the other hand, for iy we get the same bound, that is, ia < C||f||3. (We recall
that the maximal function sup 4 |E4 f| is of type (L2, L?)). Finally, the equality

Snf = ZLHZ‘Q Tn,kf :Tn,\n|f+ZLn:‘81Tn,kf giVGS
2
[sup 18,113 < CIL7IB + 2] sup sup, Z TS|,

<C||fl3+cC Z A2|Easif — Eaf|3
A=0
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Since
Mat1—-1 .
|Easaf — Eafll3= > 1f(k)P
k=M 4
and
o A ) Mag1—1 .
IFI3 =D 1P < IFOP+ > (A+1)* Y [f(k)
§=0 A=0 k=Ma

then we have

oo May1—1
||sup|Snf|H;§C<|f(0)|2+Z(A+1)2 > |f<k>|2>. (6)
" A=0

k=Ma

Let

13(G) = {f € L(Gr) ¢ If

o) Mat1—1
=[O+ Y (A2 Y If(k)|2<+00}-

A=0 k=Ma

It is clear that ||.[[; is a norm and by (6) the maximal operator L¥(Gy,) > f —
sup,, |Snf| € L?(G,,) is bounded.

Since the set of Vilenkin polynomials is dense in L?(Gm) and limy, 0o Spf = f
holds trivially for all Vilenkin polynomials f, we have by standard argument the
a.e. relation lim, . S, f = f for every L%(Gm). The proof of Theorem 2.1 is
complete. O

Corollary 2.2. Let f € Lip(«,2) for some o > 0. Then S, f — f a.e.

PrROOF. 33 U T A ()2 < 35000, IF(R)2 = (1f = Eafl3 < (wa(f, 4))° <
OM>* < 02724, O

ACKNOWLEDGEMENT. The author is indebted to the referee for the help
given to improve the manuscript.

References

[1] G. H. AgaEv, N. JA. VILENKIN, G. M. DzZHAFARLI and A. I. RUBINSTEIN, Multiplicative
systems of functions and harmonic analysis on O-dimensional groups, Izd. “ELM”, Baku
(1981), 180 (in Russian).



94

(2]

(10]
(11]

12]
(13]
[14]
(15]
[16]
(17]
(18]
(19]
20]
(21]

(22]

Gy. Gat : On almost everywhere convergence

P. AuscHER and M. J. CARRO, On relations between operators on RN, TN and ZN, Stud.
Math. 101, no. 2 (1992), 165-182.

P. BILLARD, Sur la convergence presque partout des séries de Fourier—Walsh des fonctions
de I’espace L%(0, 1), Stud. Math. 28 (1967), 363-388.

W. R. BLooMm and J. J. F. FOURNIER, Generalized Lipschitz spaces on Vilenkin groups,
Math. Nachr. 132 (1987), 67-80.

J. CaMPBELL and K. PETERSEN, The spectral measure and Hilbert transform of a mea-
sure-preserving transformation, Trans. Am. Math. Soc. 313, no. 1 (1989), 121-129.

L. CARLESON, On convergence and growth of partial sums of Fourier series, Acta Math.
116 (1966), 135-157.

G. GAT, Pointwise convergence of the Fejér means of functions on unbounded Vilenkin
groups, Journal of Approxz. Theory 101, no. 1 (1999), 1-36.

U. GOGINAVA, On the approximation properties of Cesaro means of negative order of Wal-
sh-Fourier series, Journal of Approz. Theory 115, no. 1 (2002), 9-20.

J. GOSsELIN, Almost everywhere convergence of Vilenkin—Fourier series, Trans. Amer.
Math. Soc. 185 (1973), 345-370.

R. A. HUNT, On the convergence of Fourier series, Proc. Conf. Edwardsville, 1967, 235-255.
S. KaczMARZ and H. STEINHAUS, Theorie der Orthogonalreihen, Chelsea Publishing Co.,
New York, 1951.

A. MATE, Die Konvergenz der Fourierreihen quadratisch integrierbarer Funktionen, Mat.
Lapok 18 (1967), 195-242.

C. W. ONNEWEER, Absolute convergence of Fourier series on certain groups, II, Duke Math.
J. 41 (1974), 679-688.

T. S. QUEK and L. H. Yap, Absolute convergence of Vilenkin—Fourier series, J. of Math.
Anal. and Appl. 74 (1980), 1-14.

F. ScHippP, On Lp-norm convergence of series with respect to product system, Analysis
Math. 2 (1976), 49-64.

F. Scuipp, W. R. WADE and P. SIMON, Walsh series: An Introduction to Dyadic Harmonic
Analysis. With the Collaboration of J. Pal, Adam Hilger, Ltd., Bristol and New York, 1990.
P. SIMON, On the concept of a conjugate function, Colloquia Math. Soc. Janos Bolyai 19,
Fourier Analysis and Approzimation Theory, Budapest, 1976, TA7-755.

P. SiMON, Verallgemeinerte Walsh—Fourierreihen II, Acta Math. Acad. Sci. Hung. 27(3-4)
(1976), 329-341.

C. THIELE, The quartile operator and pointwise convergence of Walsh series, Trans. Am.
Math. Soc. 352, no. 12 (2000), 5745-5766.

N. JA. VILENKIN, On a class of complete orthonormal systems, Izv. Akad. Nauk. SSSR,
Ser. Math. 11 (1947), 363-400 (in Russian).

W. S. YouNG, Mean convergence of generalized Walsh—Fourier series, Trans. Amer. Math.
Soc. 218 (1976), 311-320.

A. ZyaMUND, Trigonometric Series, University Press, Cambridge, 1959 (in English).

GYORGY GAT

COLLEGE OF NYIREGYHAZA

INST. OF MATH. AND COMP. SCI.
NYIREGYHAZA, P.O.BOX 166., H-4400
HUNGARY

E-mail: gatgy@nyf.hu

(Received September 22, 2008; revised March 14, 2009)



