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Lightlike curves in Lorentz manifolds

By AUREL BEJANCU (Iagi)

To the memory of Professor Andrds Rapcsaik

The purpose of the present paper is to initiate a general study of
differential geometry of lightlike curves in Lorentz manifolds. First, we
construct a complementary vector subbundle to the tangent bundle of a
lightlike curve. Then in section 2 we obtain the Frenet equations with re-
spect to a general Frenet field of frames and prove theorems of reduction of
the codimension of a lightlike curve (Theorems 3, 4 and 5). According to
the Theorem 5, any lightlike curve of a Minkowski space whose the seventh
curvature vanishes, lies in a 5-dimensional plane. This is a surprisingly re-
sult and it might have applications in multi-dimensional physical theories.
Finally, we prove an existence and uniqueness theorem for lightlike curves
in Lorentz manifolds.

81. A complementary vector subbundle to the tangent bundle
of a lightlike curve

Let M be a real (m + 2)-dimensional Lorentz manifold, i.e., in M
there exists a semi-Riemannian metric g of index v = 1, (cf. O’NEILL [6]).
Suppose C' is a differentiable curve in M locally given by

(1.1) ' =2'(t), tela,b].

In case the tangent vector field

d (dz! dx™+?

da \dt’ dt )’
has a non-null length with respect to g we have a complete study of the
geometry of C (cf. SPIVAK [7]). Surprisingly, though theory of curves is

one of the intensively studied theory of differential geometry, till now we
do not have a method of studying curves whose tangent vector field is
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lightlike, i.e., we have

0 (20) <

As far as we know, the results obtained on this class of curves refer to the
case when the ambient space is one of the Minkowski spaces R3 or R} (cf.
CARTAN [3], CASTAGNINO [2], BONNOR [1], GRAVES [4], IKAWA [5]).

That is why, we consider as a need a general theory of such curves in
a Lorentz manifold. The present paper is concerned with such a study and
it might give more insights for a general study of lightlike submanifolds of
semi-Riemannian manifolds.

We say that C'is a lightlike curve in M if there exists a lightlike vector
field ¢ tangent to C, that is, we have

(1.3) 9(£,¢) = 0.
Certainly, in this case there exists a diffrentiable function ky # 0 such that
d
1.4 — =k
( ) dt 05 )

and henceforth (1.2) and (1.3) are equivalent with each other. Denote by
TC the tangent bundle of C' and define as in case of nondegenerate curves

(15)  TCt=|]JTCyr; TCyr={veT.M, g(v,&)=0}.
zeC

Then TC* is a vector bundle over C whose fibres are (m + 1)-dimensional
and ¢ is a differentiable section of TC'*. Thus T'C is a 1-dimensional vector
subbundle of TCt. Suppose sC is a complementary vector subbundle to
TC in TCY, i.e., we have

(1.6) TC+ =TC 1 sC,

where | means orthogonal direct sum. It follows that sC is a non-—
degenerate m—dimensional vector subbundle of TM. Then denote by sC+

the 2—dimensional complementary orthogonal vector subbundle to sC in
TM, ie., we have

(1.7) TM = sC L sC™.

Throughout the paper we denote by F'(C') the algebra of differentiable
functions on C' and by I'(E') the F'(C)-module of differentiable sections of
a vector bundle E over C'. We use the same notation for any other vector

bundle.

As in any theory of submanifolds appears as a necessity the con-
struction of a complementary vector bundle of the tangent bundle of the
submanifolds in the tangent bundle of the ambient space, we state first
the following result.
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Theorem 1. Let C' be a lightlike curve in a Lorentz manifold M.
Then for a given vector subbundle sC as in (1.6) there exists a unique 1-

dimensional vector subbundle nC of sC+ such that on each neighbourhood
of coordinates U C C, for any § € I'(TCyy) there exists N € I'(nCly)

satisfying

(1.8) g(&N) =1,
and
(1.9) g(N,N)=0.

PROOF. Since T'C is a vector subbundle of sC we may consider a
complementary vector subbundle ¢ of TC in sC+. For any ¢ € L(TCy)
there exists V' € I'(,) such that g(§,V) # 0, otherwise T'M would be
degenerate with respect to g. Then it follows that any N € F(sCﬁ,)

satisfying (1.8) and (1.9) is given by

1 gL v)
(1.10) N=en {V 2g<£,V>5}'

Moreover, it is easy to check that N depends neither on vector bundle ¢
nor or local section V. Hence for any £ € I'(T'C}y;) there exists a unique
vector field N € F(Ssz;[) satisfying (1.8) and (1.9). Next, consider another

neighborhood of coorditanes U* C C' such that U NU* # (). Then £* = f¢,
where f is nowhere zero differentiable function on & NU*, and by using
(1.10) obtain N* = %N . Therefore we obtain a unique 1-dimensional

vector subbundle nC of sC+ whose local sections NN satisfy (1.8) and (1.9).
The proof is complete.

Next we consider the vector bundle
(1.11) NC =nC L sC,

which according to the proof of Theorem 1 is complementary to T'C' in
TM, ie., we have

(1.12) TM = (TC &nC) L sC,

where @ means direct sum but not orthogonal. It is important to note
that the induced metrics on TC' @ nC' and sC' are of index v = 1 (Lorentz
metric) and v = 0 (Riemannian metric) respectively.

§2. The Frenet equations for a lightlike curve in a Lorentz manifold

Let C be a lightlike curve of an (m +2)-dimensional Lorentz manifold
M and {£, N} be the lightlike vector fields from Theorem 1. Suppose V
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is the Levi-Civita connection on M. Then by using (1.3), (1.8) and (1.9)
we obtain the following general Frenet equations for the lightlike curve C"

Vel = AL+ kW,
V,gN = —AN + koWy + k3Ws
VWi = —ko& — ki N + kaWo + ks W3
VeWo = —k3§ — kaWi + keW3 + k7 Wy

VgWg = —k5W1 — ]{I(;Wz + k8W4 + kgW{,
(2.1)

VeWn—o = —kom—sWp—4 — kom—aWi_3+
+ kom—2Wm—1 + k2m—1Wy,
VW1 = —kom—3Wn_3 — kam—oWi_2 + ko, Wiy,
VWi = —kom—1Wp—2 — ko Wi 1,
where A and {ki,..., kan, } are differentiable functions and {W1,..., W,,}
is an orthonormal basis of I'(sC'). We call
(22) {£7N7W17"'7Wm}

the lightlike Frenet field of frames on M along C, and {kq,..., kon} the
curvature functions of C. Then by using (1.3), (1.8) and (1.9) we obtain

(2.3)

uMs
§
|
Q
)
sy
c

where f # 0, ¢, and aqp are differentiable functions, and for any point z on
C, laas(x)] is an element of the orthogonal group O(m), and {§, N, W, ...,
W} is another lightlike Frenet field of frames on M along C.

Next, from the first Frenet equation of (2.1) written for both Frenet
fields of frames we obtain

A=k Y araca +E() +[4; kan =k
(24) a=1
kiai2 = - = kyaim, = 0.

Suppose k; = 0 on C. Then k; = 0 on C, otherwise from (2.4) obtain
aj; = aj2 = -+ = a, = 0, which is a contradiction because [aqg] is an
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orthogonal matrix. A lightlike curve C' on which k; = 0 is called a lightlike
geodesic of the Lorentz manifold M. In this case the first Frenet equation
becomes

(2.5) Vet = A€,
with respect to the lightlike Frenet field of frames {&, N, Wq,...,W,,}.

Now, choose f from the first relation (2.3) as a solution of partial differ-
ential equation

(2.6) E(f)+fA=0.
Then A = 0 and (2.5) becomes
(2.7) Ve =0.

d - : : du
Suppose i g€ and consider u given by - € as a new parameter on

d -
C, provided & > 0 on C. Then T ¢ and (2.7) becomes

(2.8) S el )
u u U

where I;% are the Christoffel symbols induced by V. Then by using (2.8)
we obtain

Theorem 2. A lightlike curve C of R;”Jrz is a straight line if and only
ifky =0o0n C.

For the particular case m = 2, Theorem 2 is due to BONNOR [1]. We
call u the pseudo-arc on C (cf. VESSIOT [8]).

The above study enables us to suppose, from now on, k; # 0 at every
point of the lightlike curve C. Then k; # 0 and (2.4) becomes

=1, o =0a1 =0, a€{2,...,
(29) {an a1 Aa1 (6% { m}

A = f2]<7161 + £(f) + fA, ];51 = f2k1 .

Remark 1. For the particular case m = 2, that is, for a lightlike
curve C of a 4-dimensional Lorentz manifold the transformation of lightlike
Frenet fileds of frames (2.3) becomes

(2.10) { §=J6 N = _5«61)2 + (c2)?)€ + %N + Wy 4 e2Wa,
W1:W1_f01£; V_VZZWQ_JCC2€.



150 Aurel Bejancu

According to the above remark we are further concerned with the
study of relationships between {A, k1, ..., ko } and {A, kq,. .., koy } with
respect to the transformation of lightlike Frenet field of frames:

E= 16 N=-LY (el N+ Y clte
a=1 a=1

Wo =Wy — feab, ac{l,....m}.

(2.11)

Thus by direct calculations using (2.11) and the last m + 1 equations in
(2.1) for both lightlike Frenet field of frames we obtain

( 2

ko = ko + fer A+ €(fer) + f2k:1 ((e1)® = (e2)® = (e3)%)—
— flcaky + c3ks)

(2.12) ks = ks + fea A+ &(fea) + [Percaky + ferka — feshs

ka = f(ka + feakr); ks = f(ks + fesk),

ko = fka, a€{6,...,m},

and

fAcs + &(fes) + freicsks + feiks + feake = 0

(2.13)
cokr + csks = 0; cskg =0; ¢, =0, a € {4,...,m}.

Now we choose ¢y given by

1

§(f) +fA).

Then from (2.9) it follows A = 0. Therefore, we always may consider a

lightlike Frenet field of frames {i =& N, W, ..., Wm} with respect to

du
with the Frenet equations are given by
D¢
2.15 — =k W
(215 oo = iy
DN
—— = koW + k3Ws
Du
DW-
L= kol — kN + kyWo + ks Wi
Du
DWW,

= —k3§ — kaW1 + k¢W3 + kW4

Du
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DW-
3= kW, — kgWa + ksWy + koW
Du
DW,,_
D—2 = —kom—sWpm—a — kopm—aWp_3+
U
+ k2m—2Wm—1 + k2m—1Wm
DW,,._
T kg sWines — kam—2Win—2 + kam Wi
Du
DW,,
D - _kZm—IWm—Q - kaWm—l 9
U
Where m = Vﬁ

Theorem 3. Let C' be a lightlike curve of a (m + 2)—dimensional
(m > 4) Lorentz manifold M with k1 # 0 on C. Then with respect to the
lightlike Frenet field of frames {§, N,W1,...,W,,} we have ks = kg = 0
on C.

ProoOF. We choose c3 = 1, ¢ = 0 and f as a non-null solution of
(2.6). Then from (2.14) we obtain ¢; = 0 and the assertion of the theorem
follows from (2.13).

Theorem 4. Let C be a lightlike curve of a Minkowski space R}*"?
(m > 3) with k, « € {1,...,2p — 4}, p € {3,...,m} nowhere zero and
kop—3, kop—o and kop_1 everywhere zero on C. Then C lies in some p—

dimensional Minkowski space of R’I”H. In case ksp,—1 and ks, are every-
where zero, C' lies in a Minkowski hyperplane of R;’H'Q.

PROOF. Let {{ = %, N, Wi, ...,Wp_2} be a part of a lightlike Frenet
field of frames along C, and A(u) C Tm(u)RT+2 be the p—dimensional sub-
space spanned by {{(u), N(u), Wi(u),...,Wp_a(u)}. All these subspace
are parallel as p—dimensional planes of RTH. In order to prove this we

DX
first note that Da is just X’(u) in R{"*? and by using (2.15) obtain
u

(2.16) Wi (u) = Aij(w)Wj(u), i€{l,...,p},

=1
where W,_1 = N and W), = £. Suppose now C' is given by the equations

' =2"(u), ucla,b],



152 Aurel Bejancu

and V is a constant vector field on C such that
(2.17) gWi(a),V) =0, ie{l,...p}.
Then by using (2.16) we obtain the system
d )
(2.18) d—(g(Wz(u), V) =g9(W;(u),V) = Z Aij(u)g(Wj(u),V),

u
Jj=1

with initial conditions (2.17). By the uniqueness of solutions of (2.18) we
infer g(W;(u), V) = 0 for all u. Hence all p—planes A(u) are parallel with
A(a). The proof is complete by the following general result.

Proposition 1. (Spivak [7], p.39). Let C : 2t = 2% (u), u € [a,b] be
da € A(u) for all u, where A(u)
u

are parallel p—dimensional planes of R™2. Then C is a curve in some
p—dimensional plane of R™*2.

an immersed curve of R™%? such that

Remark 2. The p—dimensional plane H wherein C' lies is a Minkowski
space since both linear independent lightlike vector fields £ and N belong
to H. The second assertion of the theorem follows in a similar way as the
first one.

From Theorems 3 and 4 we obtain the following surprising result.

Theorem 5. Let C be a lightlike curve of a Minkowski space R}""?
(m > 4) with {ky,...,k¢} nowhere zero and k; everywhere zero on C.
Then C lies in a 5-dimensional plane of RJ**2.

§3. The fundamental existence and uniqueness theorem
for lightlike curves

Let M be a (m + 2)-dimensional Lorentz manifold. In the previous
sections we have seen that the lightlike Frenet field of frames {{, N, W1, ...,
W} constructed along a lightlike curve is quasi-orthonormal
(cf. VRANCEANU-ROsCA [9]), that is, {Wi,...,W,,} is an orthonormal
basis and £ and N are lightlike vector fields satisfying (1.8).

Consider R}"*? with the Lorentz metric

m+1
(3.1) glz,y) = Y a®y* —am Ty
a=1
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Then we define the quasi-orthonormal basis

o

Wi =(1,0,...,0),...,W,, = (0,...,1,0,0)

: 1 1., ° 11
W1 = (0, y ==, =), Winsa=(0,..., =, ——=
1= ( 5 75 +2 = 7 )

(3.2)

\)

that is we have

g(Wou WB) = 504,6; g(Wm+1>Wm+1) = g(Wm+27 Wm+2> =0

o

g(Wm+17Wm+2 = 17 Oé?ﬁ S {177m}

It is easy to see that

(3.3)
(3.4) Z WZW%C + W%+1W%1+2 + W¥n+1an+2 = gij )
a=1

where we put
1, 1=j#m+2

g7 =< -1, i=j=m+2
0, 1#7j.
Theorem 6. Let M be a Lorentz manifold, let ky, ..., kop: [—€,&] —
R be everywhere continuous functions and let {W, ..., W, 1o} from (3.2)

as a basis of T, M. Then there exists a unique pseudo-arc parametrized
lightlike curve C : x* = x'(u), u € [—¢,¢], such that z°(0) = =z, whose
curvature functions are ky, . . . ka,, and whose lightlike Frenet field of frames
{{,N,Wy,...,W,,} satisfies

[¢] o

£(0) = W1, N(0) = Woia, Wa(0) = Wa, ac{l,...,m}.

Proor. First we note that without loss of generality we may suppose

M is the Minkowski space R}**2. Then consider the system of differential
equations

(3.5) (W) = kW7
T/n—|—2 (u) = koWy + ksWy
Wi(u) = koW1 — ki Winio + kaWo + ks W3

r_o(u) = —kam—s5Wim—4 — kom—aWi—3 + kom—oWi—1 + kom—1Wi,



154 Aurel Bejancu

7/n—1(u) = _ka—?)Wm—B - k2m—2Wm—2 + kaWm
W;n(“‘) = —kom-1Wn_2 — koyuWp_1,

and based on a well known result on the existence and uniqueness of its
solutions, there exists a unique solution (W7i,..., W;,12) satisfying ini-

tial conditions W,(0) = W,, o € {1,...,m + 2}. Now we claim that
{Wi(u),...,Wpy2(u)} is a quasi-orthonormal basis for any u € [—¢,¢€].
To this end, by direct calculations, using (3.4) we obtain

d m L . . . .
(3.6) - (Z WIW3 + Wi W2, + Wgn+1w,;+2> =0.
a=1
As for u = 0 we have (3.4), from (3.6) it follows

(3.7) D Walw)W(u) + Wy oy (W)W o () + W,y ()W, o (u) = g

Further we construct the field of frames
1

E (Wm—|—1 - Wm+2)

1
Vm = = Wm + Wm ; Vm =
(3.8) +1 \/5( +1 +2)5 V2
Vo =W,, ae{l,...,m}.
Then (3.7) becomes

m—+1
(3.9) ST V@)V () = Vi pn (w)V o) = g

Following BONNOR [1], we define the matrix [b¥/] as follows

(3.10) { 6P =V, a,Be{l,...om 41} b = —/=TVR,
p(m+2)a _ \/_—1Vgl+2; p(m=+2)(m+2) _ VTZIJ:FZQ_

It is easy to check that [b¥/] is an orthogonal matrix. This implies {V, ...,
Vinso} is an orthonormal basis with respect to the metric (3.1) of R"*2.
Hence {Wi,...,Wy,4o} is a quasi-orthonormal basis for any u € [—¢,¢].
The lightlike curve C' is obtained by integrating the system

da’ :
(3.11) T = Wy (u).

It follows that C' is pseudo-arc parametrized with curvature functions
{k1, ..., kom} with respect to the quasi-orthonormal field of frames
{£=Wina1, N =Wyio, Wi, ..., Wy, }. The proof is complete.
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