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On certain tensor fields on contact metric manifolds II

By HIROSHI ENDO (Ichikawa, Japan)

To the memory of Professor Andrds Rapcsaik

In Sasakian manifolds, MATSUMOTO and CHUMAN (3] defined a con-
tact Bochner curvature tensor (see also YANO [6]). This is invariant
with respect to a D-homothetic deformation (see TANNO [5] about a D-
homothetic deformation). On the other hand, if a contact metric manifold
is normal, it is called a Sasakian manifold. In this paper, we define a new
tensor field which is invariant with respect to the D-homothetic deforma-

tion and call it an EH-tensor. Then we shall establish that a contact metric
manifold is a Sasakian manifold if and only if its EH-tensor vanishes.

1. Preliminaries

Let M be a (2n + 1)-dimensional contact metric manifold with the
structure tensors (¢,&,n,g). Then these satisfy

¢6 =0, n(€) =1, ¢* = -I+n ¢ n(X) = g( X)
9(0X,9Y) = g(X,Y) = n(X)n(Y), g(¢X,Y) = dn(X,Y)
for any vector fields X and Y on M. Now we define an operator h by
h = —%[,gqﬁ, where £ denotes Lie differentiation. Then the vector field &
is Killing if and only if A vanishes. It is well known that h and ¢h are
symmetric operators, h anti-commutes with ¢ (i.e., ¢h + he = 0), h§ = 0,
noh = 0, Trh = 0 and Tr¢ph = 0, where Trh denotes the trace of h.

Moreover the following general formulas for a contact metric manifold M
were obtained

(1.1) Vxé = 6X + ohX
(12) £ (R(EX)E — GR(E,0X)E) = X + ¢°X
(1.3 9(Q6.€) =20~ Te i
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2n—+1
(1.4) Z (Vg,¢0)E; = —2n& ({E;} is an orthonormal frame)
=1
(1.5) (Vox )oY + (Vx )Y = =29(X,Y)E +n(Y)(X + kX +1(X)§)
(Vx9)§ = —n(X)€ + X + hX)
(1.6) P(Veh)X = X —n(X)€ — h*X — R(X, )€,
where V is the covariant differentiation with respect to g, @ is the Ricci
operator of M and R is the curvature tensor field of M (see., [1], [2] and
[4]). Moreover, by means of phé = 0, we get,
(1.7) d(Vyh)é = —hY — h*Y.

If ¢ is Killing in a contact metric manifold M, M is said to be a K-contact
Riemannian manifold. If a contact metric manifold M is normal (i.e.,
N+2dn®¢ = 0, where N denotes the Nijenhuis tensor formed with ¢) M is

called a Sasakian manifold. A Sasakian manifold is a K-contact Riemann-
ian manifold. In a Sasakian manifold with structure tensors (¢, &, n,g), we

have
VXf = ¢X7
(Vx9)Y = R(X,§)Y = —g(X,Y)E +n(Y)X, ¢Q = Q9, QE =2ng
(see e.g., [7]).

2. D-homothetic deformations

Let M be an (m + 1)-dimensional (m = 2n) contact metric manifold.
Now we define the tensor field B¢® in M by

(2.1) B®(X,Y)=R(X,Y)+ h¢X A h¢Y

1 1
+ m(QY AX = (9QEY) A X + S (n(YV)QE A X

FNQYIEAX) ~ QX AY +(6QOX) Y — L (n(X)QEAY
FHQX)EAY) +(QOY) A 6X + (6QY) A 6X

—(QOX) A OY — (6QX) A oY +24(Q0X. Y)s
F20(6QX,Y)6 +20(0X,Y)6Q + 20(6X, ¥)Q0

—n(X)QY N+ n(X)(¢QoY) ANE+n(Y)QX NE

—V)(6Q8X) A& — LI (GY A 6X +29(6X,)0)
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k—4 k
oV AN (V)N X (XY AL
1

 (m+4)(m+2)
+YAX+n(X)EANY —n(Y)ENX),

Trh2(¢Y A ¢X + 29(0X, Y )¢

where k = % (S is the scalar curvature tensor of M) and (X AY)Z =
g Y, Z2)X — g(X,2)Y (cf., [3]). Using (2.1), B®® satisfies the following
identities in a contact metric manifold M:

(2.2) B*(X,Y)Z = —B*(Y,X)Z
B%(X,Y)Z + B*(Y,Z)X + B*(Z,X)Y =0
9(B*(X,Y)Z, W) = —g(Z, B*(X,Y)W),
g(B*(X,Y)Z,W) = g(B*(Z,W)X,Y).

If M is a Sasakian manifold, B coincides with the contact Bochner cur-
vature tensor by MASTUMOTO and CHUMAN [3] and the following are
satisfied:

B®(£,Y)Z = B®(X,Y)¢ =0 and

(2:3) B®(¢X,Y)Z = B (X,Y)Z,
where we have used R(¢X,Y)Z—R(¢Y,X)Z = g(¢Z, X)Y —g(¢pZ,Y )X —
9(Z, X)pY 4+ g(Z,Y )¢ X in a Sasakian manifold.

We consider a D-homothetic deformation ¢* = ag+a(a—1)n ® n,
o* = ¢, & = a '€, n* = an on a contact metric manifold M, where
« is a positive constant. For a D-homothetic deformation we say that
M(p,&,n,g) is D-homothetic to M (¢*,&*,n*, g*). It is well known that if
a contact metric manifold M (¢,&,n, g) is D-homothetic to
M (¢*,&*,n*,g%), then M(¢p*,£*,n* g*) is a contact metric manifold.
Moreover if M(¢,&,m,9) is a K-contact Riemannian manifold (resp.
Sasakian manifold), then M (¢*,£*,n*, g*) is also a K-contact Riemannian
manifold (resp. Sasakian manifold) (see [5]). Denoting by W7 the dif-
ference *I''j; — 'y of Christoffel symbols, by (1.1) we have in a contact
metric manifold M

W(X,Y) = (e =1)n(Y)oX +n(X)¢Y)

L ()Y + (Tym) (X)) (see [5)

= (@ = DHYV)EX +n(X)6Y) + “g(6hX, V)é
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Putting this into
R (X,Y)Z =R(X,Y)Z+ (VxW)(Z,Y) - (VyW)(Z,X)
+WW(Z,Y),X)—-WW(Z,X),Y)
and using (1.1) we have
(2.4) R (X,Y)Z=R(X,Y)Z + (a—1)(29(¢pX,Y)0Z
+g(¢Z V)X —g(¢Z, X)pY
)(Vxd)(Z) +1(Z2)(Vx)(Y)
)(Vy)(Z) = n(Z)(Vy$)(X)) - (a = 1)*(n(Z)n(X)Y

(Y
- (X
—A(ZY)X) — 2 (g(X, (Vy0)h2)€ — oY, (V)2
+9
+g(X

(X, 6Ty W26 ~ (Y, 6(xh) 7)€
+g(X, GhZ)ONY — g(¥, 6hZ)6hX)
O D ()2, ¥ )€ (Y92 X)6)

Choosing a ¢*-basis with respect to g* (if we take a ¢*-basis
(&, X1,0" X1,..., Xpn, 0" X,,), a ¢-basis with respect to g is
(&, VaXy,VadXy,...,vaX,,VapX,)) and using (1.4) and (1.6), we get

(2.5) Ric*(X,Y) = Ric(X,Y) + (o — 1)(—2¢(X,Y)
+2(2n + 1)n(X)n(Y)) + 2n(a — 1)*n(X)n(Y)
a—1

- (=9(X,Y) +n(X)n(Y) — 29(hX,Y)
+g9(hX,hY) + g(R(X,£)E,Y)),

where Ric is the Ricci curvature of M. From (2.5), we find

eo 1
(2.6) QX =

a ; 1 (—2X +2(2n + 1)n(X)E)

a—1

> )QH(X)f

a—1

9(X, QO)E — 2 (

O‘a; L (=X +n(X)é —2hX + h®X + R(X, £)§),

where we have used Q*¢ = 2Q¢ — 251 g(Q¢, §)€ + 2n 23 °—1
By virture of (1.3) we have

1 1 a-1
(2.7) S = —S—mT— + T2
«

« «
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Moreover, using the definition of A, we have
1
(2.8) h* = —h,
o

from which we get

1 2

ETI'}L .

By means of (1.2), (2.1), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9), after
some lengthy computation, we obtain

(2.9) Trh*? =

(2.10) *B*(X,Y)Z = B®(X,Y)Z + (o — 1)(n(Y)g(X, Z)¢
—n(X)g(Y, 2)¢ +2n(X)n(Z2)Y —2n(Y)n(2)X
+n(Y)(Vx9)Z +n(Z)(Vxd)Y —n(X)(Vyo)Z

2Ty 9)X) ~ 2 (g(X, (Ty $)h2)g

—9(Y, (Vx9)hZ)E + g(X, ¢(Vy h)Z)§ — g(Y, ¢(Vxh) Z)E)

e, <hz Y)e —n(¥)a(hZ, X)6)
T o )oY, Qe)e
—n(Y)n(2)g(X, Q€& + g(Y, Z)g(X, Q€)E

la—-1

v)
~ (X, 2)9(¥, Q) + 5 (oY, Zn(X)

— g(X, Z)(Y ))g(Qe,€)¢

+ 2L g(6X, 2)g(6Y. QE)E + 9(0Y, 2)g(6X. QE)E
- 20(6X, Y)9(67, Q)¢

+4ng(X. Z)(Y )6 — ang(Y. Z)n()6) |

Now we introduce in M an E H-tensor by

(2.11)  EH(X,Y)Z = B*(X,Y)Z —n(X)B*(£,Y)Z
—n(Y)B*(X,8)Z —n(Z2)B*(X,Y)¢
—n(BP(X,Y)Z)§ = B (X, 9Y)Z
+n(Z) B (9 X, oY) + (B (60X, 6Y) Z)¢
+1(

X)n(B*(&,Y)Z) +n(Y)n(B*(X,£)Z)¢
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+n(Y)n(2)B* (¢ X, §)§ +n(X)n(Z)pB* (£, ¢Y )S.
In particular, if M is Sasakian, then EH = 0 from (2.2) and (2.3).

Theorem 2.1. The E H-tensor is invariant with respect to the D-
homothetic deformation M(¢,&,n,9) — M(¢*,&*,n*,g*) on a contact
metric manifold M.

Proor. Using (1.5), (1.6), (1.7) and (2.10), we find

(212)  — 5" (X)B(€",Y)Z = —n(X)B(£,Y)Z
“n(X)B(E,Y)Z + (o — 1) (—p(X)n(Z)Y
+a(X)(2)RY + n(X)(Vyd)Z)

L (XY ()€ +n(X)g(Y: RIZ,)0)E)

_|_

Dy, > < %a 2 (x)g(v.h2)e
{3 Z)n(X)g(Q¢. €
+77(X)77( n(Z (QS £)€)
la—1

5 o (—=n(X)g(Y; Z)g(Q¢, §)¢E
+n(X)n(Y)n(2)g9(QE, £)E)

2 ang v, 206 ~ n (O (2)6) |

_|_

(2.13) — 0" (Y)B*(X, )7
= n(V)B(X,0)Z + (o — )(n(Y)n(2)X
—n(Y)n(Z)hX —n(Y)(Vx¢)Z) —

(0 —1)?

L X2

9(X, Z)n(Y)¢

+n(Y)g(X, R(Z,£)§)§) —

SO i 2y

3(a—1)
| (V)a(QE. )¢
—n(X)n(Y)n(Z (Qf £)§
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N %a; Lo, 2n(V)g(Qe. €

= n(X)n(Y)n(2)g(Q¢, £)E)

L (Cang (6 20 e + (XY (210}

(2.14)  —0"(Z)B(X,Y)E" = —n(Z)B(X,Y)¢
+ (a = D)(=n(X)n(2)Y +n(Y)n(2)X —n(Y)n(Z2)hX
+n(X)n(Z)hY —n(Z2)(Vx )Y +n(Z)(Vy$)X)

(215) — i (BY(X,Y)2)E" = —(B™(X,Y)2)¢

=L (X)g(hY, Z2) ~ n(¥)g(h X, Z)

— 9(X, (Vy$)hZ)E + g(Y, (VxS)hZ)E - g(X, &(Vy h) Z)

+ 9V, 6(Vxh)Z)6) + 2(2n1+4){3(a2; ;

(—9(Y, Z)g(X,Q8)& + g(X, Z)g(Y, QE)E

—n(X)n(Z)g(Y, Q)¢ +n(Y)n(Z)g(X, Q€)¢E)
1

la—

+ 35— (=n(X)g(Y, 2)9(Q€, €)¢

F(Y)g(X, 2)9(Q6.€6) + “——(9(6X, 2)g 67, QE)¢
— (67, Z2)g(6X, QE)E + 20(0X, ¥ )g(07, Q)¢

 ng (X, (¥ )¢+ Ang Y. 2000 .

Using (1.3), (1.5), (1.6) and (2.15), we get

(2.16) gt (X)*(B(€",Y)2)E" + ' (V)n" (B (X, £ Z2)¢"
= L 2g(¥ hZ)n(X)€ ~ 29(X, hZ)(Y )¢

+9(Y, Z)n(X)§ — g(X, Z)n(Y)§
—g(Y,R(Z,6)6n(X)E + 9(X, R(Z,£)n(Y)E)

2n1+ 4 . ; ! (9(X, Z)n(Y) — g(Y, Z)n(X)) Tr h*




164 Hiroshi Endo

From (1.5) and (2.14) we have

217) (V) (2)6" B (¢ X, £°)¢*
=n(Y)n(Z2)pB(¢X, )¢ + 2(a — 1)n(Y)n(Z)hX
— _n(X)(Z)6B (€, Y ) — 2a — n(X)n(Z)hY.

Therefore, using (1.3), (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), (2.16)
and (2.17), we get

(2.18)  B*(X,Y)Z — 0 (X)B*(£*,Y)Z
n*(Y)BeS(Xf \Z — i (Z)B(X,Y)&"
(B (X,Y)Z)e" + " (X ) (B(€%,Y) 2)&"
0 (V)" (B (X, €9 2)€ + " (V)0 (2)¢" B (6" X, €7)&"
7

*

—-n

X (Z)8 B (€, Y )E"
B®(X,Y)Z —n(X)B*(&,Y)Z —n(Y)B“(X,£)Z
( )B@(X,Y)E —n(B”(X,Y)Z)¢
+n(X)n(B<(§,Y)Z) +n(Y)n(B“(X, ) 2)¢
+0(Y)n(Z2)pB* (X, §)§ +n(X)n(Z2)pB* (€, Y )¢,

Here, substituting ¢*X for X and ¢*Y for Y in (2.18), we obtain our
result.

3. Contact metric manifolds with vanishing F H-tensor

We define
2n+1

(3.1) s* = > g(R(Ei, E;)0E;, 6Ey),

ij=1
where {E;} is an orthonormal frame.
Lemma 3.1 ([4]). For any (2n + 1)-dimensional contact metric man-
ifold M, we have

1
s — S+ 4n? = Trh? + §{||V¢||2 —4n} > 0.
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Moreover M is Sasakian if and only if |[V¢||?> — 4n = 0 or equivalently

s — S +4n? = 0.

Theorem 3.1. Let M be a contact metric manifold. M is a Sasakian
manifold if and only if the F'H-tensor vanishes.

PRrROOF. Since the FH-tensor of M vanishes, we have

(3.2) g(Bes(X Y)Z,W) — g(B*”(¢X,8Y)Z, W)
=n(X)g(B(&,Y)Z, W) +n(Y)g(B*(X,§)Z,W)
+n(Z)g(B*(X,Y)§, W) +n(W)n(B*(X,Y)Z)
—n(2)g(B** (X, ¢Y)E, W) — n(W)n(B*(¢X, ¢Y)Z)
—n(X)n(W)n(B(&,Y)Z) — n(Y)n(W)n(B“* (X, ) Z)

—n(Y)n(Z2)g(¢B* (¢ X,£)E, W)

—n(X)n(Z)g(¢B* (&, 9Y)E, W).

Taking X = E;, Y = E;, Z = ¢E;, W = ¢E; ({E;} is a ¢-basis) in each
member of (3.2) and summing over ¢ and j, we obtain

2n+1
> 9(B(E;, E;)$E;, ¢E;) = s* — S +4n> = 2Tr h® 4 (Tr h?)?

ij=1

2n+1 ( + )
D" (B (BB OE))0E;, 0Fr) = S — 29(Q6,6) + = =2 (9(Q€.€) — )
i,j=1
3n(k+2n) n@2n—1)(k—4) 2 Ty 12
n+ 2 n+2 n+2 e

Thus, from (1.3) and k = gfg, we get

s — S +4n® —2Trh? + (Trh?)? = 0.
On the other hand, from (3.2) we find

2n+1 2n+1

> 9(Be(EL €6 E) = — Y g(B*(E;, €)E, O Ey).

Hence we have g(Q¢, &) = 2n.
By Lemma 3.1 we have our result.
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