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The voice transform on the Blaschke group III

By MARGIT PAP (Pécs) and FERENC SCHIPP (Budapest)

Dedicated to Professor Zoltan Dardczy on his 70th birthday

Abstract. In this paper we present results connected to the voice transform of
the Blaschke group generated by a representation of the group on the Bergmann space
H?(D). Sections 1 and 2 contain the basic notations, definitions and results. In Section 3
the matrix elements of the representation on H?2 (D) are computed and the properties
of the matrix elements are studied. Using these properties it is given a direct proof for
the analogue of the Plancherer formula and also it is proved the irreducibility of the
representation. It is introduced an orthogonal rational wavelet system and it is showed
that the Bergman projection can be expressed with the voice transform and the rational
orthogonal wavelet system. As a consequence it is obtained that the matrix elements of
the representation form an orthogonal system in L?(B). It is proved that every element
from H*°(D) is admissible. Sections 4 contains the proofs.

1. The voice transform

In signal processing and image reconstruction the wavelet and Gabor trans-
forms play an important role. There exists a common generalization of these
transforms, the so-called Voice-transform. In this section we summarize the basic
notations and notions used in the definition of Voice-transform, we also present
the definition and the most important properties of this transform.
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In construction of voice transform the starting point will be a locally com-
pact topological group (G, -). It is known that every locally compact topological
group has nontrivial left- and right-translation invariant Borel measures, called
left invariant and right invariant Haar measures. Let m be a left-invariant Haar
measure of G. Let f : G — C be a Borel- measurable function which is integrable
with respect to the left invariant Haar measure m, the integral of f will be de-
noted by [, fdm = [, f(z) dm(x). Because of left-translation invariance of the
measure m it follows that

/ F(@) dm(z) = / fa'-2)dm(@) (aeq).
G G

There exist groups whose left invariant Haar measure is not right invariant. If the
left invariant Haar measure of GG is at the same time right invariant then we say
that G is unimodular. Such measure will be called Haar measure of G. On a given
group, Haar measure is unique only up to constant multiples. It is trivial that the
commutative groups are unimodular. Furthermore it can be proved that if the left
Haar measure is invariant under the inverse transformation G 3 z — =~ ! € G,
then G is also unimodular.

In the definition of voice transform a wunitary representation of the group
(G,-) is used. Let us consider a Hilbert-space (H,(-,-)) and let & denote the
set of unitary bijections U : H — H. Namely, the elements of U are bounded
linear operators which satisfy (Uf,Ug) = (f,g) (f,g € H). The set U with the
composition operation (Uo V) f :=U(V f) (f € H) is a group the neutral element
of which is I, the identity operator on H and the inverse element of U € U is the
operator U~ !, which is equal to the adjoint of U : U~! = U*. The homomorphism
U of the group (G, ) on the group (U, o) satisfying

1) Umy = Uz © Uy (xay € G)’

ii) G >z — U,f € H is continuous for all f € H (L.1)

is called unitary representation of (G,-) on H.
The voice transform of f € H generated by the representation U and by the
parameter p € H is the (complex-valued) function on G defined by

(Vof)(@) = (f,Usp) (x€G, f,pcH). (1.2)

For any representation U : G — U and for each f, p € H the voice transform V,, f
is a continuous and bounded function on G.
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The set of continuous bounded functions defined on the group G with the
supremum norm form a Banach space and V, : H — C(G) is a bounded linear
operator. From the unitarity of U, : H — H follows that, for all z € G

(Vo) (@)l = [{f, Uep)l < IfIH1Uzpl = 1£ 1ol

consequently ||V, | <ol

The invertibility of V,, it is connected to the irreducibility of the representa-
tion U which generate the voice transform.

A representation U is called irreducible if the only closed invariant subspaces
of H, i.e., closed subspaces Hy which satisfy U, Hy C Hy, are {0} and H. Since
the closure of the linear span of the set

{Uzp:z € G} (1.3)

is always a closed invariant subspace of H, it follows that U is irreducible if and
only if the collection (1.3) is a closed system for any p € H, p # 0.

The property of irreducibility gives a simple criterion for deciding when a
voice transform is 1 to 1:

Theorem 1 ([6], [12]). A voice transform V,, generated by an unitary rep-
resentation U is 1 to 1 for all p € H, p # 0 if and only if U is irreducible.

The function V, f is continuous on G but in general is not square integrable.
If there exist p € H,p # 0 such that V,p € L2 (G), then the representation U
is square integrable and the function p is called admissible for U. For a fixed
square integrable U the collection of admissible elements of H will be denoted by
H*. Choosing a convenient p € H* the voice transform V,, : H — L2 (G) will be
unitary. This is a consequence of the following theorem:

Theorem 2 ([6], [12]). Let be U, € U (x € G) an irreducible square inte-
grable representation of G in H. Then the collection of admissible elements H* is
a linear subspace of H and for every p € H* the voice transform of the function
[ is square integrable on G namely V,f € L2 (G), if f € H. Moreover there is a
symmetric, positive bilinear map B : H* x H* — R such that

[Vvﬂlfﬂvng]:B(p17p2)<f7g> (phszH*, f?geH)a

for all f,g € H and p1, p2 € H*, where the inner product [-,-] is the usual inner
product in L2,(G) . If the group G is unimodular then B(p, p) = c||p|* (p € H*),
where ¢ > 0 is a constant. In this case if we choose p so that {p,p) = 1/c then

[fovvpg]:<fag> (f,gEH)
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In the next sections we will construct a voice transform using so called mul-
tiplier representations generated by a collection of multiplier functions defined in
the following way: F, : G — C* := C\ {0} (a € G) is a collection of multiplier
functions if

Fo=1, Fua,(x)=Fy(as-2)Fa,(x) (a1,a2,2 € G),
where e is the neutral element of G. It can be proved that
(Uaf) () := Fyr(2)f(a™' - 2) (a,2 € G)

satisfies
Uagy 00Uy, =Ugya, (a1,a2 € G),

so is a representation of G on the space of all complex valued functions on G. If F,
is continuous and bounded for every a € G, then L2 (G) is an invariant subspace
and (U,)ascc is a representation on L2 (G). The representations obtained as
bellow are named multiplier representations (see [13]).

Taking as starting point (not necessarily commutative) locally compact
groups we can construct in this way important transformations in signal process-
ing and control theory. For example the affine wavelet transform and the Gabor
transform are all special voice transforms (see [6], [12]).

2. The voice transform of the Blaschke group on H?2(D)

The affine wavelet transform is a voice transform of the affine group which is
a subgroup of the Mobius group (i.e. the group of linear fractional transformations
with the composition operation). In this section we will study the voice transform
of another subgroup of the Mobius group, namely the voice transform of the
Blaschke group.

2.1. The Blaschke group. Let us denote by

—b _
B.(z) =€ - (z€C, a=(be) eB:=DxT, bz#1) (2.1)
the so called Blaschke functions, where

Dy :=D:={zeC:|z| <1}, T:={zeC:|z|=1},
D_:={zeC:|z| >1}. (2.2)
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If a € B, then B, is an 1 to 1 map on T, D and D_, respectively. The restrictions
of the Blaschke functions on the set D or on T with the operation (B, 0B, )(z) :=
By, (Ba, (7)) form a group. In the set of the parameters B := DT let us define the
operation induced by the function composition in the following way: B,, o By, =
By oa,- The group (B, o) will be isomorphic with the group ({B,,a € B}, o). If
we use the notations a; := (b;,€¢;), j € {1,2} and a := (b,€) =: a1 0 ag, then

_ €2+ bibs
= B_ bi€s), —¢q——=—=B, ,; . 2.3
( bz,l)( 1€2), € E11 e2b1bo (—blbz,q)(@) (2.3)

_ biga+bo
1+ blgggg

The neutral element of the group (B, o) is e := (0,1) € B and the inverse element
of a = (be) € Bis a~! = (—be,e).

Because of B, : T — T is bijection it follows the existence of a function
Ba : R — R such that B,(e) = eP«(t) (¢t € R), where 3, can be expressed in
an explicit form. Namely, let us introduce the function

t 2
1—r
r(t) = —d teR,0<r<1). 2.4
() /01—27"coss+r2 s =r=<1) (2:4)

Then
Ba(t) := 0+t (t—p), (a= (e, e?)eB, teR,0,pcl:=[-mm)). (2.5)

The integral of the function f : B — C, with respect to the left invariant
Haar-measure m of the group (B, o), is given by

b ezt
f )dm(a) = o 1_|b‘ 5 dbydbodt, (2.6)

where a = (b, e*) = (by +iby,e*) € D x T.

It can be shown that this integral is invariant with respect to the left trans-
lation @ — ag o a and under the inverse transformation a — a~!, so this group is
unimodular.

We will study the voice transform of the Blaschke group. In the construction
it will be used a class of unitary representations of the Blaschke group on the
Hilbert space H = H?(D).

2.2. The Hilbert space H?(D). We will introduce the voice transform us-
ing a class of unitary representations of the Blaschke group on the so called
Bergman space. In this section we will summarize the basic results connected to
the Bergman space (see [3], [5]).
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Let denote by A the set of analytic functions f : D — C. Let consider the
following subset of analytic functions:

H*(D) := {f cA: /D |f(2)[*do(z) < oo}
<d0(z) = %dx dy, z=x+1iy € ]D)> . (2.7)
The set H?(D) with the scalar product
()= [ 1R o) (2.5

is a Hilbert space. The space H?(D) is the so called Bergman space. It can be
proved that the function

f(z) = Z 2" (zeD)
n=0

from A belongs to the set H?(D) if and only if the coefficients satisfies

o0

2
yolel oo
n+1

n=0

The Bergman space H?(D) is a closed subspace of L2 (D).
For each z € D the point-evaluation map

Tz - HQ(D) —C, 7.(f)=1()

is a bounded linear functional on H?(D). Each function f € H?(D) has the
property
[f@)] <7 20(2) I lmew) (2 €D),

where §(z) = dist(z, T). From this it follows that the norm convergence in H?(D)
implies the locally uniform convergence on D. Therefore, by the Riesz Repre-
sentation Theorem there is a unique element in H?(DD), denoted by K(., z), such
that

F2) = ma(f) = (f, K (o 2)) = / FORE 2)do(e)

(f € H*(D), z € D).
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The function
K:DxD—C with K(,z) € H*D)

is called the Bergman kernel for D. Taking f(£) = K (&, w) for some w € D we
conclude that the kernel function has the following symmetry property:

K (2 w) = /D K (&, w)K(E 2)do (&) = K(w, 7).

For any orthonormal basis (¢}, j € N) for H*(D) one has the representation
K(&2) =) ¢i(©)v;() ((&2)€DxD) (29)
j=1

with uniform convergence on compact subsets of D x . The set of functions

0i(z) =V([+1)7 (z€D,jeN)

form an orthonormal basis in H?(D), consequently

1
K(2) = (==3Ek (2.10)
The explicit formulae for the kernel function shows that
= | f(f)(l_lgzyda(é) (:€D, fe HYD). (211

Applying this formulae in particular for f(z) = (1 — ¢2z)~2 for fixed z in the disc
we obtain that
do(z) 1

2 _ — —
IKG = | 57 = gy = K2 >0

Since H?(D) is closed subspace of LZ(D) there is an orthogonal projection
operator
P:L2(D) — H*(D).

The operator P is bounded, Hermitian, of the norm 1 and satisfies Pf = f for
f € H*(D). It is called Bergman projection. Thus the Bergman projection can
be expressed by integration with respect to the Bergman kernel in the following
way:

(PHE) = (1K) = [ 160 —gmde©) (Fe 1), zD)
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The projection operator is well-defined linear operator on L. (D) mapping each
f € LY(D) to a function analytic in D and mapping each

feH' (D)= {f € AD) : / If(2)|do(z) < oo}
D
to itself. It can be proved that for 1 < p < oo
P:LP (D) — H?(D)

is also a bounded map, where

o) ={seam: ([ |f<z>pdo<z>)l/p <o},

3. New results

3.1. The representation of the Blaschke group on H?(D). Let consider
the following set of functions

e(1—[bf)

_— (a = (be) €B, z D). (3.1)

Fu.(z) :=
F, induce a unitary representation of Blaschke group on the space H?(D). Namely,
let define

Udf = [Far2(fo B Y) (a€B, fe H*D)). (3.2)

It can be proved the following theorem:

Theorem 3. U,(a € B) is an unitary representation of the group B on the
Hilbert space H?(D).

3.2. The properties of the voice transform induced by the represen-
tation U,. In what follows we will compute the matrix elements of the repre-
sentation and using the results obtained connected to this matrix elements we
will give a proof for the analogue of Plancherer formula. We will prove that the
representation U, is irreducible.

The representation has the following form

— 2 P .
(Up-1)(2) == ew(i—i)b!)Qf (ewl—bbz) (a=(b,e) €B) (3.3)
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and is unitary regarding to the scalar product

()= [ £ do(o). (34)
The voice transform induced by the representation U, is defined by
(Vof)@™h) = (f.Us-1p) (a=(be™) = (re',e'") € B). (3.5)

The matrix elements of the representation in the base h,(z) := 2" (n € N, z € D)
are of the form

Vi (a7Y) := (i, Ug—1hy) = e HFDY(1 — |p]?)

« /D {%}zmda(z). (3.6)

Theorem 4. The matrix elements of the representation (3.3) have the fol-
lowing form

vmn(a_l) =(1- r2)e_i(7b+1)we_i("_7’L)"’amn(r) (m,n € N), (3.7)

where o,y (1) can be expressed with the Jacobi polynomials in the following way

(1) = o gy (L= 0] (3.)
and Quy, (1) satisty the following relations
A (1) = (=1)" " Qi (), (3.9)
! 1
/0 7| () |2 drr = T DT D (m,n € N). (3.10)

It is known that the matrix elements of the representations satisfy the fol-
lowing so called addition formula:

vmn(al o a2) = vak(al)vkn(cm)-

k

From this relation we obtain the following addition formulae:
(1 _ r2)ei(n+1)wei(n—m)tpamn(T)

= Z(l — )itV gilk=mier gy o (4) (1= r2) el (MH D2 i(n=R)e2 ) (10) (3.11)
k

where a; := (r;e%i, i), j € {1,2} and a := (re#,e™) = a; o as.
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Theorem 5. The representation U, is irreducible on the space H*(D).

Theorem 6. The voice transform induced by U, satisfies

[vafv szg] = 47T<p17p2> <f7 g> (f?g7p1up2 € HQ(D)) (312)

where

F,G] ::/F(a)G(a) dm(a),
B
m is the Haar measure of the group B and every element p € H?(D) is admissible.

Remark 1. The space B =DxTis G/K x K, where G = SU(1,1). Therefore,
the representation constructed in this paper is related to one of SU(1,1). Actually,
it corresponds to one of the holomorphic discrete series of SU(1,1). Hence, by
noting another discrete series and using the weighted Bergman space, we can
construct another voice transform similarly.

Remark 2. Since G/ K is K A as a space, according to a Cartan decomposition
of G, as related topic is treated by T. KAWAZOE in [8].

3.3. Construction of orthogonal rational wavelets. Let consider the shift
operator

(Sp)(2) = 20(2), (v € H*(D)). (3.13)
Denote by
Pam(2) ==V (m+1)(Ua-15™¢)(2)
ac€B, meN, pc H}(D). (3.14)

If we consider as mother wavelet ¢ = 1 € H?(D) then the corresponding
rational wavelets are :

am(2) = V/m + Des— Ui (dz — b))m. (3.15)

(1-b2)2\ 1-bz

They form an orthonormal system in H?(D), for all a € B. Indeed taking into
account the unitarity of the representation U,

(Pam(2),Pan(2)) = (V(m + DUg—12", /(0 + 1)Uqg-12")

=V (m+1)y/(n+ 1™ 2") =6mn, YaeB, n,mecN. (3.16)

We observe that if a = e = (0,1) € B then

Cem(2) =/ (Mm+1)2" = p,(2) e=(0,1) €B.
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Theorem 7. For all z € D and a € B the Bergman projection operator
P : L?(D) — H?*(D) can be written in the following way

Pf(z) = Z Vo, f@aDUu-10m(2) (a €B). (3.17)
m=0
Consequence 1. Every f from H?(D) can be represented as

F(2) =" Vo, flaYUs19m(2) (a€B).

m=0

Consequence 2. For every a € B the collection

Pa,m = V (m + 1)Ua—1tpm (m S N) (318)

is an orthonormal basis in H*(D).

From Theorem 6 it follows that the coefficients V,, , f(a™!) satisfy the follow-
ing relations:

/}B Vo F(a~ )V, gl D) dm(a) = 47 {m. o) (/2 0= A7bn(f.0) (fg€ HA(D)).

If e = (0,1) € B is the unit element of the group B, and f(z) = Y.~ janz" €
H?(D), then

Vm+1)

We observe that the matrix elements of the representation can be written as

Vsamf(e) =

vmn(a_ ) = (n T 1)(m T 1) thn(pm<a’_ )

and due to (3.12) we obtain that they form a double indexed orthogonal system
in L?(B), namely:

47
/vak(a)vng(a)dm(a) = mémnéu.
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3.4. The voice transform of the kernel function. Let

1

— a=(be" .
i-ep T OeDeE

K.(§) == K(§ 2) =

Then )
it 1— b 1

(1= B2 (1— e £22)"

Using the fact that the kernel function belongs to the Bergman space we can

(U K2)(§) =

apply the reproducing formulae (2.11) when we compute the voice transform of
the kernel function, and we will obtain the following;:

(Vie. K2)(a™) = (K. (Uy1 K- / K. (&)U Ko (€ dérdts
= [ K g ety
o 1P 1

- K =

(1—b2)? (1 —e W fjbgz)Q'

From this it follows that

i LB 1
(Vik.K.)(a) =e v (1+ ei¢b§)2 i Ztbe=i N2 = (UsK:)(2).
( —¢€ 1+bei?z )

Theorem 8. For every p € H>* (D)

/ |Vpp(a)|2dm(a) < 00
B

which means that every element p from H* (D) is admissible.

4. Proofs

PRrROOF OF THEOREM 3. The set of functions (F,,a € B) defined by (3.1)
satisfies the following relation

(F’a1 o Ba2> . F’a2 = Fa10a2 (al,ag c B) (41)

To prove this we will use the identity

|1 +b152€2‘\/ 1-— |b‘2 = \/‘1 + b152€2|2 — |b1€2 + b2|2 = \/(1 — |b1|2)(1 — |b2|2)
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Using this we obtain that
1 1
1 —5162% 1-— 522’

- \/6162(17 |b|2)|1+b152€2| 1

Fuy (Bay (2)) - Fuy (2) = Verea(1 — [b1]2)(1 — [b2[?)

1-‘1-51()262 1—bz
1
= 1_b277:Fa10a2 3
VAT = Fupen(2)

where a = a1 o ag = (b, ¢€), is given by (2.3) and z € D. From this it follows that

Ual(Uan) = Ua1([Fa2_1]2 : f © Ba_gl) = [Fal_l]z : [Faz_l o Ba1—1]2 : fo Ba_21 OBa_ll

= [F(aloaz)_1]2 ' (f o Ba_lloa2) = Ualoan'

In what follows we will show that the restriction of linear application U,
on the Hilbert space H2(ID) is unitary with respect to the inner product defined
by (2.8) which implies that: if f € H?(D), then U,f € H?*(D). To prove this
we will use the following result: if ¢ : D — D is an analytic bijection, then the
determinant of the corresponding Jacobi matrix is equal to |¢’(z)|?. Making the
change of variable w = ¢(z) we get the following integral transformation formulae

/FWMWM=/NMWWVWM@~
D D

In the special case ¢ = B, we get

| L

SE [Fu(2)]> (a=(be) €B).

Bl (z)=¢
We want to show that U, is a unitary representation, namely

(Uaf,Uag) = (f,9) (f.g € H*(D)).

Indeed, making the change of variable w = B,(z) in the integral on the left hand
side we obtain that

(Uaf,Uag) :/DIFa—l(w)l“f(BJl(w))g(Bz?l('LU))da(’LU)

=Am&ﬁm«mwwmﬁaw@.
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Using (4.1) we obtain that

(Uaf,Uag) = (f,9)-

In a similar way we obtain that

[T = [ R @en)

which means that the integral is invariant under the transformation B,. Indeed,
if we make the change of variables w = B,(z) in the integral on the left hand side
we obtain that

/f |w| = [ B 1—|B(Z<) ()= 1B (z|)>

PROOF OF THEOREM 4. Let denote by z = peil, b = re?, (t,p € 1). To
compute the integral which appear in (3.6) first we apply the polar transformation
and then we make the following change of variable, we replace t by ¢t 4+ ¢ and we
obtain that

1 (Z — b) oM 71'90) it it
T / ((1 - bZ)n+2) dxdy = / / 1 —rpe —i(t— @))n+2p e dpdt
7Z(t gp)
— 7m<p ,06 ) S
N /0 / 1 — ’rpe—’t(t Sa))n_;'_g P € dpdt
— —1( m) ) i
. - / /_7‘- 1-— pre it n+2 pm eZm dpdt
=7t m+1 —imt
- / /_7r 1— pre“ n+2p dp dt.

Let denote by

+1,—imt

then due to (3.6) v (a 1) can be written as

VUmn(a™) = (1 — 7"2)efi(”ﬂ)we*i("*m)“’anm(r) (m,n € N).

We will show that a,,,(r) can be expressed by the Jacobi polynomials in the
following way:

g [ e

Qi (1) 1= w—r?
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Indeed, if we substitute e~ ¥ by &, on the base of Cauchy integral formulae we
obtain that

1 T n —2it
1 — )
amn('r’) = / Perl*/ ( re- 3 _? efzmt dpdt
0 -

T (6 zt_Tpn(e zt_rp)Z
= 2/1 perli / ucvﬁl d¢dp
o U 2w Jr C= o)

1 pm+1 dntl 1
—2 — ) d
e

_2/1 ) A [ e N e
o (n+1)! dzntl P ) P

zZ=rp

From this, using the notation

dn+1

W (1 — u)nuerl] _ [(1 - u)num+1](7z+1)

it follows that

1
m n—m 1 n, m (n+1)
U (1) = 2/0 P>ty CESY (1 =)™ T dp
p—m

= T D L

To show 1) let use the following relation

V(@) = (R, Ug—1h) = (Ug—1hny hn) = (B, Ushm) = Unm(a)  (m,n € N).

Takeing into account that a=' = (be!¥*+7™) =) then for a = (r,1), namely
when ¢ =1 = 0 we obtain that

(1- T2)0‘mn(7") = Umn(a) = vpm(a™t) = (_1)m+n(1 - T2)O‘nm(7’)

which implies that i) is true.
To prove ii) in the integral on the left side let make the change of variable
2z = r2 and let use the notation m = n + ¢ and we obtain that

_ ' 29, __ 1 ! —£ drtt _ o\ .nt+l+1 ?
I—/O 7| Qmn (7)| dr_?((m+1)(n+1)!)2/0x (d:z:”*l[(l x)" g ]) dx.

We observe that

(1= 2)"2" TN D — (1) (n 4 1) (n 4L+ Dnla™ + (1 — 2)Qn(x) =: P, ()
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where and P, is polynomials of degree n and @,, is a polynomial of degree n — 1.
Using the partial integration we obtain that

/01 e ([(1 — z)mam D) g = /01[(1 —2)"a" D P (2) de
=[(1 - 2)"a" TP (2) ;=g — /01[(1 — )" P (2) da
=m+D)'n! (n+0+41)— /01[(1 — )" TN P (1) d,

Taking into account that 0 and 1 are roots of the polynomial u(z) := [(1 —

x)"z"HH1] (=1 on the base of partial integration we obtain that this last integral
is equal by 0. Indeed,

/ [(1 = &)z P (2 d = () P () g — / ()P () da
0 0

- /0 ()P () de

Repeating this procedure n—1 times we obtain that the integral is 0. Consequently
B 1
2+ 1)(m+1)

PROOF OF THEOREM 5. Let consider the power functions h,(z) = 2"
(z € C, n € N). First we take the images of these functions under the repre-
sentation
b— (Ughp)(z) :=€"TH(1 — |b|2)(2j7b)n (b="01 +iby € D)
(1 —bz)nt2 ’

and we compute the partial derivatives regarding to the variables b; and bo, and we
take the values of this partial derivatives in e = (0,1) € B. An easy computation

gives that
0
aiberhn = —nhn_l + (n + 2)hn+1
iU hy = —inh,_1 —i(n+2)h
8b2 elln — n—1 n+1-

From this we obtain that

0 0 0 0
<8b1 + zab2) Uohy, (n+2)hpi1, ((%1 zab2> U.h, nhp_1
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From the definition of U, follows that for the one parameter subgroup a(t) =
(0,e) (t€R) of B

Ua(tyPn = ettty (neN, teR),

which means that the subspace wrapped by the function h,, is an invariant one di-
mensional subspace of the restricted representation on the commutative subgroup
mentioned bellow. It is known that any invariant subspace of the representation
can be written as the direct sum of this kind of subspaces. From these it follows
that the representation U, (a € B) is irreducible. Indeed let be H at least one
dimensional closed invariant subspace of the representation. This is also invariant
subspace of the restricted representation U, to the one parameter subgroup, con-
sequently it contains one of the power functions h,, . On the base of the definition
of invariant subspaces it is evident that
E(U(bhl)h” — U((),l)hn) € H, %(U(ibg,l)pn — U(O,l)hn) eH (bl, by € R).

From the closeness of the subspace it follows that the limit of this expressions
when by — 0,by — 0 is also in H, namely

0 0 0 0
_a = 2(n+2 H (=i = nh,_; € H.
<8b1 + Z(’“) ) U.h, (n+2)h,41 € H, ((%1 Z(’?bg) U.h, nhy,_1 €

From this evidently follows that hy € H, if kK > n, and hy € H, if k < n and
k > 0. This implies that H = H?(D), and the irreducibility of the representation
U, (a € B) is proved.

PROOF OF THEOREM 6. To prove Theorem 6 let consider the function f, p €
H?(D), then they can be represented in the base h,(z) = 2" (2 € D, n € N) in

the following way
= Z anhTu pP= anhnv
n=0 n=0

where the series are convergent in norm therefore are uniformly convergent on
every compact subset of . Consequently

|an|
§:n+1 o 2:n+1

From the definition of the voice transform and from the continuity of the scalar
product it follows that

(Vof)(a) == Z Z (hp, Uyl Z aZanvnm(a)
m=0 n=0 m=0 n=0
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From Theorem 4 it follows that

Unm(a) = (1 - TZ)Oan (T)Unm (1/1, ‘P)a

where
Unm (1, p) 1= €TVl (n=mIe (1 p € N)

is an orthonormal system in the square I x I. Namely

1 ™ ™
o[t a0 o = e (ki fmm € N,

Using the definition of the Haar measure of the Blaschke group we obtain that

(AR /|Vf (a)[? dm(a)

T V re“/’ e“/’
4772/ / / | )‘ dydpdr

=3 o \bmF/O |t ()2

m,n=0
- 1 & ‘an‘ 2 o
_2<n§:n—|—1><zm—|—l> 201, )tp: ).

Thus the following analogue of the Plancherel formulae hold:

Vo f . Vof] = 4n(f. f)p.o)  (f. p € H*(D)).

From this it follows that for every p € H?(D)
Vo, Vopl = 4l 572 < oo,

which means that every element p € H?(D) is admissible. Let suppose that
p € H*(D) \ {0}, then V, f = 0 implies that (f, f) = 0 consequently f = 0. This
means that the voice transform is injective. The relation (3.12) implies that for the
positive bilinear map from Theorem 2 B(p, p) = 47 (p, p) is satisfied. This relation
and the unimodularity of the Blaschke group implies that B(p1, p2) = 47 (p1, p2).
Due to Theorem 2 we obtain that:

[Vplf’ Vp2g] = 47T<fa g><p1ap2>7 (f)g’p17p2 € HQ(]D)))
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PROOF OF THEOREM 7. Let consider the following infinite series

Z (m + 1) (Ua-10m)(y) (Ua-1¢0m)(2).

Since

[IA

|(Ua=10m) () (Ua—16m)(2)]

(1—1r2)2 r4+r \"
(1—=r17)2(L —ror)2 \ 1+ 717
(z= rel, y=rqett €D, a = (rei“’, e“/’) € B),

and % < 1, we obtain that for a fix z € D and for a fix a = (re’¥, ™) € B the
series converges absolutely and uniformly in y € D. This permits the interchange
of summation and integration in the following expression

Ej‘émea’U( a10m)(2) = D {f,Ua-10m) Ua-10m)(2)
m=0

/f ( m+mml%mwwawm@0@ww
We observe that

Y (m+ 1)(Ua10m) @) (Us-10m)(2)
m=0

:<rfg¥ﬁ?1a2Si“n+”<i{l?>m<ii;?>m

m=0
_ =P 1 k)
(1-09)2(1 — bz)? <1 B (y;,b) Zb>2 (1—-72)° ’
1-by ) 1-bz
Consequently
2: o f Vo)) = + [ 1) gz dindse = (P12

PrOOF OF THEOREM 8. Using the definition of the voice transform and the
unitarity of the representation U we obtain that

dxdy

((V,p)(a)| = |(Ua-1p, p)| < (1—|b| ||P||H°°/|1 e



282 Margit Pap and Ferenc Schipp

Using the Parseval-formulae from

! =Y (0™ (beD, z=re?, pe[-mn], 0<r<1),

1 — breie

we obtain that

1 " 2n
o7 ) 1= ew\"‘ Z“”"'
pll—bz2 & 0 24n+1 '
Consequently
1
L 1astaamta) < ol 5 | /(1= 1826 s o bact
:87er||‘}{oo/ G?(r)r dr.
0
We will show that )
:/ G*(r)rdr < oo.
Indeed, using
1= , 1
Y S e
A= o (BT
we obtain that
n/2

oo\»—l

/01 G*(r)rdr = i

1 & 1+1ogn
< Z
*22 (n+1)2

k+€
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