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On the stability of the translation equation

By BARBARA PRZEBIERACZ (Katowice)

Dedicated to Professor Zoltan Dardczy on his seventieth birthday

Abstract. In this paper the stability of the translation equation, F(¢, F(s,z)) =
F(s+t,z), where F': (0,00)x — I, and I is a real interval, is investigated.

1. Introduction

The translation equation, i.e. functional equation of the form

F(t,F(s,xz)) = F(s+t,x), (1.1)
can be considered in a very general setting, ¢, s € G, where G is a grupoid, and
x € X, where X is an arbitrary space. This equation is of great importance
both in the theory of functional equations and iteration theory (see [4], [5] and
references there). If X is a metric space, with metric p, there arises a problem of
the stability of the functional equation (1.1), that is a question whether for every
€ > 0 there is a § > 0 such that for every function H : G x X — X satisfying
“approximate translation equation”, up to ¢, i.e. the inequality

p(H(t, H(s,)), H(s + 1,2)) < 6 (1.2)
we can find a solution F of (1.1), which is “close” to H, more precisely, such that

p(F(t,x), H(t,z)) <&, (1.3)
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for every x € X and t € G. Actually, this is only one of the possible approaches
to the problem of stability of the functional equation, (see [6]), but in this paper
we restrict our attention to that definition of stability. Up to now, the problem
of stability of the translation equation was considered in few papers.

In [2] W. JABLOKSKI and L. REICH obtained the stability of (1.1) in rings
of formal power series.
A. MacH and Z. MOSZNER in [3] investigated the stability of the translation
equation in two classes, CB and CI. More precisely, with G a monoid with unit
element 0 and X an arbitrary space, let

CB={H:GxX — X; H(-,«a) is a bijection for a certain o € X},

Cl={H:GxX — X; H(,«a) is an injection for a certain a € X,
and H(G,«a) = H(0,X)}.

Theorem 1.1 ([3]). Let p: X x X — R be an arbitrary function.

1. For every function H € CB there exist a function F' € CB satisfying
(1.1) such that for every e > 0 if (1.2) with § = € holds, then (1.3) also is true.

2. If the function p satisfies the triangle inequality in X then for every
function H € CI there exists a solution F' € CI of (1.1) such that for every e > 0
if (1.2) is fulfilled with 6 = §, we have (1.3).

27
J. CHUDZIAK considered iteration groups on a real interval and obtained the
following result.

Theorem 1.2 ([1]). Let I be a real interval and € > 0. Assume that H :
R x I — I satisfies the inequality

|H(s,H(t,x)) — H({t+s,x)| <e, z€l, s,teR,

and for some ¢ € I the function H(-,x) Is a continuous surjection of R onto I.
Then there exists a homeomorphism f : R — I (and continuous iteration group
F(t,z) = f(t+ f~'(x))) such that

|H(t,z) — f(t+ fHx))| <9, =z, teR.

In this paper we restrict our attention to continuous iteration semigroups,
that is continuous solutions F' : (0,00)xI — I of (1.1), where I, as it was in paper
[1], is a real interval. Here without any assumption about surjectivity or injectiv-
ity, we get the approximation of H, by the exact solution F' of (1.1), but not on
the whole interval I (see Theorem 3.2). However, if H satisfies some additional
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conditions, which are, after all, satisfied by any F' € F (see Remarks 2.1, 2.2, 2.3),
we can find a continuous iteration semigroup F' such that |F(¢t,z) — H(t,z)| < ¢,
for every z € I and t € (0,00) (see Theorem 3.1).

In the next section we fix notation and prove some lemmas, the main theo-
rems will be formulated in the last section of this paper.

2. Preparatory work

Let I be a real interval. Denote by F the family of all continuous iteration
semigroups F : (0, 00) x I — I and by F;s the family of all continuous approximate
solutions of (1.1), that is

F ={F:(0,00) x I — I; F satisfies (1.1) and F is continuous},
Fs={H:(0,00)x I —=1I; |H(t,H(s,z))— H(s+t,x)|< ¢ and H is continuous}.
Let me remind that continuity of I’ € F is equivalent to continuity with respect

to each variable. By V' = Vi we mean the set of values of function H.

Lemma 2.1. Let H € F;5. The following assertions hold true:
(i) ifx € clV then |H(t,z) — x| < 2d,t < T, for some T > 0;
(ii) if H(a,x) = H(b,x), for some 0 < a <b< oo andz €I, then |H{t+T,x)—
H(t,z)| <2§ fort >band 0 <T <b—a;
(ili) for every t; < to < t3 and for every x € I, H(t1,x) = H(ts,z) implies
|H (t2,z) — H(t1,2)| < 46

PROOF. The first assertion was proved in [8, Lemma 2.2] whereas the second
in [7, Lemma 2.1]. Last assertion follows from inequalities:

|H(t2,$)—H(t2—t1 +t3,£L‘)| < |H(t2,$)—H(fg—tl,H(t1,$))|
+|H(t2—t1,H(t3,$))—H(t2—t1—|—t3,I)| <20

and
|H(t2 —t +t37$) - H(tg,(E)l < 257
which results from (ii) with @ = ¢1, b =1t3, T =ty — t; and t = t3. O

Now we are going to differentiate points of I according to “monotonicity” of
their trajectories, i.e. functions H(-,z). Namely, for the given function H € Fj
and positive [, put

I; = {z € I; there exist t; < ty such that H(te,z) — H(t1,z) > I},
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D, = {x € I; there exist t; < t2 such that H(t1,z) — H(t2,z) > 1},

Ci = {z € I; for every t1,ts € (0,00) we have |H (t2,z) — H(t1,x)| <}

It is quite obvious that I = Z; UD; UC;, Z;NC; =0, D;NC; = () and the sets Z;,
D, are open (in I). Moreover, as follows from Lemma 2.1 (iii),

Tas N Dys = 0. (2.1)

Lemma 2.2. Let H € F5 and ©yp € V N A, where A is a component of
I, UD;. For every t € (0,00) we have dist(H (¢, x0), A) < 40 + 1.

PROOF. We have xg = H (to,y) € A for some ty € (0,00) and y € I. Either
H(t+to,y) € A for every t € (0,00) and then dist(H (¢, z0), A) < §, or there is
t € (0,00) such that H(t + to,y) € A for every ¢t € (0,t) and H(t + to,y) =: z is
the endpoint of A (the case in which the endpoint of A belongs to A, and is, in
fact, the endpoint of interval I, can be easily considered separately). Therefore
z € V N C;, which due to definition of C; and part (i) of Lemma 2.1 results in
|H(t,2)—z| <1+2d,t € (0,00). This together with |H (¢, z) — H(t+t+to,y)| < J,
t € (0,00), gives |z — H(t +t +to,y)| <!+ 3d,t € (0,00). Taking into account
|H(t,x0) — H(t +to,y)| < 6 we get the assertion. O

Now we can notice, as a corollary, that trajectories of points x € V', which
are either in C; or in components of Z; U D; of “small” length, are “close” to x.
Corollary 2.1. Let H € F5 and xg € V.
(i) if xg € C; then |H(t, x0) — xo| <!+ 26;
(ii) if g € A, where A is a component of Z;UD; then |H (t,x0)—xo| < I4+]A|+496.
Lemma 2.3. Let H € Fs and x¢ € A, where A is a component of Zr5 [Dzs] of
length |A| > 11§. Assume that inf A € C75 and (inf A, z0) C V [(xo,sup A) C V,

resp.]. Then there exists y € A, y < xo, such that [zg,sup A) C {H(t,y); t €
(0,00)} [(inf A, zo]) C {H(t,y); t € (0,00)}, resp.].

PROOF. We assume that A C Z75. Notice that for every x € ANclV we
have

sup{H (t,z); t € (0,00)} > sup A. (2.2)

Indeed, fix an € ANclV and suppose, on the contrary that

sup{H (t,x); t € (0,00)} < sup A. (2.3)
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From Lemma 2.1 (i), (2.1) and = € Z7s we infer that sup{H (¢, z); ¢t € (0,00)} >«
which together with (2.3) gives sup{ H (¢, z); t € (0,00)} € A. Choose H(t,z) =: T
such that sup{H (¢, z); t € (0,00)} — § < z. We have |H(t,z) — H(t + t,2)| < 6,
for t € (0,00) and & — 46 < H(t + t,x), for t € (0,00), which follows again from
(2.1). These inequalities contradicts T € Zrs.

Now denote & := inf A and we will prove that

H(t, )=z, te(0,00). (2.4)
Since & € C7s NclV, we infer that
H(t,&) < &+ 94, t € (0,00). (2.5)

If H(to,&) € A for a ty € (0,00), than, taking into account (2.2), we would have
a contradiction with (2.5). On the other hand, H (to, %) < &, for a ¢ty € (0,00),
continuity of H, together with (2.2), implies that H(¢,x) = & for an z € A and a
t € (0,00), which, due to (2.5), contradicts (2.2).

Finally, the assertion of this Lemma follows from (2.4), continuity of H
and (2.2). O

Now we pass to construction of a continuous iteration semigroup F' which is
close to given H € Fj on the “almost whole” interval A, which is a component of
Z75 UDrs.

Construction 2.1. Let H € Fs, A be a component of Irzs [Drs can be con-
sidered analogouslyl, y € A, y < H(so,y) =: xo € A (if limy_o H(t,y) = y it is
possible to consider xy = y and put so = 0 in such case) and sup{H (t,y); t €
(0,00)} > sup A.

Let typ > so be the smallest such that H(to,y) = sup A4, if such a point does
not exist, then we take ty = oo. Define F(t,y) := max{H(l,y); so < | < t}
for t € [so,to] and F(t,y) := sup A for t > to. Of course, F' is nondecreasing
with respect to first variable. Let f : [sg,00) — cl A be a continuous function
with f > F(-,y), strictly increasing on interval [s, to], such that f(t) = F(t,y) =
sup A, for t > to, and for every maximal interval J = (t1,t3) on which f # F(-,y)
there exists ty € (t1,13), such that ﬁ'(tl, y) = F(tg, y) and t3 — tg < tg — t1, (see
Figure 2.1).

Notice that f(t;) = F(ti,y) and f(t3) = F(ts,y). Put F(t,y) = f(t) for
t € [so,to] and F(t,y) = sup A for t > to. For every x € A, x > =, there exists
only one ¢, > so such that F(t,,y) = x. For such x and ¢t € (0,00) we define
F(t,x) :=F(ty +t,y).
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SupA.

% b t t3 to

We have |F(t,y) — H(t,y)| < 106 for t > so. Indeed, as a consequence of
Lemma 2.1 (ii), we get H(t,y) — H(t2,y) < 24, t € [t2, t3], moreover (2.1) implies
H(t,y) > H(t1,y) — 49 for t € (t1,t3), which yields |F(t,y) — H(t,y)| < 60 for
t € [so,to]. For t > to we have estimations H(t,y) > sup A — 46 (by (2.1)), and
H(t,y) < supA+ d+ 2§ + 70 (similar reasoning as in Lemma 2.2), which ends
the proof of the desired inequality.

Now we will show that

|F(t,z) — H(t,x)| <196, =z € A, x>z, t € (0,00). (2.6)

Fix such = and ¢ and consider two possibilities. Either z = F(t,,y) = H(tz,y)
and then

|F(t,x) — H(t,2)| < [F(t+to,y) — H(t +t2,y)]
+H(t+ty,y) — H(t,z)| < 106 + 4.
Or x = F(ts,y) # H(ty,y) and then there exist t1, to, t3, t1 < ta < t3, such
that H(tl,y) = H(fz,y), ty —to <tog — 11, t, € (tl,t3), and ¢ S (tg,tg) such that
x = H(t,y). Of course |H(t,2) — H(t+1,y)| < 0, F(t,z) = F(t+t,,y) and, what
was already shown, |F(t + t;,y) — H(t + t5,y)| < 106. So it is enough to prove

that |H(t 4 t,y) — H(t + ty,y)| < 86. If t +t, > ty, using twice Lemma 2.1 (ii)
we estimate

R . . b=t
H(+ ) = H o+ ) < [HC i)~ 1 (0= 2550 )

t—ty
+‘H <t+tm+T’y) —H(t+tz,y)‘ < 26 + 26.
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However, if t + t, < 2, using again twice Lemma 2.1 (ii) and (2.1), we conclude
that

+|H (t2,y) — H(t + tz,y)| < 20 + 20 + 40,

which ends the proof of (2.6).

Now we are going to describe two sets of conditions, which, if satisfied by
trajectories of points of A, guarantee the possibility of extending defined earlier
continuous iteration semigroup F' on the whole interval A, such that the difference
|F(t,x) — H(t,x)| is “small” for every € A and t € (0, 00).

1. Let H € Fs5, A be a component of Zrs (we consider similarly the case
when A is a component of D7s) and z¢ € int(ANV). We say that condition (EY)
is satisfied for A if |B| < I, where B := V N AN (—00,20), and there exists a
continuous strictly decreasing function T' : B — (0, o) such that H(T'(z), z) = xo,
lim s T(x) =0, and, if inf B ¢ B, then lim,_,;,¢ p+ T(x) = cc.

x

Remark 2.1. If F € F than for every zg € Vp there exists (unique) such a
function T'.

Proposition 2.1. Let H € F5, A be a component of Irs [ Drs] and xg €
int(AN V). If A satisfies condition (E!) then there exists a continuous iteration
semigroup F : (0,00) x cl(VNA) — cl(V N A) such that |F(t,x) — H(t,x)| <
max{200,6d + 1}, t € (0,00), x € cl(V N A).

PROOF. We start with defining F' : (0,00) X [zg,sup A] — cl A according to
Construction 2.1 with y = x¢ (and so = 0). We extend F' putting for z € B

T-YT(x)—t), fort<T(x);
F(t,x) = < zo, for t = T'(x);
F(t—T(z),x0), fort>T(x).

Moreover, if inf B ¢ B we put F(t,inf B) = inf B, for every t € (0,00). It is easy
to verify that F' is continuous.
The translation equation is satisfied also for x € B. Indeed, let us consider
the following cases:
e t+s<T(z)
F(t,F(s,x)) = F@t, T YT(x) —s)) =T YT(z) —s —t) = F(s + t,1);
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e t+s=T(x)
F(t,F(s,x)) = F(t, T"Y(T(z) — s)) = F(t,T7'(t)) = zo = F(T(x),z) =
F(s+t,z);

e t+s>T(x), s<T(x)
F(t,F(s,x)) = Ft,T"YT(z) — 5)) = F(t = T(T"Y(T(z) — 5)),20) =
F(t—T(x)+ s,z0) = F(s +t,x);

e s=T(x)
F(t,F(s,z)) = F(t,x0) = Ft+T(z) —T(z),z0) = Ft+ T(x),z) =
F(t+ s,z);

e s>T(x)
F(t,F(s,x)) =F(t,F(s—T(z),z0)) = F(t+s —T(x),x0) = F(t + s, ).
Finally we check the distance between F and H. In view of (2.6), it is enough

to consider it for x < xg.

o t>T(x)
|F(t,z) — H(t,z)| < |F(t —T(z),z0) — H({t — T(x), x0)|+
|H(t —T(x),z0) — H(t,x)| <195+ 6

o t =T(x)
F(t,x) =29 = H(t,x)

o t < T(x)
F(t,z) =T YT (z) —t) € (z,20); H(t,z) < 30 + 49, due to (2.1); H(t,z) >
x — 20 — 46, by Lemma 2.1 (i) and (2.1). Taking above into account and
xo — x < I, we infer that |F(t,z) — H(t,z)| <+ 64.

The proof is completed. O

2. Let H € Fs5, A be a component of Zr5 (we consider similarly the case
when A is a component of Dz;) and z¢ € int(AN V). We say that condition
(Eé") is satisfied for A if |B| < I, where B := V. N AN (=00, zg), there exist a
decreasing sequence (z,,) of points of [inf B, z() and an increasing sequence (77,)
of positive numbers, both finite or infinite, depending whether inf B € B or not,
respectively, which satisfy the following conditions.

e lim, .., x, = inf B if the sequence is infinite, otherwise the last element
= inf B;

o there exists a positive v such that |t —s| <~y implies |H (¢, zp)—H (s, z,,)| < n,
for every n;

o TN <7, Thy1 — T, <y and T, tends to infinity, if infinite;

e H(T,,xn) = xo;



On the stability of the translation equation 293

o for every ¢ € (zp41,%n) there is a t(z) € [Ty, Tny1] with H(t(z),z) = 0.
(see Figure 2.2)

H( X, H( Xqe
H( %, H( x,)
H( x)

Xo
X, L
X, 1
Xn
X
Xne1

<y <y <y

T, T, T, tx)  Toer

Remark 2.2. Let F : (0,00) x X — X be a continuous iteration semigroup
and X a compact metric space then the function (0,00) 3 t — F(t,-) € C(X, X) is
continuous. So, if H € F then condition (Eé") is satisfied with every x¢, suitable
for I, and 7.

Proposition 2.2. Let H € Fs5, A be a component of Irs [Dzs] and xy €
int(ANV). If A satisfies condition (E5") then there exists a continuous iteration
semigroup F : (0,00) x cl(V N A) — cl(V N A) such that |F(t,x) — H(t,x)| <
204266 +1,t € (0,00), z € cl(V N A).

PROOF. As previously, we define F(t,z1), for t > Ty, and F(t,x) for t €
(0,00) and = > xp according to Construction 2.1 with y = z1, sop = T1. Next
we choose any strictly increasing continuous functions f, : (0,7, — Tp,—1] —
(@, Tn—1] (we put Ty = 0) and define F(t, z,,) := fn(t) for ¢t € (0,T}, — T},—1] and
F(t,z) on the rest of domain of the desired continuous iteration semigroup in an
unique way determined by the translation equation (see Figure 2.3). Moreover,
if inf B ¢ B we put F(t,inf B) = inf B.

We pass to verifying the estimation of the difference between F' and H. First
for © = x,, and t < T,,. We have F(t,z,) € (z,, o] and

inf B — 26 — 45 < H(t,x,) < @ + 40, (2.7)
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X, 4

X 4

X3

X

T3 Ty Ts

which follows from Lemma 2.1 (i) and (2.1). These gives
|F(t,xn) — H(t, z5)| < 65 +1.
For t > T, we get

|F(t,xn) — H(t,zp)| < |F(t — Thnyxo) — H(t — Thyxo)]
+H(t — Ty, x0) — H(t, )| < 196 + 6.

Fix 2 € B, ¥, < © < 2,1 and put £ = f,; }(z). Consider the case t > t(z).
Then = = F(t,z,) and F(t,z) = F(t+t,2,). We have the following inequalities.

|F(t+t,2,) — H(t +t,2,)| < max{208,66 + 1},
by what was already shown;

|H(t+t~axn) _H(tvxn” <n

and
[H(t,an) — H(t + (Tn — t(x)), 2n)| <,

since (EL") is satisfied;

\H(t — t(2) + T, ) — H(t — t(z), 20)| <0
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and
|H(t —t(x),x0) — H(t,z)| <.
They result in

|F(t,z) — H(t,z)| <21+ max{226,85 + }.
If t < t(z) then, the same reasoning as in (2.7), gives
inf B—60 < H(t,x) < xo + 40.
Notice that F(T, —t,z) = xq. If t < T}, —t then F(t,z) € (x, 2], which implies
|F(t,z) — H(t,z)] < 60 + 1.
Otherwise T}, —t < t < t(z) and then

0< F(t,x) —wg < |F(t — (T —t),20) — H(t — (T,, — 1), 70)|
+ |H(t— (Tn—f),!to) —H(T1+t— (Tn—f),x1)|

+|H(Ty + (t— (T, —t),x1) — H(T1,21)| <196 4+ 6 +n.

That is why
|F(t,z) — H(t,x)| < 266 +1+n.

This ends the proof. ([

After that we pass to formulation of a condition under which we can extend
continuous iteration semigroup F', defined on cl V', approximating H, to the whole
interval I, such that the extension is also close to H.

3. Let H € F5. We say that H satisfies condition (Ej3) if

e liminf; .o H(¢,inf V) = inf V,
e limsup, ,o H(t,supV) =supV
and there exists a continuous function e : I\ clV — ¢l V with

e e(x) € [liminf, o H(t,z),limsup,_,o H(t, x)],

® 1imm~>ini’\/* 6(17) = inf Vv

o lim, ,gpv+e(x) =supV.
Remark 2.3. Notice that every F' € F satisfies condition (E3) (see [9]).
Lemma 2.4. Let H € Fj satisfies condition (F3). Let F : (0,00) x clV —

clV be a continuous iteration semigroup which satisfies |H(t,z) — F(t,z)| < €,
t € (0,00), x € clV, for some & > 0. Then there is an extension F' : (0,00)x I — I

of F such that |H(t,z) — F(t,z)] <&+6,t € (0,00), z € I.
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PROOF. Fix H, F and e, as in assumptions. Put F(t,z) = F(t,e(z)), for
xeI\cV,te(0,00), and, obviously, F(t,z) = F(t,:v), forx € clV, t € (0,00).
It is easy to check that FF € F. To complete the proof, fix x € I\ clV and
choose a decreasing to 0 sequence (t,) such that lim, .. H(t,,z) = e(x). We
have |H(t,x) — H(t — tp, H(tn,))| < d, which yields |H(t,x) — H(t,e(z))] < 4,
and furthermore, |F(t,z) — H(t,z)| <0 + €. O

3. The main theorems

Now we are in position to formulate and prove the main results of this paper.

Let H € Fs and (A, ) be the sequence of all components of Z75 UDz7s. We say
that H satisfies condition (E“7) if condition (E3) holds as well as, for every n,
A, satisfies either (EL) or (E5™), provided int(A, N V) # 0 and |A,| > 116.

Theorem 3.1. Let ¢,6,l,m1 > 0 be such that 276 + [ 4+ 2n < . Then for
every H € Fs satisfying (E"") there exists a continuous iteration semigroup
F:(0,00) x I — I such that |F(t,x) — H(t,z)| < e forx € I and t € (0, 00).

PROOF. Let ¢, §, I, n and H be such as in assumptions. Let (A4,) be a
sequence of all components of Z7s U Dzs of length greater than 116 which have
nonempty intersection with V. For every n we construct F': (0, 00) X cl(4,NV)—
cl(4,NV) according to Proposition 2.1 or 2.2, depending on which of the condi-
tions (EL) or (EL") is satisfied for A,. For the rest of c1V we put F(t,z) = x,
and we extend F' on the whole interval I using Lemma 2.4. Defined in that way,
F € F. Lemma 2.4 together with Propositions 2.1 and 2.2, as well as Corol-
lary 2.1, give the assertion. ]

Next theorem is about approximation of H by F, without assuming the
condition (E'7), but only for x € V' \ L, where L is of positive length, however
as small as we wish.

Theorem 3.2. For every ¢,( > 0 there exists § > 0 such that for every
H € Fs there exist L C I, |L| < ¢, and F € F such that |F(t,z) — H(t,z)| < ¢
for t € (0,00) and x € clV'\ L.

ProOF. Fix £, > 0 and choose § > 0, in order to 22§ < ¢ and 6§ < (.
Let H € Fs, and (A,) be a sequence of all components of Z7s U D75 of length
greater than 116 which have nonempty intersection with V. Choose a sequence
(0n) of positive numbers, with > 6, < {—60. If the assumptions of Lemma 2.3
are satisfied for A, then let xzf € A, be such that z{j — inf(4, N V) < §, or
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sup(A, NV) — zf < 0y, and find y, € A, and s € (0,00) such that y, <
H(s{,yn) = af or yn, > H(sy,yn) = z{, depending whether A,, € Zz5 or A, €
Drs, respectively. Otherwise, choose an arbitrary A, NV 3 y, < inf V 4+ ¢ and
xy = H(s§,yn) < Yn +25,0r Ay NV Sy, >supV —§ and «f = H(s{,yn) >
Yn — 20, if A, € Izs or A, € Dgzs, respectively. We define F' according to
Construction 2.1 with y = y,, z¢o = 2 and sg = s, and extend it on the whole
interval A, NV for instance, as in Figure 2.3, with an arbitrary sequences (z,,),
(T,) and (f,,). We have the estimation (2.6) with zg = xf}. For the rest of V we
put F(t,z) = x, which gives the estimation |F(t,x) — H(t,z)| < 224, according
to Corollary 2.1. Finally we extend F' on the whole interval I in order to F' € F.
Put L, = [inf(4, NV),zf) or (zf,sup(A, NV)], if A, € Zzs or A, € Drs,
respectively, and notice that |L,| < d,, or |L,| < 34, but the second possibility
holds only for at most two indexes n. With L =, L,, we get the assertion. [
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